EXPONENTIAL GROWTH OF BRANCHING PROCESSES IN A
GENERAL CONTEXT OF LIFETIMES AND BIRTHTIMES
DEPENDENCE

LOIC HERVE, SANA LOUHICHI, AND FRANCOISE PENE

ABSTRACT. We study the exponential growth of branching processes with ancestral depen-
dence. We suppose here that the lifetimes of the cells are dependent random variables, that
the numbers of new cells are random and dependent. Lifetimes and new cells’s numbers are
also assumed to be dependent. Applying the spectral study of Laplace-type operators re-
cently made in [15], we illustrate our results in the Markov context, for which the exponential
growth property is linked to the Laplace transform of the lifetimes of the cells.
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Mathematical models for the growth of populations have been widely studied and applied
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in many fields especially animal, cell biology (mitosis), plant and forestry sciences. Branching
process is a mathematical model often used to model reproduction (see for instance [4], [12]
and [18] or more recently, [2], [3], [6] and [16] and references therein). It is described as
follows. A single ancestor object (that may be a particle, a neutron, a cosmic ray, a cell and
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so on) is born at time 0. It lives for a random time. At the moment of death, the object
produces a random number of progenies. In the classical case (i.e. independence context),
each of the first generation progeny behaves, independently of each other and of the ancestor:
the objects do not interfere with one another. Many authors were interested by generalizing
this classical model by trying to introduce dependence in the above model (see, for instance,
[6], [16], [21] and references therein).

In the spirit of the branching processes and for the sake of generalization, we consider in
this paper a model of reproduction with a random number of children and with random life
duration. As done in [2], [6] and [16], our approach to develop this mathematical model, is
to associate to each object v a parameter x,, called its characteristics. This parameter may
depend on its energy, its growth, its position or on other non-observed factors and determines
its number of children and its life duration. We consider a stationary context: the sequence
of characteristics of two lines are assumed to have the same finite dimensional distributions (a
line is an infinite succession of objects starting from the initial one and linked from one to the
next one by a parent-child relation). The classical independent identically distributed (i.i.d.
for short) case above described is a particular case of stationarity. Next we will use, as was
done by many authors (see for instance [2], [6] and [16]), Markov processes as mathematical
models for this characteristics process. We discuss, in particular, the linear autoregressive
process.

This paper is specifically concerned with the mitosis model and from now on, an object
will be a cell. This mitosis model starts with one single initial cell. After a random time, this
initial cell is divided into a random number of cells and the process continues. For technical
reasons we will suppose that the random number of children is always larger than 2. We
summarize our model, used throughout the paper, as follows,

(A) to each cell v, is associated a parameter z, € X, called its characteristics, (with
(X, X) a measurable space) which determines its lifetime {(z,) and the number of
new cells x(x,) in which the cell splits at the end of its lifetime (where £ and « are
two measurable functions with values in [0, +00) and in Z, respectively);

(B) there exists a process (X,,), with values in X such that, for each line (v,),>0 of cells,
the characteristics along this line is given by a copy of (X;,),>0 (these copies are not
assumed to be mutually independent);

(C) k(z) > 2 for any z, i.e. each cell gives birth to more than two children.

The present work deals with the so-called Belleman-Harris age-dependent branching process
(N¢)t>0 where, for every ¢t > 0, N; denotes the number of cells alive at time ¢ (see [4] and
[12] for more about). More precisely we study the first and second moment of (N¢)¢, as well
as the exponential growth behavior of N; (as ¢ tends to infinity) which will be linked to an
extended Malthusian parameter v defined below.

Roughky speaking, our above assumptions mean that the characteristics of the successive
cells of a same line are modeled by a reference process (X,,),, and that, the characteristics
of each cell determine both its number of children and its life duration. In particular, in our
more general setting, the number of children and the life duration of a cell are not assumed
to be independent and are neither assumed to be independent for two cells of a same line,
nor of two different lines. For the study of the first moment of (Ny);, the characteristics of
two different lines will be assumed to have the same distribution, but not to be independent
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(conditionally to its last common ancestor). For the study of the auto-covariances of (N¢)¢,
we require a bit more in terms of stationary: we will moreover assume that

(D) for every non negative integer k, there exists a process (XT(lk))n such that any couple

of characteristics of two different lines with last common ancestor of generation k is

a copy of ((Xy)n, (Xw(ak))n)

This includes the case where the children are driven by conditionally independent processes
(as in [16]), but also the case in which the children have the same characteristic, and a lot of
other situations. In our applications (X,,), will be a Markov process.

