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1 Introduction

Let M be a non-compact metric space in which every closed ball is compact, endowed with
its Borel o-field M. We denote by G a semi-group of Lipschitz mappings of M and by G a
o-field on G. We assume that the action of G on M is measurable, i.e. the map j defined
by j7(g,y) = gy is measurable from (G x M, G ® M) to (M, M).

Let 7 be a probability distribution on G, and let (Y,,),>1 be a sequence of independent G-
valued random variables (r.v.) identically distributed according to 7, defined on a probability
space (£, F, IP). The iterated random mappings R,, n > 0, are defined by

R():]dM7 Rn:Yn)/la nzl

Let Z be a M-valued r.v. which is independent of the r.v. Y,,, n > 1. The sequence (Z,)n>0
defined by
Zy=RoZ n>0

is a Markov chain on M which is defined recursively by
ZO - Z: Zn+1 - j(Yn-I—la Zn) - Yn-l—lZm n Z 0.

Observe that we get here the general Lipschitz iterative model on M which has been consid-
ered by many authors, see Duflo (1997), Diaconis and Freedman (1999) to get an overview of
the subject. Consider particularly the case where M is the linear space IR?. The generalized
linear autoregressive model is obtained when G is the semi-group of affine mappings of M.
Replace in the preceding the linear part of the action by that of a fixed Lipschitz mapping f
of M. An element g of the semi-group G is now defined by a vector b, € M, and it acts on M
according to the formula gz = f(z) +b,. In this context the probability distribution 7 on G
is simply defined by a distribution on M, thus we get the Lipschitz functional autoregressive
model.

Now let ¢ be a real valued measurable function on G x M. The aim of this paper is to
establish a central limit theorem with a rate of convergence and a local central limit theorem
for the sequence of r.v.

(E(Ya, Zn-1))n>1-

The interest of considering a function £ of the couple (g,z) € G x M rather than a function
only depending on x appears for example in the study of random matrices products.

From the stochastic view point, the context may be described as the study of the sequence
of r.v. obtained by composing the function £ and the Markov chain (X,,),>o with state space
G x M defined by

Xo=dy,2), X,=Yn Zn1), n>1.

The main hypothesis will be a condition of contraction in the mean of the action on M of the
elements of G under the probability distribution 7. This property enables us to make use
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of a refinement of the spectral method. Recall that the spectral method has been initiated
by Nagaev (1957), and then used and improved by many authors. It is fully described in
Hennion and Hervé (2001) where references are given. The spectral method is based on a
quasi-compactness property of the transition probability @ of the chain (X,,),>0, and on a
perturbation theorem ensuring that, for small [¢|, the Fourier kernels Q(t) associated with
@ and & have spectral properties similar to those of (). In the present setting, the use of the
standard perturbation theory for operators leads to assume moments of exponential type (cf.
Milhaud and Raugi (1989), Hennion and Hervé (2001) Chap. X, Sect 3). The main feature
of this paper is the use of a perturbation theorem of Keller and Liverani (1999) which is
adapted to operators verifying a Doeblin-Fortet inequality. By means of this theorem we get
the desired limit theorems under moments of polynomial types.

Notice that there are several methods to cope with central limit theorems for a function of a
Markov chain, mostly known are regeneration and splitting, use of central limit theorems for
martingale increments and Lindeberg techniques. As will be discussed later, when applied to
the present context, some of these methods can give a central limit theorem under hypotheses
which are weaker than ours ; however, it seems that these methods have not yet been
developped so far as to get the central limit theorem with a rate of convergence and the local
central limit theorem of this paper. See Section 3 below for more details.

2 Statements of results

For g € G, we set

c(g) :SUP{%i z,y € M, x#y},

by assumption ¢(g) < +o0.
For n € IN* we denote by 7*" the distribution of R,. We choose a fixed point z¢ in M. For
n > 1 and n € IN*, we define the integrals :

M, = /G (1 + c(g) + d(gxo, xo))ndw(g)
M;, = /G c(g) (1 + ¢(g) + d(gzo, xo))nldﬂ(g)

ey = [ elgymax{e(g). 1} dx""(9)

Notice that, since c(-) is submultiplicative, M] < +oo implies Cfln) < +00.

The statements below will appeal, on the one hand to the moment conditions M, < +oo
and M;, < 400, on the other hand to the average contractivity condition CT(;Z) < 1, for a
suitable choice of n,n" > 1.



We consider a real valued measurable function £ on G' x M satisfying :

Condition (RS). There ezist r,s € IR, and measurable non-negative functions R, S on G
such that, for all x,y € M and g € G,

(g, 2)| < R(g)(1 + d(,z0))" .
(9. 2) = €(9.)| < S(g) d(a) (1 + dw, o) + d(y.0) )

Observe that, if the second condition in (RS) holds, then the first one is also valid with
r=s+1and R(g) = |£(g,x0)| + S(g). However, it is worth noticing that this condition may
be verified for a smaller exponent r ; this is the case, for example, when £ is bounded. This
remark also shows that, without a significant loss of generality, we could add to condition
(RS) the inequality r < s+ 1 ; yet, we notice that, when r increases, R(g) decreases. The
case s = 0 and r = 1 corresponds to functions & such that £(g,-) is Lipschitz for all g € G.
At last, notice that, if o €]0, 1], then d(-,-)* is a distance on M ; consequently Condition
(RS) involves the case of functions & such that (g, -) is locally a-Holder for all g € G.

As in the introduction, we denote by Z a r.v. in M defined on (2, F, P), and independent
of ther.v. Y,, n > 1. We set

n

SZ=3"¢Wi, Zk1), n>1

k=1

We now state central limit theorems for the sequence (S7),, ; more precise results concerning
the behaviour of the sequence (R, Z, S7),, are given in Section 9.

A preliminary to all these statements is the existence of a probability distribution on M
which is preserved by the action of w. More precisely, the action on M of the sequence of
random mappings (R, ),>o defines a Markov chain : for yo € M, the sequence (R,yo)n>0 is
Markov with state space M, initial distribution ¢,,, and transition probability P defined by

yeM. BeM. PlyB)= [ 1algn)dr(y)

Theorem I (invariant probability measure). Assume that there exist v > 0 and an
integer ng > 1 such that M4, < +oo and Cf,ﬁ)l) < 1.

Then there exists on (M, M) a unique P-invariant probability distribution v. Moreover we
have

/ d(x, z0)"dv(z) < +oo,
M

and the geometric ergodicity holds in the Prohorov distance dp. Namely, there exist positive
real numbers C' and ko < 1, such that, for any probability distribution p on M satisfying
p(d(-,xg)) < +o00, and all n > 1,

dp(uP",v) < Crl>.



It must be noted that such an ergodicity result holds under much weaker hypotheses, see the
survey of Diaconis and Freedman (1999) and a recent result in Bhattacharya and Majumdar
(2002). In fact, the above statement is just the one which fits the general hypotheses of the

paper.
In the sequel our hypotheses will involve a parameter 7, > 0 and
Condition H () :

M1 < +oo, hor1 < 100
there exists ng € IN* such that Cézgﬂ < 1.

Since CWO < Cézg ‘+1, if the above conditions hold, then the P-invariant distribution v, whose
existence is ensured by Theorem I, is such that v(d(-, z9)"!) < 400 ; consequently, if the
number r and the function R in Condition (RS) verify r < 2 + 1 and [ R(g)%dr(g) < 400,

we have
/M/Gf(g,a:)QdW(g)dy(x) < too.

From now on we shall assume that

m = /M/Gf(g,x)dﬂ(g)dl/(x) = 0.

This causes no loss of generality since it is always possible to replace £ by & — m.
Otherwise, we shall keep in mind that, if Z has the P-invariant distribution v, then we have
IE[d(Z,2¢)™ "] < +00. However, unless otherwise stated, in the sequel Z is not supposed
to be v-distributed.

At last, we define for g € G,

6(g9) = 1+ cg) + d(gxo, 7o),

and for 7 > 0 and positive real valued measurable functions U, V on G, we set

T _ 27' T+1
T (U,V) —/GU(g) c(q) 8(g)¥ dr(g +/ dr(g),
or more shortly J7(U, V) = 7(Ucd>") + n(V §7H1).

Theorem A (central limit).
Assume H(v) with vo > v+ max{r,s + 1} and that

/GR%m < 400, T (R, R+ S) < +oo.

Then there exists a real number o > 0 such that, under the condition IE[d(Z, x)" 1] < 400,
z

=) sy converges in distribution to a N(0,0°)-distributed r.v.

7
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As already mentioned, this statement is not the best known one : using our spectral method,
it is a stage to the two following results.

Theorem B (central limit with a rate of convergence).
Assume H(7o) with ~o > 3r + max{r,s + 1} and that

/G R¥dr < +00, JO(R,R+S)+ T (R (R+ S)R) < +oc.

Then, if 0* > 0, there exists a constant C' such that, when Z verifies IE[d(Z, )] < +o0,
we have, for alln > 1,

1+ FE[d(Z, )"t
NG :

We denote by £ the Lebesgue’s measure on IR. Furthermore, a complex valued function on
M is said to be locally Lipschitz if it is Lipschitz on every compact subset of M.

sup ']P
u€lR

5% < uov/| = N(0,1)() — s0,u])| < €

Theorem C (local central limit).

Assume that the conditions of Theorem A hold, and that £ verifies the non-arithmeticity
condition : there is not € IR, t # 0, no A € C, |\ = 1, no bounded locally Lipschitz
function w on M with non-zero constant modulus on the support X2, of v, such that we have,
forall x € ¥, and all n > 1,

eSrw(R,r) = \N'w(x) P — a.s.

Then, if 0 > 0, and if Z is such that IE[d(Z, 19)° '] < 400, we have, for every continuous
function h on IR such that lim u*h(u) =0,

lu| = +oo

lim ov2mn IE [h(SnZ)

= L(h).
We end with a result which gives a criterion for 62 > 0 and defines o2 asymptotically.
Theorem S. Assume H(v) with vo > 2r + s+ 1 and that

T (R, R+ S)+ T (R* (R+ S)R) < +o0.

( i)jf 0% = 0, then there exists a real valued locally Lipschitz function 51 on M satisfying
v(£f) < +oo, and such that we have, with Z distributed according to v,

N, 2)=&(2)-6Mz) P -as.

(1) If the distribution of Z verifies IE[d(Z,x¢)° ] < 400, then

o? = lim lJE[(Sf)Q].
nn
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It will be seen later on, Theorem C’ and S’ (§ 9), that the functions w and & in the two last
statements must not be merely locally Lipschitz, they must belong to certain spaces to be
defined in the sequel.

In the following section, we show how these theorems apply to some cases of interest. This
being done, the rest of the paper is devoted to the proofs ; the reader will find in Subsection
4.2 a brief outline of the subsequent work.

3 Applications.

3.1 Sequences of type x(Z,)),

Let x be a real valued locally Lipschitz function on M, and suppose that there exist C| s € IR
such that, for all x,y € M,

IX(x) = x(y)| < Cd(z,y)(1 + d(z, zo) + d(y, x0))".

Using martingale methods, it is proved that the central limit theorem for (x(Z,)), holds
for any initial distribution under the moment condition [ d(gxo, 70))***Vdr(g) < +oo and
the contraction property [ c(g)*®*Vdr(g) < 1, See Duflo (1997). By means of similar
techniques, it is established in Benda (1998), that, when s = 0, the same result is valid
under the weaker hypotheses [ c(g)?dm(g) < 1 and [ d(gxo, 29)?dm(g) < +o00. Considering
the stationary chain with initial probability v, Wu and Woodroofe (2000) have established
a central limit theorem for functions y which are not Lipschitz and not even continuous.

Let us now apply the results of the preceding section : we set £(g,z) = x(z). The moment
hypotheses of Theorem A are the same as those of Theorem C, so that it can be seen from
Theorem 3.1 below that they are stronger than the ones previously stated. However, to
our knowledge, Theorem B and C are new. They can be stated as follows. Recall that

0(g9) = 1+ clg) + d(gxo, x0).

Theorem 3.1. Suppose that there exist € > 0 and integers ng > 1, k > 0 such that
,N(Sk(erl)JrlJr% + cSQk(erl)Jre) < +00, and 7 <C max{l, c}2k(s+1)+e> <1,

and assume that v(x) = 0, where v is the P-invariant probability measure.
If k takes the values 4 and 3 respectively, then the assertions of Theorems B and S respectively

apply to S7 =" x(Zy—1).
k=1

Moreover, if x is non-arithmetic and if the above integral conditions are satisfied for k = 2,
then the assertion of Theorem C' holds.



Proof. The function £ on G x M defined by £(g,y) = x(y) verifies Condition (RS) with the
exponents r = s+ 1 and s associated with constant functions R and S. These have moments
of all orders. Consequently the moment conditions of theorems B, S, and C reduce to H(7o)
with 79 = k(s 4 1) + § ; this gives the desired results. O

Let us point out that Pollicott (2001) has stated a central limit theorem with a rate of
convergence and a large deviations theorem in the case where the support of the probability
measure 7 is finite. However this study is based on the assertion without proof that, on a
suitable space of Lipschitz functions, the Fourier kernels P(t) (See § 4) are analytic perturbed
operators of P. Also notice that, if it is proved that the stationary chain with initial proba-
bility distribution v is strongly mixing and Harris recurrent, then we can apply Bolthausen
(1982) to obtain a central limit theorem with a n~'/2 rate of convergence. However, on one
hand this requires some additional hypotheses on 7 (see Meyn and Tweedie (1993) p. 140
for a sufficient condition in the context of the following section), on the other hand this only
covers the stationary case.

3.2 Generalized autoregressive processes

Denote by G the semigroup of all affine mappings of M = IR?, ¢ > 1. An element g € G
is identified with a couple (a(g),b(g)), where a(g) is an endomorphism of IR? and b(g) is a
vector in IR?. Fory € M, we set gy = a(g)y+b(g). The associated generalized autoregressive
process (Z,)n>0 is then defined by

Zo=2, Zpp1 = a(Ypi1)Zn +b(Yous1), n>0.

Let & be a function from G x IR? to IR, and suppose that there exist a norm || - || on IRY,
a €]0,1], r,s € IR, and non-negative measurable functions R and S on G such that, for all
g € G and =,y € IR?, we have

§(g, 0)[ < R(g)(L+ [lz])™",  [€(g,2) = &g, w) < S(g)llz = yl* (L + llzll + lly[D*.

For instance, these properties hold with o = 1 when ¢ is a polynomial function of the entries
of the matrix representing a(g) and of the coordinates of the vectors b(g) and z.

Let us consider the distance d defined on IR? by d(z,y) = |z — y||*, and choose zq =
0 € IR?. We have c(g) = |la(g)||* and d(gxo,xo) = ||b(g)]|*. Then the statements B-C-S
apply straightforwardly. To compare with former results, let us rewrite Theorem B. Let

d(g) = (L + [la(g) [l + [[b(g)]))*, then

Theorem 3.2. The hypotheses in central limit theorem with a rate of convergence (Th. B)
are satisfied if there exist o > 3r + max{r, s+ 1} and ng € IN* such that

w<8w+1 + Ha||o‘527°> < 400, and 7r*”°<]|a||o‘ max{l,]|a||}27°a> <1,
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and when the functions R(-) and S(-) satisfy the moment conditions
/G R¥dr < +00, JO(R,R+S)+ T (R (R+ S)R) < +cc.

In this context, convergence rates in the central limit theorem have already been established

by Milhaud and Raugi (1989), and by Cuny (2003). The spectral method used in Milhaud
and Raugi (1989) is, in substance, similar to the one developped here, but it appeals to the
standard perturbation theorem : for this reason (See § 6.1), the following conditions on a(-)
and b(-) are required : ||a(-)|| <1 m-p.s, and there exist real numbers p > 0 and § €]0, 1]
such that we have the exponential moment condition

/Gepub@)nﬁ (R(g) + S(9))° (1 — [la(g)||?)~F+maxtns+1D gr(g) < 400,

The hypotheses on both a(-) and b(-) are significantly less restrictive in Theorem 3.2. The
study in Cuny (2003) is based on martingale methods. The contraction condition is the same
as in Milhaud and Raugi (1989), and it is supposed that, for all ¢ € IV, [ ||b(g)]|’dm(g) < +oo.
Under these conditions, for functions £ which are not necessarily Holder of the variable x, it
is proved that the rate of convergence in the central limit theorem is n™? for every p < 1/2.

3.3 Products of positive random matrices

Let G be the semi-group of ¢ x ¢ matrices with non-negative entries which are allowable,
namely every row and every column contains a strictly positive element, and denote by G°
the ideal of G' composed of matrices with strictly positive entries.
For g € G and w € IR, we denote by g(w) the image of w under g ; the cone
C={w:w=(wy,...,w,) € R, w, >0, k=1,...,q}
is invariant under all ¢ € (. Define M to be the intersection of the hyperplane
{w:we R,YI_,w, =1} of R? with C.
The linear space IR? is endowed with the norm || - || defined by
w:(wb""wq)equ’ HwH :ZZ:l‘wk"
and, for each g € G, we set
gl = supllg(w)ll : y € M}, v(g) = inf{{lg(y)[| : y € M}.
The semi-group G being equipped with its Borel o-field G, we consider a probability distri-
bution m on G for which there exists an integer ny such that the support of the r.v. R,,
contains a matrix of G°. Denote by ¢g* the adjoint of g, it is shown in Hennion (1997) that,
if

[ (1wl 1+ 1no(g"))) drg) < oo,

1
then there exists v; € IR such that, for y € M, the sequence (%(ln | Rn(y)|| — n’yl))

= 0 is investigated. Using

n>1

converges to the N(0,0?%) distribution, moreover the case o?



Theorems B and C, it is possible to state a central limit theorem with a rate of convergence
and a local central limit theorem. Notice that similar theorems have already been given in
Hennion and Hervé (2001) Section X.5. but under more restrictive moment hypotheses.

To see how this case enters the present frame, we set for g € G and y € M

gy = ||ZE§§||’ a(g,y) =In ||g(y>||7

It is easy to check that the first formula defines an action of G on M, while the function
defined by the second one verifies the property of additive cocycle associated with this action :

a9y’ y) = alg,g'y) +alg y), 9,9 €G, yeM.
Consequently, setting £(g,vy) = a(g,y) — 71, for (g,y) € G x M, we can write, for y € M,

In||R,(y)|| — 1 =D E(Ye, Re—1y).
k=1

Furthermore, when M is endowed with a suitable metric dy called the Hilbert metric, see
Bapat and Raghavan (1997), every g € G is Lipschitz with constant ¢(g) < 1, and we have
c(g) < 1 if and only if all entries of g are strictly positive. Therefore, if the support of R,,
contains such a matrix g, we have C7(7”°) = g c(g)dm*™(g) < 1 for all n > 1.

For n > 0, set
n
er= [ (1wllglh 1+ 1mefe) | + [mo(g)1) dr(o).

Theorem 3.3. Suppose that there exists an integer ng such that the support of the r.v. R,
contains a matriz of G°, and let € > 0.

(i) Assume LY < +oo, then, if 02 > 0, there exists a non-negative constant C such that,
in case the r.v. Z of M verifies IE[dy(Z, 20)*t3] < +o00, we have, for alln > 1,

1+ Eldy(Z, x0)**?]

vn ‘
(1) Assume L3 < 400, 02 > 0, and that the support of R,, contains two matrices g1, gs €
G° whose spectral radii py, pa verify In £2 ¢ Q . Then, if IE[dy(Z,10)?t3] < 400, we have,

for any real valued continuous function h on IR such that ‘ |lim u*h(u) = 0,
u| — +00

sup P R(Z)] = n1 < wov/i] = N 0,1)( — 00, )| < €

lim ov/2mn I |h(1n | Ry (2)|| = non)| = L(h).

Proof. First notice that the number ||g*|| associated to any endomorphism g of IR? defines
a new norm which is equivalent to the one already considered. Consequently there exists a
constant C' such that, for every g € G, we have |In||g*|| | < C + |In||g]l |-

We denote by (ex)f_, and by < -, > the canonical basis and scalar product on R?. If
v,y € M, we set

<y, ep >
LTk =1,.,q} duly.y) = —In(mu(y.y)mu . y)).

! _ .
my(y,y') = mln{7< e s
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dy is the Hilbert distance on M, see Bapat and Raghavan (1997). The space (M, dy) is not
compact, but each closed ball in it is compact. Set g = (1/q,...,1/q) € M, we have

max; < grop,€; > . max; |g*eill —1 gl

d(gao, 29) = In < C A [nflgl[ |+ [nw(g™) |-

min; < gxo,e; > min; [|g*e;|| v(g*)
The function (g, -) is bounded by || + [In|lg[[| + |Inv(g)[. From [lgy[| = mu(y,y')llgy’l
we deduce that S(g) = 1 ans s = 0, see Hennion (1997) Lemma 5.3. Therefore Condition
(RS) is verified with R(g) = 2(|1n||g||| + |Inv(g)|), r =0, and S(g) = 1, s = 0.

The above estimations prove that the required moment conditions of theorems B and C hold
if we have respectively £47¢ < +o0o and £37¢ < +oc.

It remains to prove that the additional hypothesis in (i) implies the non-arithmeticity of
¢ Let k = 1,2. Tt follows from the Perron-Frobenius” Theorem that pp > 0 and that, for
all £ > 1, we have g, = pi(px + h%), where p, € G° and the endomorphism hy, of IR? has
a spectral radius < 1. Consequently, for any = € M, we have In || giz|| = ¢1npy + rpe(2),
with limg 7 o(x) = In ||pr(2)]|. Suppose that there exist t € R, t #0, A€ C | |A\| =1, and a
bounded locally Lipschitz function w on M which has a non-zero constant modulus on the
support ¥, of v, and such that we have, for all x € ¥, and all n > 1,

N w(z) = enw(Ryx) = et IEn@l=mm)yy (R 2y P —a.s.

From the continuity of the functions used in the two members, we deduce that, for any ¢ > 1
and z € X, we have

pit(n ||g£(96)||*”0471)w(g£x) = A" ().

It follows that
itlln 22 w(g{‘x)6it(r1’nog(x)fr2’nog(x)).

w(gsx)
The second member converges when ¢ — +o00, while the countable set of complex numbers
defined by the first one is dense in {z : z € C ,|z| = 1}. This contradiction completes the
proof. O

e

4 Preliminaries

4.1 P-invariant probability measure (proof of Theorem I)

Here the hypotheses are those of Theorem I : M1 < +o00, C,(YTl) <1 (y>0,no€ IN").
For A €]0,1], x € M, and g € G, we set

() = 14Xd(x, 2), Ox(g) = max{c(g), 1}+Ad(gxo, 7o), and d(g) = 14c(g)+d(gxo, x0).
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Lemma 4.1. We have for allg € G and 0 < A <1

sup 22 (gz)

el p}\(x) < 5)\(9) < 5(9)

The functions ¢(-) and 6(-) are submultiplicative.

Proof. Let x € M and g € GG, then

pa(gz) _ 1+ M(gx, x0) — Ad(gxe, xo)  Ad(gxo, x0)
pa(x) 1+ Ad(z, o) 1+ Ad(z, o)
1+ Md(gx, gzo) 1+ Ae(g)d(z, zo)

+ Ad(gxo, o) + Ad(gxo, o)

<
14 Md(z,x) - 1+ Md(z, x0)

< max{1,c(g)} + Ad(gzo, x0).
The fact that ¢(+) is submultiplicative is obvious. Finaly for h, g € G, we get
(h)c(g) + [d(hgxo, xo) — d(hxo, xo)] + d(fzxo,Nxo)
(h)e(g) + c(h)d(gxo, o) + d(hxzg, zo) < 6(h)d(g). 0
Recall that, for n € IN*, 7*" denotes the law of R,,.
Lemma 4.2. Let ¢y(x) = d(x, zo)pr(z)" for X € [0,1]. Then

(a) For alln > 1 and x € M, we have P"¢y(z) < +00.
(b) For Ay €]0,1] small enough, we have [ c(g)dx,(g)7dm*™(g) < 1.
(¢) There exist constants € €]0,1[, C € IR, such that

Pn0¢>\0 S C + €¢>\0.

Proof. (a) For n > 1 and z € M, we have
P'or) = [ dlgz.zo)pa(gz)dn(g)
| dlgzo. x)pa(gz)'dx(9) + [ [d(g. 20) — dlgo. z0) pa(gz) " (9)

< pale)” [ d(gzo, 20)0a(g) dn™"(g) + d(z, xo)pa(x)” | c(9)dx(9)"dm™"(g).
G G

IN

The functions in the two integrals above are dominated by 6(-)7*'. Since this function is
submultiplicative and m-integrable, Fubini’s theorem ensures that these integrals are finite.
Thus P"¢y(x) < +00.

Since ¢4y, < 5"t and 0 is submultiplicative, Assertion (b) is a direct consequence of Hy-
potheses and Lebesgue’s theorem.
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Set &' = [ ¢c(g)0xr,(g9)"dm*™(g). From the above inequality applied with A = Ay and n = no,
there exists a constant Dy such that

P ¢y, < Dop3, + €' b,

)

Using continuity and lim w = 0, we see that there exists a constant C' such that
d(w,x0) = +oo P, (T)

Dopy, < C + 1775/@\0. Hence P ¢y, < C + ey, with ¢ = HTEI O

Now let us prove Theorem I. For convenience we set ¢ = ¢,,. By induction and Lemma 4.2,
we obtain, for every ¢ > 1, P70 ¢ < glp+C(1+e+---e771) < ¢+1—€6. Let n € IN*. Writting
n = qno+r with r € {0,...,ng — 1} and setting F = max{P*¢(z¢), k =0,...,n9 — 1}, we
get P'¢(xg) < E + 1_35 Therefore the sequence (P"¢(xg)), is bounded by a constant, say
K. For n > 1, let v, be the probability measure on (M, M) defined by

n—1

BeM, v(B) =~ (P*ly)(xs).

k=0

Observe that, for each n > 1, we have v,(¢) < K. Since lim  ¢(z) = oo, the subset

d(z,x0) — +o0
[¢ < a] is compact for each a > 0. The Markov’s inequality implies that, for all n > 1, we
have v, ([¢ > o) < ”"Tw) < £ 50 that the sequence (v,),, is tight. Therefore we can select a
subsequence (v, )r converging to a probability measure v. It is clear that v is P-invariant.

For p € IN*, set ¢,(-) = min(¢(-),p). For £ > 0 and p > 0, we have v, (¢,) < vy, (¢) < K,
consequently, for all p > 0, limy v, (¢,) = v(¢p) < K. The monotone convergence theorem
gives v(¢) < +oo, that is v(d(-,19)"™) < +oo.

Now let us prove that v is the unique P-invariant probability distribution. First observe
that, since FE[lnc(R,,)] < InFE[c¢(R,)] = In ci™ < 0, the law of large numbers as-
serts that limsup, c(anO)% < lim, (TT7_; (Yo, - - ~Y(g_1)n0+1))1/q < 1 on a set € such that
P()) = 1. For z,y € M and ¢ > 1, we can write d(Ryn, =, Rgn,y) < ¢(Ryn,) d(,y), so that
lim, d(Ryny®, Rgnoy) = 0 on €. Let v/ be a P-invariant probability distribution on M. For
each bounded continuous function f on M, we have

V() =v(f) = | ElF(Rpy) = F(Rnyy)lde/ (@) ().

passing to the limit, we get v/(f) — v(f) = 0. We conclude that v/ = v.