The exponential growth behavior of V; as t tends to infinity was studied in the book of
Harris [12] in the case where (X)), is a sequence of i.i.d. rv’s, that is when the lifetimes are
modeled by a sequence of i.i.d. random variables independent of the random numbers of the
news cells which are also assumed to be i.i.d. The growth rate v (also called the Malthusian
parameter) was defined, in this context, as the positive root of the equation,

E[n(X1)] E [e706C0] =1, (1)

as soon as the distribution of {(X1) is not lattice (cf. [12, Theorem 17.1]). Louhichi and Ycart
[21] extend some results of Harris to the case where the lifetimes are a sequence of dependent
random variables and when each cell is divided, after a random lifetime, into two cells: (Xp,),
is a stationary process and k(x) = 2 for any z. Under those assumptions the Malthusian
parameter v is expressed in terms of the Laplace transform of the random variable S,

Sn =Y &(Xk) (2)
k=0

which models the birth date of the (n + 1)-th individual of a same line. More precisely,

v =inf ¢ v >0, ZQ”E [6_75”} <00 . (3)
n>0

In this paper, since the lifetimes and the numbers of new cells are dependent random variables,
the growth rate of NV is given by

v:=inf ¢~y >0, Zgn('y)<oo ) (4)
n>0

where g,(7) is expressed in terms of a Laplace-type transform of S,,, that is

n—1
g(1) =E | | [T (X)) | (5(Xn) = 1)e
7=0

One task of the paper, is to give exact evaluations of E[N;| and E[N;Ny;,|, for any ¢t,7 >
0, under general and minimal conditions on the characteristics process (X,,) as described
above. Those calculations are the main ingredients to get the convergence almost surely of
e "!N; to a non-negative random variable W. A second task of the paper is to discuss the
conditions yielding the previous results and to give some Markovian models for which the
growth parameter v is finite.
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This paper is organized as follows. In Subsection 2.1 we give with proofs an exact evalu-
ation of E[Ny] (see Proposition 2.2). An immediate consequence of this calculation, when v
is supposed finite, is the convergence in mean of e “*E[V;] to some constant C,, given by

see Corollary 2.3 for a precise statement. As noticed in Subsection 2.2, from a multiplicative
ergodicity behavior of g, (), see Definition 2.4, one can deduce that v and C,, are both finite.

The multiplicative ergodicity property is particularly useful in the context of additive
functional of Markov chains with Markov kernel P and initial law p. In Subsection 2.2 we
present two instances of Markov models satisfying this multiplicative ergodicity property
(and then for which v and C), are both finite): first a toy model involving some Knudsen
gas in Theorem 2.6 (see [5] for other results on Knudsen gases); second the model of linear
autoregressive processes in Theorem 2.7. Both Theorems 2.6 and 2.7 are obtained under
weak integrability assumptions on the observable £ (the lifetime). The proof of these two
theorems is based on the fact that

Vn > 1, gn(')/) =M (H e Pf?_l (Phn,7)> s

where P, is a Laplace-type kernel associated with P, { and s (see Formula (13) for more
details about the notations), and where h , is given by the formula h , := (K,— 1) e~ €. Then
the multiplicative ergodicity property can be proved in the case when the Laplace kernels
P, satisfy some nice spectral properties on a suitable Banach space B (see (14)). Then v is
proved to be finite and given by

v =inf{y >0, r(vy) <1},

where r(y) denotes the spectral radius of Py on B. The main lines of our spectral approach,
based on the quasi-compactness property (see [13]) and the Keller and Liverani perturbation
theorem (see [17, 1]), are summarized at the end of Subsection 2.2. The complete procedure,
together with further references related to the spectral method, are presented in [15].

In Subsection 3.1 we study the behavior of E[N;N;], for any ¢ > 0, 7 > 0, in the very
general setting of dependence (cf. Proposition 3.2). Under assumptions (A)-(D), Proposition

3.2 states a formula for E[N;N;1 ;] in terms of expectations of functionals of ((Xy,)n, (Xn]c In)
The behavior of E[N; Ny .| is the main ingredient for the study of the quadratic mean and of
the almost sure convergence of e **N; as t tends to infinity (see Corollary 3.3). The purpose of
Subsection 3.2 is to discuss Corollary’s 3.3 assumptions, yielding the almost sure convergence
of e V' N; as t tends to infinity, in the particular case where lifetimes and new cells numbers
are independent and new cells numbers are modelled by a sequence of iid random variables.
A main step is then to establish that, for some 6 > 0 (see Lemma 3.9),

n+1

e S Wi (rn — DB E(X0) < tX0 = 2) - Cola)| <
=1

n>0

where k1 = E[x(X1)] (see Lemma 3.9 for the definitions of the functions Cy and ¥g). The
bound (5) is the main tool to obtain (see Proposition 3.10 for more details),

E[N;] = e"*E[r(X0)]E[e~"4X0) Co(X0)][1 4+ O(e~")], as t — oo, for some e; > 0.
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Under additional assumptions, the bound (5) also allows us to obtain (see Proposition 3.11),

o
E[N;Nyyr] = "+ Z KYE[C3(Xp)e 25%](1 4+ ae™ 1Y), as t — oo,

k=0
where ko = E[k(X1)(k(X1) — 1)] and where a, €1 are positive constants independent of ¢ and
7. Lemma 3.9 gives sufficient conditions ensuring (5). Theorem 3.8 studies the convergence in
mean quadratic and almost surely of e 7! N; to a random variable W and gives the expressions
of the first and of the second moment of this limit W. In Subsection 3.3 we discuss mainly
the conditions of Lemma 3.9 (and then sufficient conditions for the bound (5)).