It remains to establish the geometric ergodicity in the Prohorov distance dp. Let f be a
bounded uniformly lipschitz function on M. Then, for all x,y € M and n > 1, we have

P )= P < [ 1(60) = Fanlds™(a) < molf)iGe.g) [ B d(g)

< mo(f)d(z,y)C{"”
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where mo(f) = sup{%_’;)(y)’

that ¢o(-) = d(-, zg) is pu-integrable. By integrating the previous inequality with respect to
both dv(z) and du(y), it follows that |v(f) — pP"(f)] < Cmo(f)(v(do) + u(¢o)). This
bound proves that v — uP" is a continuous linear functional on the space of all bounded
uniformly lipschitz functions on M endowed with its canonical norm. Moreover we have
v — pPm|| < C'C\™ with C" = v(do) + (o). Writting n = gno +r with r € {0,...,ng — 1}
and using the fact that c(-) is submultiplicative, we easily see that C{” < C”(C{™))7 . Since
dy(v, 1P™) < 2||v — pP™||2, see Dudley (1989), the last assertion of Theorem I follows with

_ o)y =
Ho—(C1 )0‘ U

,x,y € M, © # y}. Let p be the law of Z, and assume

4.2 Outlines of the method

As mentionned in Introduction, the main idea of this work consists in applying the method
described in Hennion and Hervé (2001) to the function £ and to the Markov chain (X,),>0
with the state space G x M and the transition probability () defined by

(9, y) EGx M, BegGxM, Qgy),B)= /G 15(h, gy)dn(h).

However, we observed in Chapter X of Hennion and Hervé (2001) devoted to Lipschitz
kernels, that, because of the special form of (), the essential part of the study can be per-
formed with the help of the transition probability P and of the Fourier kernels P(t), t € IR,
associated to P and &, which are defined, for any bounded measurable function f on M, by

yeM.  PUSy)= [ 0 f(gy)n(s).

This is due to the fact that, for all functions f as above, we have Q(f o j) = (Pf)oj, where
j is the action of G on M. Then, in the sequel, we shall only use the kernels P(t) ; the next
statement indicates that these kernels are sufficient for our purpose.

Basic Lemma. Let f be a bounded measurable function on M, and denote by p the distri-
bution of Z. Then we have forn >1,t € IR

E| f(R,2)e" | = u(P (1)),
Proof. Set S# = 0. For n > 1, we have
JE{ F(RoZ)e"S% ] _ JE{ f(Yan_lZ)e“(sf—ﬁf(ynﬁn12))}
Since (Z,Y1,...,Y,—1) and Y,, are independent r.v., Fubini’s theorem gives
E|f(7,2)eF| = |t [ f(gR, 1 2)e 0 Ddn(g)|

= B (PO (Raa2)|.
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The desired formula for n = 1 holds because the second member equals IE[P(t)f(Z)] =
w(P(t)f). Suppose now that the stated formula is valid at rank n — 1, n > 2. Then, from
the previous relation and the fact that P(¢)f is a bounded measurable function on M, we
conclude that E[f(R,Z)e"*"] = u(P(t)* *(P(t)f)). This completes the proof. O

Theorems A-B-C-S will be direct consequences of the extensions A’-B’-C’-S’ stated in Section
9. The outline of the argumentation is the following. In Section 5, we shall introduce spaces
B, which depend on a real parameter v > 0 and are composed of locally Lipschitz functions
on M. Three norms denoted by Ny, N, and N, will be defined on B,, it will be proved
that they are equivalent, but each of them will be suited to a part of the proof. In this
way, in Section 5.3, we shall see that the use of N, is convenient to establish that, for
suitable v, P is quasi-compact on B,, and furthermore that the number 1 is the unique
peripheral eigenvalue of P. In Section 6 the norms N, will be helpful for the study of
the behaviour of the function P(t) near t = 0. For this purpose, it will be worth noticing
that, for o/ < v, P(t) may be viewed as a bounded linear map from B, to B, ; indeed
the derivative kernels of P(t), which in general do not define bounded endomorphisms of
(B, Noo~), can be considered on the other hand as bounded linear maps from B, to B,
for suitable 7/ < v, ; of course this will be a less restricting property because the space B,
strictly contains B, and is endowed with a weaker norm. In Section 7, the norm N; , will
be an essential tool to apply a perturbation Theorem due to G. Keller and C. Liverani from
which it will follow that P(t) are perturbed operators of P for small [t|. The interest of
this perturbation theorem is that it only requires P(:) to be continuous as a map taking
values in the space of bounded linear map from (B,, N1,) to (B,,v(] - |)) ; this is the key
point of this study, See § 6.1. In particular this theorem ensures that, for small |t|, P(¢) has
only one dominating simple eigenvalue, A(t), on B,, and we shall establish in Section 8 that
the Taylor’s expansions for P(t) at t = 0 obtained in Section 6 lead to expansions of the
eigenelements belonging to A(t). Then, in Section 9, by using the previous preparation and
by applying the method described in Hennion and Hervé (2001), we shall be in a position to
prove limit theorems. Notice that renewal and large deviations theorems for the sequence
(S%),>1 might be derived from similar techniques.

5 The space B, and quasi-compactness of P

5.1 Conventions and notations

From now on, we fiz vo > 0 and ng € IN* such that Condition H(vo) holds, that is :

M1 = 7(6°Th) < +oo, M, = m(cd°) < 400, Cé:gll = 7 (¢ max{ec, 1}°7°) < 1.

According to the subsequent statements, some additional conditions will be imposed on 7.
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Lemma 5.1. There exists a real number Ay €]0,1] such that

Vg = /Gc(g) <max{c(g), 1} + )\Od(gxo,xo)>2%d7r*”°(g) < 1.

Proof. Since ¢(g) (max{c(g), 1} 4+ Xod(gzo, 20))*° < ¢(g) d(g)**, and the functions ¢, 4 are
submultiplicative, the lemma follows from the two last conditions of H(~,) and Lebesgue’s
theorem. O

Now we fix a \g €]0,1] satisfying the previous inequality.
For x,y € M, g € G, we set
o p(x) =14 Aod(z, z0)
e (g) = max{c(g), 1} + Aod(gzo, To).
Notice that p < 14 d(-,x9) < 3-p, and § < 6 <
o Ay (z,y) = d(z,y)p(x)"p(y)”.

With the help of these elements, we now define the space B, composed of locally Lipschitz
functions on M, and we define four equivalent norms on this space. Such spaces, introduced
in Le Page (1983), have already been used by several authors in order to prove the quasi-
compactness of probability kernels having a contracting property, See Milhaud and Raugi
(1989), Peigné (1993) ; a similar statement will be established in Section 5.3.

%5 . Besides, for v > 0, let us write
0

5.2 Definitions of B, and of the norms N ., Ny -5, N, and N ,

For v > 0, we denote by B, the space of all complex valued locally Lipschitz functions on

M such that
|f(z) = f(y)]
A’Y(x> y)

The inequality A, (x,x) = d(x, zo)p(x)? < /\—10])(:5)%1 ensures that, for all f € B,, we have

|f(@)] < |f(zo)l + s5my (fp(z)™, thus sup,epy, p'égfl‘l < +o00. Consequently B, can be
equipped with the norm

mv(f):sup{ ,x,yEM,x#y} < +o00.

o Noos(F) = ms(f) + 1fly, where |f], = sup{jjé(ﬁla v e M},

Let ¥ > 7. As p’t! > p'*1 we have, for f € B,, |f|s = supgen p‘f@” < +00, we set

(z)7+1
® Nooy5(f) = my(f) +[fl5-
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Since M, 4+1 < +oo and Cffgi)l < Cé:gll < 1, the P-invariant probability measure, v, whose
existence is ascertained by Theorem I, is such that

/ d(z, zo) M dy(z) < +oo.
M

Therefore, for every v €]0, 7], v integrates p?*!, and thus integrates all the functions of B,
so that we can define on B, the following norms

hd Nv(f) = mv(f) + ()l
o Niy(f) =my(f) +v(f])

Proposition 5.2. Let v, 0 < v < 79. The four norms Ny, Neonysy, Ny and Ny, are
equivalent on B,. When equipped with one of these norms, B, is a Banach space.

Proof. The fact that (B,, Nx ) is a Banach space is well-known.
- Nooy and No 5 are equivalent. Since |f|5 < |f|,, we have Ny, 5(f) < Noo(f). Con-
versely, for x € M,

|f(2)] | f(zo)] + ,\Lomy(f)p(x)wrl
p(x)'YJrl p(x)'erl

The bounds |f(zg)| < |fl5 and 1 < Ag! prove that |f|, < Ag'Nao,5(f), consequently

Nooy(f) < (1420 )Noc 15 (/).
To establish that N,(-) and N ,(:) are equivalent, we proceed as in Hennion and Hervé

(2001) (Chap. X).

< < )| + 5 ().

Lemma 5.3. (B,, N,) is a Banach space.

Proof. Let (f,)n be a Cauchy sequence in (B,, N,). Set g, = f, — fu(vo), where yp is any
point of M. We have |g,(x) — g,(x)| < my (94 — 9p) A (2, y0) = my(fy — fp) Ay (2, yo) because
gn(yo) = 0. Hence v(|g; — gp]) < v(A(-,90)) my(fy — fp)- Recall that v(p?™) < +o0, so
that v(A, (-, y0)) < +oo.

Consequently (g, ), is a Cauchy sequence in the Lebesgue space IL'(v); therefore it converges
in this space, and (v(gy))n converges in €C . Moreover, (v(f,)), converges in C because,
by asumption, it is a Cauchy sequence. It follows that (f,(yo)), converges to a complex
number, say f(yo), and then that (f,), converges in IL'(v). Because vy, is arbitrary, (f,).
converges pointwise to f. We have lim, , . v(f — f,) = 0. The properties f € B, and
lim,, -, 100 M~ (f — fn) = 0 are obtained by standard arguments. O

- N, and N are equivalent. For f € B,, we have |v(f)| < v(|f]) < |fl,v(®*™!). Thus
N,(f) < (14 v(p"™)) N, (f). Since (B,,N,) and (B, Ny ) are Banach spaces, the open
mapping theorem yields the claimed equivalence, see Dunford and Schwartz (1958).

- N1, and No are equivalent. We have |f(y)| < |f(z)] + m,(f)d(z, y)p(z) p(y)” for all
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x,y € M. By integrating this inequality with respect to the measure v, we obtain

If)l < V(!f\)+mv(f)p(y)”/Md(%xo)p(x)de(w)

+ my(f)d(y, z0)p(y)” /M p(z)"dv(x)
< v(If]) + 225 'm (fp(y) e (prth),

hence Noo(f) < (142X w(p"™)) N1y (f).
Finally we have Ny, (f) = m,(f) +v(|f]) < my(f) + [ flv(p*") < 1+ (")) Nooy(f). O

We conclude this subsection by giving a statement that will be useful for the spectral study
of P(t).

Lemma 5.4.
(1) For 0 <y <7, the canonical embedding from (B, N ~5) into (B, |- |5) is compact.
(it) For v €]0,7v], the canonical embedding from (B., N1 ) into (B, v(|-|)) is compact.

Proof. (i) Let (f,)n be a sequence of functions in B, such that N ~5(f,) < 1 for all n.
Then (f,), is equicontinuous on every compact set of M, and the diagonal process ensures
that there exists a subsequence (fs(,)), Which converges uniformly on every compact set of
M to a function f € B, satisfying N ,5(f) < 1. To prove (i), it suffices now to show that
lim, | f — fsmls = 0. Observe that |f — fuly < Ao ' Neons (f — fu) < 2A5" (proof of Prop.
5.2). Let € > 0. As v < 4, there exists a positive constant ¢ such that, for all n € IN and
(@)~ Fal@)] _ 22 pla) ™
p(x)tt T p(x)!
on the compact set M, = {z : x € M,d(x,x0) < c}, (fon))n converges uniformly to f, thus
there exists N € IN such that, for all n > N and all x € M., we have @~ Jom @) < e.

p(a)7H!

for all x € M satistying d(x,z) > ¢, we have < . Besides,

Consequently, for n > N, we obtain |f — fym)|5 < e.

(ii) Now let (f,,)n be a sequence of functions in B, such that Ny, (f,) < 1. Since N;, and
No are equivalent (Prop. 5.2), the sequence (f,), is bounded in (B,, N ) by a constant
c’. As above we can check that there exits a subsequence (f4())» Which converges pointwise
to a function f € B,. Since |f,| < ¢p"*! and p'*! is v-integrable, the Lebesgue theorem
ensures that lim, v(|f — fem)|) = 0. O

5.3 Quasi-compactness of P on B,

The following statement shows that, for v €]0,7], P is a quasi-compact operator on B5,.
This property will also follow from arguments given in Section 7 ; but Theorem 5.5 below
provides a precise description of the peripheral spectrum of P : 1 is a simple eigenvalue and
it is the unique peripheral spectral value of P.
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Theorem 5.5. For every v €]0,v], P is a bounded linear operator on B, and we have the
following decomposition

B,—(C - )a,
where H, = {f : f € By, v(f) = 0} is a closed P-invariant subspace of B, such that

r(Pm,) < (190)% < 1 ; the real number ¥y < 1 has been defined in Lemma 5.1, and (P g, )
is the spectral radius of the restriction of P to H.,.

Proof. Here it is convenient to consider B, equipped with the norm N, . We have for all
kE>1

/ Agm V) g (g) = /G dilg(i:z?;) (1;}(9;))) ( ((gy))> ()

< | e9)d(9)dx"(g) = Dil)

Since § < 0, and ¢ and ¢ are submultiplicative (Lemma 4.1), Hypothesis M. 41 < +oo and
Fubini’s theorem ensure that Dy (y) < +o00. Let f € B,. We have for z,y € M,

|P*f(z) — P*f(y)] < /\f gz) — f(gy)|dm™*(g)
< (x.y / ™, A9 gy s dn ™ (g) < m(F)A (2,) Di(7).

With k = 1 the previous proves that Pf € B,, and m.(Pf) < Di(y) m,(f). Since v(Pf) =
v(f), we see that P is a bounded linear operator on (B,, N,). As v(p”™') < +oo, the
distribution v defines a continuous linear functional on B,, consequently H, = Kerv is a
closed subspace ; it is P-invariant because vP = v.

On the other hand, with £ = ng, since D, (y) < ¥ (Lemma 5.1), we get m,(P™f) <
Yom,(f), and by induction m, (P f) < 9fm.(f) for every ¢ > 0. In particular, if h € H,,
then, for every ¢ > 1, we have v(P%°h) = v(h) = 0, thus N,(P?°h) = m,(P%h) <
Igm. (h) = 94N, (h). Thus r(Py,) = (r(Pj )™ < (Jo)7.

The identity f =v(f) -1+ (f —v(f) - 1) leads to the stated decomposition. O

6 Fourier operators on B,

Recall that the Fourier kernels P(t), t € IR, associated to P and £ are defined by

(PWF)() = [ 07 f(ga)dn(g).

and that ¢ is a real valued function on G x M satisfying Condition (RS) of Section 2.
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We shall prove that, for suitable 7/, P(t) acts continuously on B,,. But, for 0 < n’ <7, it will
also be convenient to see P(t) as a bounded linear map from B,; to B, ; this is true by virtue
of the following topological embedding that will be exploited repeatedly in the sequel :

if 0 <n' <n, wehave By C B,, and, forall f € By, Nooy(f) < Nooyw(f).

Let L(B,y, B,) be the space of all bounded linear maps from (B,/, N ,y) to (B, Neo ). We
denote by || ||y, the operator norm on L£(B,,, B,) ; when 1’ = 1, we merely set ||-[/,, = |- ||,

6.1 Preliminary remarks about the function P(-)

As already mentionned in Section 2, the spectral method described in Hennion and Hervé
(2001) consists in applying perturbation theory to P(t), so that the map P(-) has to be
sufficiently regular.

In order to understand what are the restrictions imposed here by this property, suppose that
Condition (RS) holds with r > 0, and let us study the quantity |P(t)f — Pf|, for f € B,.
Let € €]0,1]. From the inequality |e™ — 1] < 2|u|®, Condition (RS), and Lemma 4.1, we have
for all x € M,

P(O)f() = Pf@)| < [ |0 1]|f(ga)ldn(g)

< 21+ e, 20)) | flple) ™ [ R@e%

< 201 | fop(z) (1 + d(z, 20)) (1)

with C' = [, R(g)°0(g)""'dm(g). Because (1+d(-, x())" is not bounded on M, this estimation
does not imply that lim, .o |P(t)f — Pf|, = 0. Similar complications appear when one
considers m,(P(t)f — Pf).

To get round these difficulties in the special case of autoregressive processes (§ 3), Milhaud
and Raugi (1989) have used a space of locally Lipschitz functions similar to B,, which is
defined by replacing p(-)**! with p(-)7F1e*20) where ) is a positive parameter. In this
case, provided that the strict contraction and exponential moment conditions given in the
above mentioned paper are satisfied, one can verify that the right member of (I’) is bounded,
and more generally, that P(-) is a regular function from a neighbourhood of ¢ = 0 to £(B,).

In this paper, we use another method which enables us to weaken the contraction and moment
hypotheses considered in previous papers ; this method is based on the two following facts :

1. By integrating (I) with respect to the measure v, we obtain v(|P(t) f—Pf|) < C'|t|* N1, (f).
This weak continuity property will be sufficient to apply to P(t) a perturbation theorem of
Keller and Liverani (1999).

20



2. Let 0 <n' <n. For f € By, we have
|P(t)f(x) — Pf(x)] < 20X |t| |f‘n/p(x)77/+rs+1’

so that, if ' +re <, we get |P(t)f — Pfl, < 2CA;"|t|?|f|,y. This leads to investigate the
continuity and, more generally, the existence of Taylor’s expansions of P(t) at ¢ = 0 when
P(-) is viewed as a L(B,/, B,)-valued map (instead of a L£(B,;)-valued map) ; this is the aim
of Sections 6.2 and 6.3. Let us mention that similar methods are used in Le Page (1989) and
Hennion (1991) for other purposes.

6.2 Taylor’s expansions of P(t) at t =0

For 7 > 0 and any non-negative measurable functions U, V on G, we set

T (U, V) = /

| Ulg)elg)d (9)*"dn(g) + /G V(g)d(g)™dm(g).

Z7(U, V) is an additive positively homogeneous function of both U and V, and an increasing
function of the variable 7 because 6(-) > 1.
Observe that, for 0 <y < g, we have Z7(1,1) < M5, ) + My, 1 < +oo.

Let us state the three main results of this section.

Proposition 6.1. Suppose s + 1 < g, and let v be a real number such that s +1 < v < g
and

7(0.5) = [ S()o(g)*dn(g) < +oo.

Then, for allt € IR, P(t) € L(B,). Besides there exists a constant C' such that we have, for
all f € B,,

P fl, ST |fl, my (PO F) < dom, () +C 1 T(0, )|l
where ¥y < 1 1s the real number defined in Lemma 5.1.
Proposition 6.2. Suppose that the following condition holds
U(n'sm) - 0<n <~, n'<n, s+1<n, 77(0,5) < +o0.

Then |EmO |P(t) — Pll,y, =0.

With the view of obtaining Taylor’s expansions of P(t) at t = 0, let us introduce, for k € IN*,
the kernels

(Lif)a) = [ (i(g.x))"f(g)dn(9)

Proposition 6.3. Let n > 1. Suppose that the following condition holds
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U, (',m) - 0<n <, n4nr<n, s+l+n—1)r<mn, I”/(R”, (R+S)R"1) < +o00.

Then, fork=1,...,n, Ly € L(By,B,) and
P(t)—P—];HLk = 0.

n',n

lim —
[t|—0 ‘t’n

6.3 Proofs of Propositions 6.1-6.2-6.3

The main tool is Lemma 6.4 below which will be stated in the next technical context.
Let k € IN*. Consider a complex valued measurable function ¢ on G* x M.

Let a, 8 € IR, and let A, B be non-negative measurable functions on G* x M. We shall say
that the inequalities (AB) are satisfied if, for all h € G* and for all (x,y) € M? satisfying
d(xo,y) < d(zo, ), we have

(A) lq(h, )| < A(h, z) p(2)”

(B) lg(h,x) — q(h,y)| < B(h,x)d(z,y) p(x)".

For x € M, we denote by A, and B, the non-negative functions defined on G* by A,(h) =
A(h,z) and B,(h) = B(h,x).

For h = (hy,...,h) € G*, we set h* = hy - - - hy, and we denote by 7% the product measure
on G*. If z € M and if f is a measurable function on M such that h — q(h,z)f(h*z) is
7®F_integrable, then we set

(Kf)@) = [, alh, ) f(ha)dn® (h).
For 7 > 0 and for any non-negative measurable functions U, V on G*, we set
iU, V) = /Gk U(h) c(h*) 6(h*)*"dn®"(h) + /G]c V(R) §(h*) T dn®*(h).

This integral only occurs in the following technical lemma ; notice that it equals Z7(U, V)
when k£ = 1.

Lemma 6.4. Let 0 < n' < 1. Suppose that, for all x € M, we have I,Z,(Ax, A+ B,) < +o0.
Then, for f € By and v € M, Kf(x) is defined ; moreover, for x,y € M such that x # y
and d(y,xo) < d(x, o), we have the inequalities

Kf@)] _ TL0,A)

p(x)nﬂ = p(x)n*n’*a |f‘n/
Kf () = Kf(y)] I} (A,,0) 770, B,)
A, (z,y) < W muy (f) pkx)n*ﬁfl | f |y



To apply this lemma, it will be worth noticing that, for n > 0 and for any function f on M, we

W, z,y €M, x#y, dly, o) < d(xuxo)}‘

Proof of the lemma. We shall use the inequalities sup,¢,, Iﬁ(g;)) < d(g) (Lemma 4.1) and

1£(g)] < |flyp(g )" Let f, x and y as in the statement. We have

have, owing to symetry, m,(f) = sup {

[ laha) f s ) < p@p\fly [, Al a)p(ha)’axt )
< pl@) I (0, Ay).

It follows that ICf(z) is defined and verifies the first stated inequality.
To prove the second one, let us write

Kf(z) = Kfy)|l < Ai(z,y) + As(z,y)
with — A(ey) = [ (bl f(ha) — f(h)] dn™(h)

Aolwy) = [ 1709)] la(hx) = a(h.)| d*(n).

Then

d(hx, hy) p(hx)" p(h*y)” | o
d@ W

< mn,f(f)( ) o) L Atha) e o am o

< my(fple) [ Aha

~—

< my (f) (because p(y)"™" > 1) (M1)

Consider now the quantity As(z,y). By using the inequality d(y, zo) < d(z, zo), we obtain

Aaw,y) < |flydaylp@)” [ Blha)p(hy)" S (h)

| fl d(,y) p(x)° p(y) L I (0, B,)
|l d(,y) p(2)* p(y)" I (0, B,), (M'2)

and from p(y)” < p(y)", we get

7/ (0. B,)
Ayfa.y) = playrt (M2)

We conclude by combining (M1) and (M2). O

IN

We shall also need the next bounds.
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Lemma 6.5. Forn € IN and x € IR, we set ¢n(z) =€ — Y

For all z,y € IR, we have

1. |¢n()] < 2[z[" min{1, |2},
2. e — e < |y — x|,

3. for n = 1, [6a(y) = 6a(@)] < 2ly = ol (o] mingL, o]} + [yl min{L, ly} )

Proof. The assertion 2 is clear, and it implies that |¢o(z)| < min{2, |z|} < 2min{1, |z|}.

Let n > 1. The Taylor’s formula to the orders n and n — 1 with integral remainder shows

that [6,(2)] < 2 and |6n(@)] = én_s(z) — (i‘”) "< 2" Hence
~ (n+1)! n!
2 n n+1
60 ()] < min{ 2! ,(’"””‘ 7 < 2l mind fol
mn:
Since ¢, () = idn-1(x) for n > 1, we have |$,(2) — ¢n(y)| < [z —y[sup{|dn-1(t)] : t € [z,y]}.
This inequality and point 1 prove Assertion 3. O

Now let us prove Propositions 6.1-6.3.

Proof of Proposition 6.1. Let k£ € IN*. By induction we easily prove that
(P)f)(@) = [ ) f(ha)dm(h),

Gk
with  &(h, 2) = &(hw, @) +E (hg—r, i)+ - +E(h, ha - - hy), for all b= (hy,... hy) € G

Therefore K = P(t)* is associated to the kernel g(h,z) = ¢®(¥)  We have |q(h,z)| = 1 ;
Condition (RS) and Lemma 4.1 give for g1,90 € G

S(g1) d(gaz, goy) (1 + d(gaw, o) + d(g2y, o))"

<
< Ao’ d(z,y) S(g1) c(g2) (p(g2) + plg2y))”
< Ao td(z,y) S(g1) e(92)d(g2)° (p(w) + p(y))*,

€91, 927) — &(91, 929)]

hence, if d(xg,y) < d(zo, x), we get

€091, 927) — §(91, g2y)| < 2°Ag % d(z,y) S(g1) c(g2)d(g2)"p(x)*.

Finally, by using Lemma 6.5 (Ass. 2) and the facts that §(-) < 0(-) and that ¢(-), 6(-) are
submultiplicative (Lemma 4.1), we obtain that ¢(h, x) verifies the inequalities (AB) with :

A(h,z) =1, a=0, B(h,x) = 2°X°|t|Br(h), [ =s,
k
where Bk(h) = Z S(hz) C(hi—l—l) cee C(hk) 5(]74_,_1)8 coe (5(hk)s We have
=1

(A, A+ B) = (1,1 + 207" [t] By) < TP(1,1) + 207" {7 (0, By).
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Since ¢§20 < ¢§20, 5101 < 50+ and the functions ¢, & are submultiplicative, Hypotheses
M1 < 400, My, < 400, and Fubini’s theorem imply that Z,°(1,1) < +oc. Besides
we have

k
IIZ(Oa Bk) < Z: /G;c S(hi)c(hiJrl) o ‘C(hk)g(hiﬂ)s o ‘S(hk)s S(hl)%l o 'S(hk)wldﬂm(h)'

We have § < /\%(5, and [, S(g)8(g) " dn(g) < +oo, thus [ S(g)0(g) " 'dn(g) < +oo. More-

over we have ¢(g)0(g)"'** < ¢(g) 6(g9)**. It follows from Hypothesis M5, ., < 400 and
Fubini’s theorem that Z;(0, By) < +oc.

Now let us apply Lemma 6.4 with " =n =~y < 7.
For k =1, we get for all f € B,

[P(6)fly <Z7(0,1) |5
On the other hand, since v > s + 1, we have p(z)7~*~! > 1, hence, since By = S,
my(P(t)) < Z7(1,0) my(f) + 2°Ag°[t] 27(0, S)|f15-

This proves that P(t) € L(B,).
For k = ng, the first inequality is still valid for P(¢)", while the second one becomes

o (PO f) < T, (1,0) m(f) + 222" 1] T2, (0. By | 11
with Z7 (1,0) < Z70(1,0) = [g c(h)d(h)*°dr*"0 (h) = . O
To establish Propositions 6.2 and 6.3, we shall employ the notation
7(t, g,2) = min{1, [t|R(g)(1 + d(zo,z))"}.

Lemma 6.6. Letn > 0 and let U, V be non-negative measurable functions on G such that
U, V) < 400. Then, for all e > 0,

lim

sup
[t|—0

UG 7t x), V() T(t, -, )
($€M ( (1+d(x,x0))e )) =0

Proof. Let p > 0. We have 7 < 1 and, for 1 + d(x¢,z) < p, we can write 7(t,g,z) <
min{1, [t| R(g)p"} = 7,(t,g). Therefore, comparing p with 1 + d(x¢,x), we obtain, for all
re M,

I”(U(-) Tt ), V)t - x))
(14 d(z,x0))°

< p_GIH(Uv V) + IH(U() Tp(tv ')7 V() Tp(t7 ))
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Since limyy—o 7,(t,9) = 0 and 7, < 1, the dominated convergence theorem implies that

lim sup
[t|—0

s
a:gl\% (14 d(z, x0))e

< a (U(-) T(t, - z), V() 7(t,-, x)) > < p TN U,V).

Since p is arbitrary, this provides the desired statement. O

Proof of Proposition 6.2. Let us consider the kernel ¢(g, z) = *@®) —1, 2 € M,g € G,
which defines the operator ; = P(t) — P. By Lemma 6.5 (Ass. 1. with n = 0, and then
Ass. 2.), we have for x € M and g € G

la(g, x)| = €™ —1] < 2min{1, [t] |€(g, 2)[} < 27(t, 9, 2),

and, if d(y, zo) < d(z, ),

la(g,z) — a(g. y)| < |t]1€(g, ) — &(g,y)] < 2°|t]S(g)d(x, y)(1 + d(zo, x))°.

Lemma 6.4 applied with £ =1, and
A(g,l‘) - 27(t797x)7 o = 07 B(Q?‘T) = 25}‘(;S|t‘s(g)7 6 =S,

yields

[Lef ()] AT 77 (0,7(t, -, v))
p(fv)”“ B (1 +d(z, wo))

“th(x) - ’th(y)’ n'—n (7— t ) )
Ay S Ot dwa)r (1 + d(z, o))

Since n — ' >0, n—s—1>0,Z7(0,1) < My, 41 < +00, and Z7(1,0) < Moy < +o0,
we conclude by using Lemma 6.6 with (U, V) = (0,1) and (U, V) = (1,0). O

iti i _ i) _ g (189, 2))"
Proof of Proposition 6.3. Let us consider the kernel ¢(g,z) = e — Z T

k=0

7 1 1y

() + 2N o S

|f‘n"

(
d(

and set KC; = P(t) — P — kZ:I ELk'

Assertion 1 of Lemma 6.5 implies that we have, for x € M and g € G

lq(g,2)| < 2[t]"|€(g, z)|" min{1, [t]|£(g, z)[} < 2[t["R(g)" (1 + d(xo, 2))"" 7(t, g, ),
while Assertion 3 shows that, for d(zg,y) < d(xo, ),

la(g,2) — qlg,y)| < 2[t|"[&(g,x) — &g, y)]
X (IS(gax)l”‘lmin{la t[1€(g, )|} + 1€(g, y) "~ min{1, |¢] \ﬁ(g,y))|}>

s+(n—1)r
< 2 S (g)d(a,y) Rlg) ™ (14 dla ) 7l g,2).
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Therefore the inequalities (AB) hold with £ = 1, and
Ag,x) =2 " |t|"R"(g) 7(t,g9,x), «=nr,

B(g,z) = 2720, °1t]"S(9) R"Y(g) 7(t, g, 2), B=s+(n—1)r.
From Lemma 6.4 with & = 1, it follows that

‘th(l'” n'—n nIn/(Oan(')T(tu'ax))
sy = 2 g gy
Kef () = Ko (9)] foan TR O 2).0)
Aoy = 2 gy )

7 (07 S() Rn_l(')T(t’ K [B))
(14 d(x, zo))rP-1

b2 iy
Since n—n'—rn >0, n—f—1=n—s—(n—1)r—1> 0, and Z7 (R", (R+S)R""!) < +o0,
the previous inequalities imply that K; € L(B,;, B,) ; then, by using Lemma 6.6, we get
1
lim —

[t|—0 ’t‘n

1KCella . = O-

Finally it remains to prove that, for k = 1,...,n, L, € L(B,;,B,). This derives from the
following : on the one hand, P, P(t) € L(B,, B,) (Prop. 6.2), and on the other hand, by the

above, we have P(t) — P — Zzl:l tk—k!Lk € L(By,B,) forn'=0,...,n. O

To end this section, we give an additional statement which completes Proposition 6.1 and
will be helpful in the proof of Proposition 7.4.

Proposition 6.7. Assume s+1 < 7o, and let n and 1) be such that s+1+(7—n) <n <17 < Y
and ]
77(0,5) < 4o0.

Then there exists a constant C' such that we have, for allt € IR and f € B,),

my(P()™ f) < Jomy(f) + Clt] [ f15-
Proof. First we establish the following with the notations of Lemma 6.4.

Lemma 6.8. Suppose that the inequalities (AB) hold. Let 0 < n < 1.
Ifa=0, B+1+17<2n, and if, for allz € M, T} (A,,0) + Z}(0, B,) < +00, then we have,
for all f € B,), ~

my(Kf) < i (Ag, 0)my (f) + Zi(0, Bx) | f13-

Proof of Lemma 6.8. Let us write, as in the proof of Lemma 6.4, |[f(x) — Kf(y)| <
Ay (z,y) + A2(x,y), and let us return to inequalities (M1) and (M’2).

A
With " =n and o = 0, (M1) gives Au(@,9) < I Ag, 0)my,(f).
Ay(,y)
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The inequality (M’2) holds for any " > 0, in particular it is satisfied with n’ = 7. Besides,
if d(y,zo) < d(x,20), we have p(y)? = p(y)""p(y)" < p(x)""p(y)". Hence Ay(z,y) <
|17 d(z,y)p(z)P T H1=1p(y)" T}/ (0, B,). Since 3+ 1+ 17 —n < 1, we obtain
A2 (ZE, y)

A y) <70, B,) | fl

We conclude by combining the two previous bounds. O

Let us now prove the proposition. Consider the kernel (g, z) = %o (@) he G, xe M,
defining P(t)™ (see proof of Prop. 6.1) ; it verifies the inequalities (AB) with k = ng, and
a, 3, A, B given in the proof of Proposition 6.1. Lemma 6.8 applies to this kernel because
B+147=s+1+7<2n, I} (A;,0) =Z22°(1,0) < Yy, and Z]! (0, B,) < +o0 ; this last point
can be shown by using Hypothesis Z7(0, S) < 400 and a method similar to that employed
in the proof of Proposition 6.1. This proves the proposition. O

7 The spectrum of P(¢) acting on B,

We use the standard notations o(7") and r(7") to name the spectrum and the spectral radius
of an operator T, see Dunford and Schwartz (1958). We denote by B! the topological dual
space of B,, and by (-, -) the canonical bilinear functional on B, x B,.

For v < 7, the P-invariant probability distribution v defines an element of B, and Theorem
5.5 shows that P € £(B,), that

1
o(P)Cc{1}U{z:2€C ,|z] <Ko}, with kg =13 < L.

and that there exists N,y € L£(B,), with spectral radius r(N(,)) < ko < 1, such that, for
n>1and f € B,,
P'f = v )L+ NG

The following statement which is obtained by applying to P(-) a perturbation theorem of
Keller and Liverani (1999), asserts firstly that, for small |¢|, the spectrum of P(¢) is close
to that of P, secondly that a spectral decomposition of the preceding type is still valid for
P(t), and thirdly that the resolvents are uniformly bounded in ¢ for z ranging outside a
neighbourhood of the spectrum of P.

We shall use the following notations.
Let x{, and k{ be real numbers such that 0 < kg < K, < K < 1. Let Dy and D; be the open
discs of the complex plane defined by

Dy={z:2€C ,|z| < ky} Dy={z:2€C ,|z—1| <1—ky}.
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We denote by I'y and I'; the oriented circles defined respectively as the boundaries of Dy
and of Df. We set

R=C \(DoUDy)={z:2€C ,|z| > Ky, |z—1>1—rg}

Proposition 7.1. Assume that s +1 < g. Let v be such that s+ 1 <y <~y and

70.5) = [ S(9)o(g)*dn(g) < +oo.

Then, for all t € IR, P(t) € L(B,). Moreover there exists an open interval I, containing

t = 0 such that we have the following spectral properties, fort € L,, and for P(t) acting on
B, :

(a) o(P(t)) C Dy UDs, and there exists A)(t) € C such that o(P(t)) N Dy = { A (1)},

(b) there exists a unique function v(,)(t), belonging to B, such that we have (v,v(t)) =1
cmd P(t))l)(,y) (t) = )‘('y) (t)v(,y) (t),

(¢) we have M., = sup {||(z —P®) M, tel, z€ R} < +o00,

(d) there exist ¢()(t) € B, and N,(t) € L(B,) such that
VfeB,, YneN", P)"f=A()"(0n)(t); flom(t) + Nep ()" f.

: nl| < My(, s yn
with || Ny (8)" [l < 53 (k)"

Notice that, for ¢ = 0, we have A,)(0) = 1, v()(0) = 1, ¢(,)(0) = v, and N(,)(0) = Ny.
From the inclusion B, C B,, for 0 < 7/ < 7, and from Proposition 7.1, we deduce the
following corollary.

Corollary 7.2. Under the conditions of Proposition 7.1, if s +1 <~ < v < 7, then, for
allt € Iy N I, we have

A (8) = A (@), v (E) = v (1), ¢ (BB, = ¢ (1), Ney()s, = Ny (1)

Notations. In accordance with this corollary, when Proposition 7.1 applies to P(t) acting
on B,, we set

At) = A)(1), v(t) = vi)(t), o(t) = dp)(t), N(t) = Nepy(t).
It will follow from the proof of Proposition 7.1 that we have the following :

Corollary 7.2°. Under the conditions of Proposition 7.1, for s+1 <y <~ and fort € I,
the elements N(t), v(t), ¢(t) are given by the following formulae in which integration is
considered in the space L(B.,)

N = 5 [ e = PO) N v(t) = L 6l) =TI,

2
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1
where Ht) = — | (z— P(t)) 'dz.
) 21T Jry

Moreover we have — N(t)" = ﬂ/r Z(z—Pt)'dz  and [N, < ];4—7:(56)”
0

Proof of Proposition 7.1. The hypotheses are those of Proposition 6.1. Consequently, for all
te R, P(t) € L(B,).

To establish the assertions (a) to (d), we shall use the results of Keller and Liverani (1999).
Let us specify the context of this paper : the space (here B,) on which the collection of
operators (here P(t), t € IR) acts , is endowed with a norm (here Ny ,, § 5.2) with respect
to which the space is complete, and with an auxiliary norm which is dominated by the
preceding one. An easy adaption shows that the results of Keller and Liverani (1999) are
still valid with an auxiliary semi-norm (here v(] - |)). The lemma below proves that the
required hypotheses are fulfilled.

Lemma 7.3. Under the hypotheses of the proposition :

1. fort € R, n € IN* and f € B,, we have v(|P(t)" f|) < v(|f]),

2. there exist J € IR, and an open interval I, containing t = 0 such that, fort € I,, we
have

VfEB,, Niy(P@)™f) < (k)" Nis(f) + Jv(lf]),

3. for allt € I, the essential spectral radius of P(t) is < ky,
4. there exists a positive continuous function ¢, vanishing at t = 0, such that we have, for

all f € By, v([P(H)f = PfI) < o(t) N1 (f):

We refer to Hennion and Hervé (2001), Chap. XIV, for the notion of essential spectral radius
of an operator. The property 4 above means that, in a weak sense, for small |t|, P(t) is a
perturbation of P.

Proof of the lemma. 1. As P is non-negative, we get |P(t)" f| < P"|f|, hence the inequality
of point 1, since v is P-invariant.
2. From Proposition 6.1, we have, for all f € B,,

mo (P f) < k3 mo (f) + CIU T (0, S) | fl,.

As a consequence of the equivalence of the norms N, and Ny, , we get a constant K’,
such that, for all f € B,, we have

e (PO 1) < w30 () + Kt Nug () = (550 + K] e (1) + K1)

/77407 nO .
so that, for |t| < “0—=""— we obtain

my (P(#)" f) < (1) my (f) + (kg — w5 v (| f1)-

Using point 1, we get Ny (P ()" f) < (ko)™ Ni,(f) + Juv(|f]) with J = kg — k5° + 1.
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3. Recall that the essential spectral radius of an operator is smaller than its spectral radius,
consequently, point 3 is clear when r(P(t)) < k.

Assume that 7(P(t)) > x{. Then, from point 1 and the Doeblin-Fortet inequality established
in point 2, and from the fact that the canonical embedding of (B,, N ,) into (B,,v(]|-|)) is
compact (Lemma 5.4), we deduce by means of the Ionescu-Tulcea and Marinescu theorem

/”lO 77.0
ko _—ko

= —, P(t) is quasi-

or more precisely of Corollary 1 in Hennion (1993) that, for |t <
compact, and that its essential spectral radius is < k.

4. Using the inequality |f(gz)| < |fl,p(gx)*" < |fly0(g9)"  p(z)"*' (Lemma 4.1), we
obtain v(P(0)f — PF) < [ [ 16569 1] f(ga)dm(g)av(x) < 11, =(0), with

2(t) = [ [ 100 —1]3(9)* pla)* dr(g)dv(a).

Since v(p?™1) < +oo and 7(67H) = M4 < M4 < +o0, it follows From Lebesgue’s
theorem that ¢ is a continuous function on IR, which vanishes at t = 0. Point 4 is deduced
from the above inequality and the equivalence of the norms N, and Ny . O

Now the assertions (a) and (c) of Proposition 7.1 follow directely from the results of Keller
and Liverani (1999) which moreover assert that

1
) (t) = =— — P(t))"'d
o®) =5 [ (== P s
is a rank 1 bounded projection from B, onto Ker(P(t) — A(t)), and that
v(|IIyy (8)1 — 114 (0)1]) = v(|IL(y ()1 — 1]) converges to 0 with ¢.
Therefore, for sufficiently small |¢|, we have v(II(,y(¢)1) # 0, and we can set

1

vy (1) = WH(’Y) ()1,

this function verifies the condition (b) of Proposition 7.1. The assertion (d) and Corollary
7.2" also follow from Keller and Liverani (1999). O

We conclude this section with a result that will be useful for the study of the non-arithmeticity

of & (cf. §9).

Proposition 7.4. Assume that the conditions of Proposition 7.1 are satisfied and reinforced
by s+ 1 < v < 7 and by the existence of 7, v < 7 < Yo, such that 7(0,S) < +oo. Let
t € IR be such that, for P(t) acting on B, we have r(P(t)) > 1. Then r(P(t)) =1 and P(t)
is quasi-compact on B,.

Proof. Since s +1 < 7 < 7, we can suppose that 7 verifies s + 1 + (¥ —v) < 7. For
convenience, we set N(f) = Noo~5(f) = m.(f) + |f]5 (§ 5.2).
The first inequality of Proposition 6.1, when applied to 4 and to the kernel ¢(g, z) = e¢(9®),

shows that )
|P(t)fl5 <Z7(0,1)| f|s,
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with Z7(0,1) < Z%(0,1) < +oo. Moreover Proposition 6.7 applied to the couple (v,7) =
(n,7) asserts that there exists a constant C' such that, for t € IR and f € B,, we have

m. (P(t)" f) < kg®m, (f) + CJt[| f15-
Setting C" = C|t| + Z7(0,1), we get
N(P@)™f) < 5" N(f) + C'|f 5.

From the fact that P(¢) is bounded on (B,,]| - |5), and since the canonical imbedding of

(By,N)in (B,,|-|5) is compact (Lemma 5.4), we deduce by means of Corollary 1 of Hennion
(1993) that, under the condition r(P(t)) > 1, P(t) is quasi-compact on B, and that its
essential spectral radius is < ko < k). Consequently there exists an eigenvalue A of P(t)
such that |A\| = r(P(t)). Let w € B, be an eigenfunction associated with A. For n > 1 we
have |\"w| = |P(t)"w| < P"|w|, hence |\"| |w|, < | P"|w||, < || P"|w|||so,y- The spectral
decomposition in Theorem 5.5 together with the equivalence of the considered norms on B,
yield sup,, || P""|w| ||oo,y < +00. Hence [A| <1, and at last r(P(t)) = 1. O

8 Taylor’s expansions for v(-), ¢(:), N(-)

The hypotheses in the subsequent statements will imply those of Proposition 7.1 and of its
corollaries ; thus, for small |¢|, the eigenelements of the spectral decomposition described in
Proposition 7.1 are defined. We are going to use the Taylor’s expansions of P(-) written in
Proposition 6.3 to obtain Taylor’s expansions for v(-), ¢(-), and N(-).

Proposition 8.1. (First order Taylor’s expansions)
Suppose that, for n’ <n, the following condition holds

Vii',n) : s+1<ny <y +r<n<y I (R,R+S) < +oo.

Then Proposition 7.1 applies to P(t) acting on B,y , and the functions v(-), ¢(-), and N(-)
from Ly in (B, Neo ), B, and L(B,y,B,) respectively, have a derivative att = 0. Moreover
there exists a constant K, such that

2L VEE Ly, [N = NO) sy < Kt ()"

Proposition 8.2. (Second order Taylor’s expansions)

Suppose that, for i’ <mn, the following condition holds
Wo(f',m) : s+ 1<y <y +2r<n<n, I""(R,R+S5)+I"(R*(R+S)R) < +oc.

Then Proposition 7.1 applies to P(t) acting on B,y , and the functions v(-), ¢(-) and N(-),

from Ly in (B, Nooy), By, and L(B,,B,) respectively, have second order Taylor’s expan-
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stons at t = 0. Moreover we have, for allt € I,y andn > 1,

2

t
N(@t)" = N(0)" 4+t Ny, + TN + t2en(t),

with N1, Nan, en(t) € L(By,B,), tlirr%)sup len(@)lyn = 0, and sup || Nj ||y, < +oo0 for
—Un>1 n>1
j=1,2.

The rest of this section is devoted to the proofs of these propositions. Recall that
R={z:2€C  |z| >k}, |z—1| >1—kj}. For v €]0,7], we set

J,=sup|(z—=P)7', < +oo (Theorem 5.5).
z€ER

Under conditions Vy(1,1) or Va(1/, 1), we have Z7(0,5) < Z77"(0,5) < +oo and s + 1 <
n" < 7p. Consequently Proposition 7.1 applies to P(t) acting on B,,. In particular, for t € I,
and for z € R, (2 — P(t)) is invertible on B,/, and we have

My = sup {H(z CPW) My, t €Ly, z€ R} < 0.

We shall need the following formula. Let B be a Banach space. If U and V' are bounded
operators on B such that U and U — V are invertible, we have

(x) (U-V)1= Zn:(U*V)’“U’l + Uty - vyt

k=0

Actually, if W € L£(B), we have I — W™ = S0 W*(I — W), and hence, if I — W is

invertible,

Z Wk Wn+1 J — W)

The claimed formula follows from the relation (U —V)~! = (I —U~'V)~'U~! and the above
equality:.
In the proofs below we shall apply (%) with U = 2z — P, V = P(t) — P, and thus U — V =
z — P(t). Observe that, in the sequel, all the space parameters v are between s+ 1 and 7y,
so that conditions Uy(n', n) and U, (n',n), n > 1, of Propositions 6.2 and 6.3 can be rewritten
as

Uo(rf'sm) = ' <m, Z7(0,5) < +oo.

Un(fsm) = 0 +nr <n, I7(R",(R+S)R"") < +o0.
Otherwise notice that, if ' < m < n and it T € L(B,,,B,), then T' € L(B,,B,) and
1Ty < N T Nl -

Proof of Proposition 8.1. The next lemma gives a first order Taylor’s expansion for the
resolvent (2 — P(t))~!. We set R(z,t) = (2 — P(t))"" and R(z) = R(z2,0) = (z — P)~%.
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Lemma 8.3. Under condition Vi(n,n), there exists a continuous function R’ from R to
L(B,y,B,), such that we have,

=0.

)T

(= P(t)" = (z=P)" —tR.

o
11m — Ssu
20 1] Sok

/

n

Proof. Setting n to 1 and U and V to the values indicated a few lines above, the formula
(%) gives, for z € R and t € Iy,

R(z,t) = R(z) + R(2)(P(t) — P)R(2) + R(2)(P(t) — P)R(2)(P(t) — P)R(z,1).

As, by assumption, ' +r < 1, we can choose n; such that n' <y < +r <n.

Condition Uy(n',m1) is verified because ' < n; and Z7(0,5) < Z"7"(0,S) < +oo, hence
lim |P(t) — P||yy.,my = 0. Condition U (n;,n) holds because 1, +r < n and I (R, R+ 5) <
I "(R,R+ S) < 400, hence P(t) — P = tL; + Yy(¢t), with L;,Y(t) € L(B,,,5,) and
%ir% [t 1 (8)]l5., = O (Prop. 6.3). Now we write

R(z,t) = R(2) +tR, + O1(z,t) + Os(z, 1),
with R, = R(z)L1R(z), and
O1(z,t) = R(2)T1(t)R(2), Oa(z,t) = R(2)(P(t) — P)R(2)(P(t) — P)R(z,1).

Since Ly € L(B,,,B,) C L(B,,B,) and since R(-) is continuous from R to both £(B,,) and
L(B,), R is continuous from R to L(B,,B,). Fort € I, 0 < |t| <1, and z € R, we have

|t|_1||®1(27t)||n’777 < |t|_1||@1(zat)||m,n < Jn |t|_1||T1(t)||mm Jnm

71022 v < Ty (2l + 1703 ) T 1PE) = Pl My

The second members do not depend on z € R and converge to 0 with ¢, this proves the
lemma. O

To establish Proposition 8.1, we now use the formulae of Corollary 7.2’. More precisely, the
linear maps II(¢) and N(¢) of the corollary are considered here as elements of £(B,,, B3,)) since
they may be viewed as integrals of functions with values in L£(B,/, B,).

Then Lemma 8.3 shows that II(-) has a derivative at t = 0 as a L(B,y, B,)-valued function.
Thus TI(:)* has a derivative at t = 0 as a L(B,, B,,)-valued function. This proves the first
order Taylor’s expansions of v(-) and ¢(-). The existence of a derivative for N(-) at ¢t = 0
follows in a similar way from Lemma 8.3. On the other hand, from the integral formula

1

N@)" = 2—/ 2"(z — P(t))'dz, we deduce the existence of a constant K such that, for
i Jr

7”L21ar1d1561(,)7/7

(k)" VN (B)" = N(0)" [}y < sup

z€lg

(z=P) " —(z=P)"

< 1l (sup | B2l + ),
7' zelg
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hence the inequality of Proposition 8.1. O

Proof of Proposition 8.2. As above, we start with a Taylor’s expansion of the resolvent
(= = P(t) "

Lemma 8.4. Under condition Vo(1/,n), there exist continuous functions R et R" from R
to L(B,y,B,), such that we have

=0.

1
lim — sup
2 /
7'

t2
o -1 o -1 A 5
fim 75 sup (z — P(1)) (z—P) tR, 5 R’

Proof. Retaining the notations of Lemma 8.3 but setting n to 2, the formula () gives, for

z€Randtely,
R(z,t) = R(z) + R(z)(P(t) — P)R(z) + R(z)(P(t) — P)R(2)(P(t) — P)R(z)
+R(2)(P(t) — P)R(2)(P(t) — P)R(2)(P(t) — P)R(z,1).

Since ' 4+ 2r < n, we can choose n; and 1y such that ' <m < +r < <n+r<n.

The condition Us(1,n) is verified, hence by Proposition 6.3,
t2
P(t) = P =tLy + 5 Ly + Tat),

with P, P(t), Ll, LQ, Tg(t) c E(Bn/, Bn) and %II% t_QHTg(t)Hn/,n =0.

The conditions U (11, 72) and Uy (12, 1) are satisfied since we have n; +r < 1, o +r < n and
I"(R,R+S) <ZI™(R,R+S) <ZI""(R,R+S). Then Proposition 6.3 with n = 1 shows

that
P(t) — P =tL; + Y4(t),

with Ly, Y4(t) € £(By,. B,,) 0 L(By. By) amd e (671 (8) 1y = lin |1 [ X2(6)] ]y = 0.

At last, since Z7 (0, 5) < Z""(0,S) < +oo, the condition Uy(n',7;) holds and Proposition
6.2 ensures that
%i_{% |1P(t) = Pllym = 0.

We get

2

R(z,t) = R(z)+ R(2) <tL1 + %Lg + Tg(t)) R(z)
FR(2) (tL1 S (t)) R(2) (tL1 S (t)) R(=)
+R(2) (tL1 + Tl(t))R(z) (tL1 + Tl(t)) R(=)(P(t) — P)R(z,1),

hence

t2 5
R(z,t) = R(z) +tR. + 5R’; + ) Ok(z, ),

k=1
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with R, = R(2)L1R(z), R!= R(z)L2R(z)+2R(2)L1R(z)L,1R(z),

and
O1(2,1) = R(2)Ta(t) R(2)
Os(2,1) =t R(2) L1 R(2)Y1(t)R(2)
O3(z,t) =t R(2)T1 ()R (Z)LlR(Z)
O4(z,t) = R(2)T1(t) R(2) Y1 (t) R(2)

. (tL1 + T1 t))R(z <tL1 Tt ))R(z)(P(t) — P)R(2,1).
5

Smce Ly € L(B,y,B,)NL(B,y,B,,)NL(B,,,B,), Ly € L(B,;,B,), and R(-) is continuous from
R to L(B,y), L(B,,), and E( ), the functions R/ et R” are continuous from R to L(B,,, B,).
We have, fort € I, 0 < |[t| < 1,and z € R

t21101(2, )l < Ty 22Oy ) Ty

z,t Hn n > t_2’|®2(2 13 Hmm < Jy ||L1||772777 I, (|t|_1||T1(t)||mmz) I s

) )

t2103(2, 1)l < 2 1Os(2, B)llany < Ty (17 N1 i) oo | Ll T

2 )l < E2104(2, )l < oy (-T2 i) Te (1)l i) T
2105 (2, )l < o Kooy Ty Koy Iy |1 P() = Pl My,

with K, = sup{||L1|lap + [t T1(E)|lap, t € 1, [t] < 1}

This proves the lemma because the right hand members do not depend on z € R and tend
to 0 with ¢. O

Let us now complete the proof of Proposition 8.2. The Taylor’s expansions for v(-), ¢(-) and
N(-) can be deduced from the formulae of Corollaire 7.2’. We just specify how to get the
expansion for N(-)". Using integration in L(B,/, B,), we set
1 n n/ 1 n !l
Ny, = — Z"R.dz and Ny, = — 2"Rdz.

2im Jro 2im Jro

We have || Nyl < rg"" Sup.cry || B ||y and || Naplly n < kg e sup.cr, || B[y ,n- Lemma 8.4
yields

1 _ _ t?
lea®lhin = g o, (= PO (= ) B -SR]
/il n+1 t2
< sup|(|(z — P(t)) "' = (z = P)"' =t RL — S R|
1% zer 2 '
since k""" < 1, we conclude that tlir% sup |len(t)]y.n = 0. O
—Yn>1
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9 Extensions and proofs of Theorems A-B-C-S

We return to the context of Sections 1 and 2. Theorems A’, B’, C’ below concern the
behaviour of the sequence of r.v. ((Z,,SZ)),.

9.1 Theorems A’-B’-C’-S’

Neglecting the technical parameter Ay of the preceding sections, we may define B, as the
space of locally Lipschitz C -valued functions f on M such that

[f(z) = f(¥)|
d(z,y)(1 + d(z, 79))" (1 + d(y, 7))"

Ev(f):sup{ x,yEM,x#y} < +00,

endowed with the norm

_ |/ ()] .
1fllooy = 65(F) + sup AT d(e zo)) L

this norm is clearly equivalent to the ones previously defined on B,.

Recall that we set 6(g) = 14c(g) +d(gzo, 20). As previously we can omit Ag in the definition
of the numbers Z7(U, V) (§ 6.2) by replacing now the function ¢ by d, that is, by replacing
Z7(U, V) by J7(U,V), already used in Section 2, and defined by

TUY) = [ Ulg)elg)dlg)"dn(g)+ [ Vig)3lg) dn(9).

If (V,]-||) is a normed linear space and if a > 0, we shall denote by V' («) the closed ball in
V' with radius « centered at 0. We name C|»(IR) the space of C -valued continuous functions
h on IR such that limj,|_ 4o u?h(u) = 0.

Under the hypotheses of the next statements, the real number m = / / &(g, z)dm(g)dv(z)
MG

is defined, and supposed to be zero.

Recall that Condition H(7y) holds if there exist 79 € IR’ and ng € IN* such that :
M1 = (67 < 400, Moy =m(c 61) < 400, nggil = 7 (c max{c, 1}?°) < 1.

Theorem A’ (Central limit).
Assume H(yo) with o > r + max{r,s+ 1} and that

/GR%m < 400, T (R, R+ S) < +oo.
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Then, there exists o > 0 such that, if the r.v. Z satisfies IE[d(Z, z0)" ] < +o00, we have,

for f >0, fe U B,, and for any bounded continuous function h on IR,
Y<v-T

liTanZE{f(Zn)h<i—’%)

If h € C2(IR), this convergence holds uniformly when (u, f) ranges over B, (o) x B, (cv).

=v(f)N(0,07) ().

Theorem B’ (Central limit with a rate of convergence).
Assume H() with vo > 3r + max{r,s + 1} and that

/G R¥dr < +00, JO(R,R+S)+ T (R (R+ S)R) < +cc.

Then, if 0% > 0, the assertion of Theorem B holds.
Moreover if Z has the distribution v, then, for 0 < v < yo—r, there exists a positive constant
C, such that, for f € B,, f >0, satisfying v(f) > 0, we have

Oyl ey

sup B | £(Z:)lisgcurvm| — (N0, 1)( = o0,u)| < 2

u€lR

The statement of the local limit theorem appeals to the non-arithmeticity condition for &
with respect to the space B, for v €]s +1,v —r|:

Condition (N-A),. Thereisnot € IR\ {0}, no A € €, |A\| =1, and no bounded function
w in B, with non-zero constant modulus on the support ¥, of v, such that we have, for all
x € Y, and for all n > 1,

enw(Ryr) = N'w(z) P — a.s.

Theorem C’ (Local central limit).

Assume that the hypotheses of Theorem A’ are satisfied. Let v be a real number verifying
max{r,s+ 1} <y <~y —1r and such that the condition (N-A), is fulfilled.

If 0* > 0, and if Z is such that IE[d(Z, z¢)" | < +o0, then for all f >0, f € B,, and for
all h € Ca(IR), we have

lim sup ‘a\/ 27mE[f(Zn)h(Sf —u)| — G%V(f)ﬁ(h) =0,

" uwelR

and this convergence holds uniformly when (p, f) ranges over B, (o) x B,(a).

Theorem S’.
Assume H(7o) with o > 2r + s+ 1 and that

T (R, R+ S)+ T *(R* (R+ S)R) < +o0.

Then the assertions of Theorem S hold with & € By,_, in point (i).
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9.2 Proofs of Theorems A’-B’-C’

These proofs are based on expansions of the characteristic function of the r.v SZ.

Proposition 9.1.

(1) Assume that the hypotheses of Theorem A’ are fulfilled. Let the parameter v verifies
max{r,s +1} <y <~y —r.

Then there exist an open interval I, containingt =0, a C -valued function (), and L(B,)-
valued functions L(-), N(-), defined on this interval, such that, if the distribution p of the
r.v. Z verifies p(d(-, z0) ) < 400, we have, forn >1,t € I, and for f € B,,

E[(Z)e"F ] = (u P07 1) = O (v + < i L0 > ) + (1 NO"S).

For allt € L,, we have |\(t)| < 1, there exists a real positive number o® > m? such that

t2
At) =1+ imt — 025 + o(t?),

and there exists a positive constant c, such that :

(i) if, either f =1 and p € B, , or f € B, and p = v, then

{1, N(@)" )] < 5 (s0)" nf{[2], [ alloo. o 1. oo

(i) |IN(&)"[ly < ey(ro)",
(1) | L(t)||r50 < ey inf{[2], 1} .

Moreover if m =0 and 0® > 0, then, for any real number t such that ﬁ € I,, we have

(i) ) <t

(2) Suppose that the hypotheses of Theorem B’ hold. Then, if m = 0 and o > 0, there
exists a constant Cy such that we have for all real t such that ﬁ S

t 2
(v) ’)\(m)n —e 7| < \/7’75\3 o
Assume this proposition for a while. To prove Theorems A’- B’ -C’ we have only to use the
method of Hennion and Hervé (2001) Section IV.2 and Chap. VI, which is an adaptation of
standard Fourier techniques for sums of i.i.d.r.v. As already mentioned in Section 4.2, we
consider here the Fourier kernels P(t) instead of the Fourier kernels Q(t) associated with &
and the probability transition ) on G x M defined in Section 4.2. Yet the needed changes
are obvious, and we shall not develop the argumentation, we only specify some points.
Firstly, the distribution y of Z defines an element of B, if and only if E[d(Z, )" "] <
+00, and, in this case, ||ilooq, = E[(1 4 d(Z,20))]). Actually, we have, for f € B,

L1 < ([ flloono (1 +d(+, 20))", hence u(|f]) < [ fllocnoE[(1 + d(Z, 20)) ).
Secondly, because of the topological embedding of the spaces B, in the proofs of Theorems A’
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and B’, it will be sufficient to considerer the case where the function f is in a space B, with
v €]max{r,s+ 1},v — r].

At last, in the proof of Theorem C’ it is necessary to have some control on the behaviour of
P(t), for all t € IR, the following lemma shows how this is related to Condition (N-A),.

Lemma 9.1.” Assume conditions of Theorem C’ except (N-A),. Then P(t) is a bounded
operator of B, for allt € IR. Lett € IR such that r(P(t)) > 1, then there exist A € C ,
Al =1, and a bounded function w € B, with non-zero constant modulus on the support ¥,
of v, such that we have, for all x € ¥, and alln > 1,

etnw(Ryr) = N'w(z)  IP — a.s.
Consequently, under (N-A),, for all t € IR\{0}, we have r(P(t)) < 1.

Proof. Let v €]s + 1,7 — r[. The inequality J7(0,S5) < J7°77(0,S5) < 400 together with
Proposition 7.1 shows that the Fourier kernels P(t) act continuously on B, for all ¢t € IR.
By Proposition 7.4, if (P(t)) > 1, then r(P(t)) = 1, and P(¢) is quasi-compact. Conse-
quently, there exist w € B,\{0}, and A € C, |A\| = 1, such that, for all n > 1, we have
P(t)"w = \"w.

It follows that |w| < P"|w|. Since, by Theorem 5.1, the sequence (P"|w|),>; converges
pointwise to v(|w|), we get |w| < v(|w]), so that w is bounded. From the above and equality
v(v(Jw|)1y — Jw|) = 0, we deduce that v({z : z € M, |w(z)| = v(Jw|)}) = 1, thus |w]| is a
non-zero constant function on ¥,. For x € ¥, and n > 1, we write

itS¥ P(t)"
E[l_ﬂ]zl_wzo‘
Anrw(x) Anrw(x)
itSe -
Since ]L(Rnx)\ = 1, it follows that e**w(R,z) = \"w(z) P — a.s. O
Anrw(x)

To be complete on the properties required for local theorem, one needs to establish the
following.

Lemma 9.1”. Under the conditions of theorem C°, for every compact subset K of IR",

(i) We have rix = sup{r(P(t)), t € K} < 1.

(11) There ezists C' > 0 and px < 1 such that we have, for alln > 1, sup ||P(t)"| < C pl.
teK

Proof. (i) Suppose that sup,cg 7(P(t)) > 1. Then, by Lemma 9.1, sup,cx 7(P(t)) = 1, thus
there exists a sequence (7;); in K such that limgr(P(75)) = 1. For each k£ > 1 consider
a spectral value A, of P(7;) satisfying |A\x| = r(P(7%)). By compactness, one can suppose
that (7x)r and (A\g)r converge. Set to = limy 7, A = limy Ag, and observe that ¢, € K, thus
to 7é O7 and ‘)\| =1.

We are going to show that the perturbation theorem of Keller and Liverani (1999) applies
to the action, on a certain space B,, of the family {P(t), t € IR} when t —t,. It will follows
from this result, see page 145 of the above cited paper, that A is a spectral value of P(t).
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But since ¢y # 0 and |A| = 1, this will contradict Lemma 9.1°, so we shall get point (i).

Let v, 4 be such that s + 1+ (¥ — ) < v <4 < 79 —r. We establish that {P(¢), t € R}
acting on B, satisfies the four assertions of Lemma 7.3, where 0 is replaced by ¢, € IR, and
the norm Ny ,(-) [respectively v(-)] is replaced by N 5 [respectively |- |5].

1. Using the inequality |P(t)"f] < P"|f] < |f|sP™(p?™!) and Assertion (c) of Lemma 4.2
(observe that p? and 14 ¢, are equivalent), one easily proves that sup,,~, |P"(p7™)|s < +o0.
It follows that {P(t)", t € IR, n > 1} is uniformly bounded on (B.,] - |5).

2. Proposition 6.7 implies the second point of Lemma 7.3 (with | - |5 instead of v(] - |)).

1

3. If r(P(t)) > ¥3°, where ¥y < 1 is the real number in Proposition 6.7, it follows from
Lemma 5.4, from the preceding assertion, and from Hennion (1993), that the essential spec-

tral radius of P(t) is < 9y°. If r(P(t)) < ¥, this is also valid because the essential spectral
radius is always less than the spectral radius.

4. In the same way as Proposition 6.2, it can be proved that there exists a real continuous
function e(-), vanishing at t = ¢, such that we have ||P(t)f — P(to) f|lco5 < €(t) || ooy for
all f € B,. Since || - ||ooy < C|| - [|00,r,5 (Prop. 5.2), we obtain

[P(t)f = P(to)fls < [P)f = P(to) fllocs < Ce(t) [ fllocn5-

(i) Let px be such that max{¥g°,rx} < px < 1, and let T be the oriented circle {|z| = px}
1

in C. Fort € K, we have r(P(t)) < rx < pk, thus P(t)" = 2—/2"(,2 — P(t)) 'dz.
v Jr

Moreover the theorem of Keller-Liverani ensures that, for any ¢ty € K, there exists an open

interval I, containing ¢y, such that sup{||(z — P(¢))"!||,, ¢t € I, |z| = px} < +oo. By
compactness, we get sup{||(z — P(t))7Y,, t € K, |z] = px } < +oo. This gives (ii). O

Proof of assertion (1) of Proposition 9.1. Let v, max{r,s + 1} <y <~y —r.
We have s +1 < v < v and J7(0,5) < J7°7(0,5) < +o0. Thus Proposition 7.1 applies
to P(t) acting on B,. For convenience, the interval I, will be denoted by I.

Lemma 9.2. The maps v(-), ¢(-), and N(-) have derivatives at t = 0 as functions with
values in (B, ||+ llooqo)s B, and L(B,, B,,) respectively, and there exists a constant K such
that we have, for alln > 1 and allt € I,

IN(@)" = N(0)" I3 < K[t](0)"

Moreover there exists v2, 0 < 2 < 7, such that P(-) has a derivative att =0 as a L(B,,,B,)-
valued function.

Proof. We have s +1 <y <~y +7r <~y and J° " (R, R+ S) < 400, so that the condition
Vi (7, 7) is fulfilled and the assertions upon v(-), ¢(-) and N(-) follow from Proposition 8.1.
Since r < v < 9 — 7, there exists 75 such that 0 < o <y +r<v<vy+1r <.

To establish that P(t¢) has a derivative, we apply Proposition 6.3. Actually, the condition
Uy (7y2,7) holds : we have vo+r < v, s+1 < yand J?(R, R+5) < J" (R, R+S5) < +00. O

The formula for E[e?*" f(X,,)] is obtained by using the basic lemma stated in Section 4.2, the
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decomposition of P(t) given in Proposition 7.1, and by setting L(t) f = (¢(t), f)v(t)—(v, f)1.
Under the conditions of (i), we have (u, N(0)"f) = 0, so that the considered inequality follows
from Lemma 9.2.

The inequality (ii) already appears in Corollaire 7.2’

To obtain (iii), it suffices to remark that, since the functions v(-) and ¢(-) have derivatives
in (By, || - loor) and B, there exist constants C; and Cy such that, for f € B,,

L) f oo, [{(®), AH0(E) = Uloono + () = v5 P 1 looo

<
< Gt @O0yl fllooq + Coltl I Flloo 11T loo0-

It remains to prove the properties of A(+).

From Proposition 7.1, we have A(0) = 1 and A(t)" = (v, P(t)"v(t)). Appealing to the
invariance of v, we get |[A(¢)|™ < (v, P"|v(t)|) = (v, |v(t)|). Tt follows that |A(t)| < 1.

To prove that A(-) can be expanded to the second order and to identify the terms of its
expansion, we proceed as in Lemma V.4’ of Hennion and Hervé (2001).

Lemma 9.3. Fort € I, set p(t) = (¢(t),1), v(t) = (v, P(t)1), and u(t) = P(t)1 — v(¢t)1.
Then u(0) = 0, (v,u(t)) =0, and
1 -
At) = m(d)(t) —vyu(t)) +w(t).

Proof. The two first equalities are obvious. From the decomposition of Proposition 7.1, we
have P(t)1 = A(t)p(t)v(t) + N(t)1. As (¢(t),v(t)) = 1 and ¢(¢t)N(t) = 0, the formula for
A(t) follows from

(0(t), u(t)) = ((t), A(t)p()v(t) + N(t)1 = 0(t)1) = A(t)p(t) — w(t)p(t). D

Notice that () is the characteristic function of £ under the distribution = ® v, so that the
next lemma results from the moment property v(d(-, zo)" ™) < +oo.

Lemma 9.4. Let n € IN*. Assume that [ R(g)"dm(g) < +oo and that r < 2.
Then (-) has continuous derivatives up to order n, with v (0) = i* [, &(g, x)*dr(g)dv(x)
fork=1,...,n.

We can now obtain the second order Taylor’s expansion of A(-).
Lemma 9.5. u(-) has a derivative at t =0 as a B,-valued function, and we have

A(t) = 1+ imt — 02§ +o(t?), with o° = (r@v)(&) —2(¢(0),4(0)) > m’

Proof. By assumption we have [; R(g)%dr(g) < +oc and r < 2 < 2l g0 that 0(t) =
1+ imt — (1 @ v)(€%)E + o(t?). From Lemma 9.2, we know that P(-)1 and (v, P(-)1) have
derivatives at ¢t = 0 as functions with values in B, and € respectively. Therefore u(-) has a

derivative at t = 0 as a B,-valued function.
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We get, firstly in B., ¢(t) —v = ¢(t) —¢(0) = t¢'(0)+o(t), secondly in B,, u(t) = tu'(0)+o(t),
and thirdly in C , p(t) =1+ O(¢). Setting ¢ = 2(¢/(0), «/(0)), we have

1
p(t)

We obtain the Taylor’s expansion of A(-) by adding the expansion of 7 to the last one.

We now prove that o2 > m. Setting v(t)(-) = v(¢)(-), we have P(—t)v(t) = A(t) v(t)
and, by uniqueness (cf. Prop. 7.1(a)), we get A(—t) = A(t). It follows that o> € IR. As
1> |A@)]? =1— (62 — m*)t? + o(t?), we obtain 6> — m? > 0. Lemma 9.5 is proved. 0

(&) — v, u(t)) = (1 + O(t)> (é + o(t2)> — cg +o(t?).

When m = 0 and o2 > 0, it follows from the preceding expansion that, for small [¢],
2
ML) <1—L +8 <e T, that is (iv).

Proof of the assertion (2) of Proposition 9.1.

The claimed inequality follows (cf. for example Hennion and Hervé (2001)) from the fact
that, under the additional hypotheses in (2), the remainder of the second order expansion
of A(+) can be specified as follows.

Proposition 9.6. We have A(t) = 1 +imt — 025 + O(t?).
Proof.

Lemma 9.7. There exists 0 < 2 < 7o such that the functions ¢(-) and P(-)1 have a second
order Taylor’s expansion at t = 0 as functions with values in lS”V2 and in B, respectively.

Proof. By assumption we have vy > 3r + max{r, s + 1}, therefore 4r < 79 and s+ 1 +1r <
Yo — 2r. It follows that there exist v4 and 7 such that 0 < v4 < Y4 +2r < v <% +2r <
and s+ 147 < 7.

To establish the assertion on ¢(-), we apply Proposition 8.2, this is possible since the con-
dition Va(72,70) is satisfied, indeed, we have s+ 1 < s+ 1+7r < v < 7+ 2r < 7, and
T "(R,R+S)+ J"(R% (R+ S)R) < +0o because 73 < 7y — 2r.

Moreover, the condition Us(vy,V2) is verified : we have 0 < vy < v4+2r < v, s+147r < s,
and then J%(R? (R + S)R) < 400 since 74 < 79 — 2r. Proposition 6.3 shows that P(-)
has a second order Taylor’s expansion at ¢t = 0 as a £(B,,, B,,)-valued function, hence the

74
claimed property for P(-)1. O

To conclude, we appeal once more to the formula of Lemma 9.3. Since [, R(g)3dn(g) < +oo
and r < 2 < 2L the characteristic function 7(-) has now three continuous derivatives,
so that the remainder of its second order Taylor’s expansion is O( 3). Using the preceding
lemma, we have ¢(t) = v+1¢'(0) + >3+ o(t?) in B, and u(t ) tu/(0) + t?us + o(t?) in B, .
Consequently ﬁ(qb(t) —vu(t)) = (1+O0(t))(ch + O(tg)) ¢+ O(t?). Tt follows that the
remainder of the second order expansion of A(-) at ¢t =0 is O( 3). O
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9.3 Proof of Theorem S’

Proposition 9.8.
Assume H(vo) with o > r+ max{r,s+ 1} and that

[ RgPin() <400, TVT(RR+S) < 4o,

and that m = 0.

(a) We set 0(x) = [;&(g,x)dn(g), x € M. There exists a unique real valued function
w € B,y,_, such that :
(r,wy=0, (1-Pw=20,

and we have 0% = (1 @ V) <§(§ + 2w oj)).

(b) Moreover suppose that g > 2r + s + 1 and that
T (R? (R4 S)R) < +o0.

Suppose that the r.v. Z has a distribution p which defines an element of Bl . Then, for

all n > 1, the characteristic function ¢, (t) = IE[e57] = (u, P(t)"1) has the Taylor’s
t2

expansion @, (t) =1+ a,t + bn§ + 0,(t*), with sup |b, + no?| < +oo.
n>1

Recall that j defines the action of G on M.

Proof of Proposition 9.8.
The hypothesis [, R(g)%dn(g) < +oo implies that 6 is well defined.

Proof of assertion (a). To begin, we state the differential properties that we shall use.

Let v be such that max{r,s + 1} < v < 9 — r. Then there exist 72,7 such that 0 < v5 <
Yo+1r <A <y<y4+r<yand s+ 1 <. It is easily checked that we have the following
properties and their consequences :

(1) Vi(7,7%), therefore ¢(-) has a derivative at t = 0 as a B! -valued function (Prop. 8.1),
2) Ui(7y2,7), therefore P(-) has the derivative Ly at t = 0 as a L(B,,, B,)-valued function

emma 9.4 asserts that o(-) has a continuous derivative, with /(0) = ém = 0. The property
) above ensures that wu(-) has a derivative at t = 0 as a B,-valued function, and that
"0)(z) = Lil(x) — P'(0) = i [;&(g,x)dm(g) = i0(x), thus v/ (0) = 6. It follows that
€ B,. Since (v,0) = im = 0, Theorem 5.5 shows that there exists a unique w € B,/ such
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that (v,w) = 0 and (1 — P)w = 6, and that w is the sum in B, of the series Y, 5, P"0. As
6 is real valued, so is w. At last, since 7' < vy — r, we have w € B,,_,.
On the basis of the formula of Lemma 9.5, we get

0% = (1 @v)(§?) — 2i(¢(0),0) = (7 @ v)(£?) — 2i(¢'(0), (1 — P)w).

The following lemma allows us to conclude.
Lemma 9.9. We have

(¢(0), (1 = P)w) = i(r @ v)(§w o j).

Proof. Tt is known that, for small |t|, (A(t) — P(t))*é(t) = &(t)(A(t) — P(t)) = 0. Hence,
setting S(t) = A(t) — P(t), we have

(0005, 4 o) (SQL=SO) _ SO0 05O _

t t t -

Observe that A(f) has a derivative at ¢t = 0 because the conditions of point (a) in Proposition
9.1 hold. Therefore, since w € B, and ¢(0) = v € B, , the above properties (1) and (4),
and then (3) enable us to pass to the limit in the equality.We get

¢'(0)(S(0)w) + v(S"(0)w) = 0,

or else ¢'(0)(1 — P)w = v[(L; — N (0))w] = v(Liw) = z/ / (9, x)w(gx)dr(g)dv(z). O

Proof of assertion (b). We know that \(t) = 1—02§+0(t2). Otherwise, since s+1 < vy —2r,
there exists 7 such that s +1 < n < n+2r < . Since J* " (R,R+ S) < 400 and
J"R?, (R+S)R) < 400 ( because 1 < vo—2r), the condition V(n,7o) holds. Consequently
Proposition 8.2 applies, it follows that v(-), ¢(-), N(-) have second order Taylor’s expansions
at t = 0 as functions with values in (B,, N, ), in By, and in L(B,, B,,) respectively. We
get, for all n > 1,

(o(t), 1){p,v(t)) =1+tB+ g(] + o(t?) (A,BeC)

<ﬂwPJUJ"1>=:<M>PJUD"1>—%t(u,ﬁﬁhn1>4-%5

Since N(0)1 = 0 and @, (¢) = (1, P(H)"1) = A(E)™ ($(8), 1) (1, v(8)) + (1, N(t)"1), with A(t)" =
t2
1 —n02§ —|—0n(t2), the coefficient b,, of % in the Taylor expansion of ¢,, is C'—no? + (p, Ny, 1).

<:ua NZ,n1> + On(tQ)‘

This enables us to conclude because sup,,s; || Napllnqo < +00. O

End of the proof of Theorem S’.
Proof of (ii). Let us proved that IE[(S?)?] < +oo. Actually, since 2r < 7, we have, for
k>1,

Bl Zi1)?] < BIRY)Y B[(Zi)] = [ Fdx | P*hdp
with ¢ (z) = (1 + d(z,z0))". Since ¢ € By,_1 C B,,, P € L(B,,), and p € B!

~oo We get
IE[&(Yy, Zx_1)?] < +00 ; hence the claimed property. The function ¢, (-) has therefore a
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second order derivative at ¢ = 0 and ¢/ (0) = —IF[(S7)?. With the help of Proposition
9.8(b), we obtain IE[(SZ)% = —b,, hence 02 = lim,, IE[(SZ)?].

Proof of (i). The method of the proof of Theorem IV.7 of Hennion and Hervé (2001)
applies here to the transition probability () introduced in Section 4.2, yet we give below an
adaptation of this method only using P. Set

E=Etwoyj,

where w is the function in Proposition 9.8 (it can be checked that &€ — Q€ = €). Recall that
0? = (m@v)[£(+2woj)] (Prop. 9.8). From the equality £42§ woj = ({+woj)* —(woyj)® =
& — (wo j)?, we get

o= (m@v)(& = wo)?)

Assume that v(w?) < +oo. Then, using the invariance of v, we can write

o = (w@V)(E) - v(u?) = [

M

dy(x)jg(é(g,x)Z-umagZ)dn(gy

But
| é(g.2)dm(g) = [ €(g.2)dm(g) + Pule) = (x) + (w(z) - 6(2)) = w(a),

so that

7 = [ avtw) [ (Eg.) — w(@)dn(g) = [ dv(e) [ (Eg,2) + wlge) — wia) ().

M

If 02 = 0, we therefore get £(g,7) = w(z) —w(gr) TR v ae.

To complete the proof of Theorem S’, it now suffices to show that the hypothesis 02 = 0
implies v(w?) < +o00. We know that, for all z € M, w(z) = 3,50 P"0(x). Since P"0(z) =
F0(R.x)] = F[[&(g, Rux)dn(g)] = E[{(Yui1, Rux)], we have, for all x € M, w(z) =
lim,, E[SZ].

Assume that Z has the distribution v and that ¢? = 0. Then the point (b) of Proposition
9.8 and the fact that b, = —IF,[(S7)?] show that sup, IE[(S?)?] = ¥ < +oo. From the
inequalities [ IE[S%|%dv(z) < [ IE[(S%)}dv(z) = IE[(S%)?] and Fatou’s Lemma, we deduce
that v(w?) < 9. O

Example : study of o> for sequences of type (u(Y,)x(Zn_1))n-

Suppose that the function £ is of the form £(g,x) = u(g)x(z), where u is a non-zero real
valued measurable function on G and y is a real valued locally Lipschitz function on M
satisfying |x(z) — x(v)| < Cd(z,y)(1 + d(z,z¢) + d(y, x0))°. Observe that Condition (RS)
holds with » = s + 1 and R(s) = S(g) = C|u(g)|.

In this context, the next statement based on both Theorem S’ and Theorem 5.5 gives a
simple sufficient condition for o2 > 0.
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Proposition S”. Suppose that the conditions of theorem S hold (with r = s+ 1 and R(s) =
S(g) = |u(g)]), that [, u(g)dn(g) = 0, and that x(x) # 0 for some x in the support ¥, of
the P-invariant measure v. Then o2 > 0.

Proof. Observe that m = m ® v(§) = 0. By Theorem S’, we shall get 02 > 0 if we
prove that there is no real valued function x; in B,,_, such that, for all z € ¥,, we have
£(g,2) = u(g)x(x) = &i(z) — &i(gr) ™ — ae.

Let & be such a function. Then, by integrating the above equality with respect to the
measure T, we get &; () = Jq & (gz)dm(g) = (Pgl)(x) for all z € ¥,. Since ¥, is an absorbing
set (for all x € ¥, we have P(x,%,) = 1), this can be rewritten as é”gu =P, (él‘gy) where
Py, denotes the kernel induced by P on ¥,. From Ker(P —1) = C -1 (Th. 5.5), it can
be easily proved that the fonctions of B,,_, whose restriction on ¥, is Py -invariant are
constant on X,. It follows that fugy is constant, thus, for all z € ¥, u(g)x(z) =0 m—a.e.
This is impossible. o
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