2. BEHAVIOR OF THE FIRST MOMENT, MULTIPLICATIVE ERGODICITY, EXAMPLES

2.1. First moment of N;. The following proposition evaluates, for any ¢ > 0, the expecta-
tion of Vy, when it exists, in terms of the lifetimes (£(X;))i>0 and of the numbers of new cells
(k(X;))i>0. For this first result, we only assume our general stationary assumptions (A)-(C)
that can be reformulated as follows.

Hypothesis 2.1. There exist a family {Xox,... k., 7 >0, ki,..,k, > 1} of X-valued random
variables defined on the same probability space and two functions k : X — Z4 and € : X —
[0,400) such that, for every sequence (k;)i>1 of positive integers,

® (X0ky,..kn)n>0 has the same distribution as (X, = Xo1in)n>0, where we use the
notation 0,1™ to denote 0, k1, ..., k, when k1 = ... =k, =1,

and such that, setting Dok, .k, = &(Xo k1. kn) 00d To gy ke = (X0 ks, k)5 the following
model hypothestis holds

o for every x € X, if a cell has characteristics x, then it has k(x) > 2 children and a
life duration of £(x),

e X is the characteristics of the initial cell (and so Dy and Ty are respectively its
number of children and its life duration),

o for every k € {1,--- ,Do}, Xoy is the characteristics of the k-th child of the initial
cell (and so Dy, and Ty i, are respectively its number of children and its life duration),

e more generally, for every n > 0, for every positive integers ki, ...k, such that k; <
Do jey,...keiy (for everyi=1,...n), Xog,. k. is the characteristics of the ky-th child
of the kn_1-th child of the --- of the ki-th child of the initial cell (and so Dg, ... i,
and To j, - &, are respectively its number of children and its lifetime).

n

Proposition 2.2. Assume Hypothesis 2.1. Lett > 0 be fized. IfY o E [(H?:o K(Xj)) 1{Sn§t}} <
00, then E[V;] < oo and

n—1
E[N] =1+ ZE H £(X;) | (k(Xn) —1) 1g, < (6)
=0

n>0

(with the usual convention Hj_:lo k(X;)=1).

Proof. For every n > 0, we write ¥, (¢) for the number of cells of generation n alive at time
t. Observe that E[Xo(t)] = P(£(Xo) > ¢) and that, for every n > 1 (with the convention
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ko = 0),
Do Do,k Dok, k1
E[En(t>] =E E E U § 1{T0+To’k1+“~+T0,k1’... 7kn71§t<T0+Tg,k1+'“+To,k1,..4 ,kn}
k1=1 ko=1 kn=1

We write, since Dy = k(Xy), i.e, Dy is a measurable function of X,

E[X,(1)]
Do Do,y Do,ky kg, k1

=E Z = Z Z LT+ T by 4+ To by gy SE<To+To ey 4Tk kg e o | A0
ki=1 k=1 kn—=1

Since the vector (Xo, Xox,, - » X0 ki ko, k) is distributed as (Xo, Xo.1, -, X0,1 ko, kn )5
we obtain a. s.

Doy Dokyka, by
E E U E 1{TO+TO,k1+"'+T0,k1,k2,»-» 7k7L—1St<TO+TO7k1+”'+Toyklvk27'” JCn} XO
ko=1 kn=1
Do 1 Do,1,kg, iy _1
=K Z e Z 1{T0+T0,1+---+T0,17k2,m ,kn_l§t<TO+T0,1+"'+TO,1,I€2,<~ bt XO
ko=1 kn=1

We obtain, collecting the two last equalities and using some properties of the conditional
expectation,

E[Zn(t)]
[ Dox  Dojrkg, kg
=K -DOIE E o E 1{T0+T0,1+"'+To,17k27... ,kn_l§t<TO+TO,1+"'+TO,1,k2,-»- JCn} XO
| ko=1 kn=1
i Dy 1 Do,1,kg, by
=E |E | Do E e E Ly o 14 T0 1 kg ey SE<To+To 14 +T0 1,k o} Xo
| ko=1 kn=1
Do.1 Do,1,kg, - kp_1
= E DO Z T Z 1{T0+T071+"'+T0,1,k2,»-»,kn_lSt<T0+TO,1+"'+TO,1,k2,»-~,kn}
ko=1 kn=1

Now, starting with the last term above and using, analogously, the fact that Dy, Do are
(Xo, Xo,1)-measurable and that the distribution of (Xo, Xo.1, X0,1,kes " s X0,1,ks, kn) dOES
not depend on ks, we obtain

E[Xn ()] =
D0,1,1 D0,1,1,k37... p_1

E|DoDosE | > Y LT+ To 14 T0,1,1 g, g SE<To+To, 1+ +T0,1,1 kg -k } | X05 X0,1
k=1 kn=1

Do,1,1 Do,1,1,k3, - kg

=FE D()Do,l E ce g 1{TO+TO’1+---+T0,1,1,k3,... ,kn_l§t<To+To,1+-"+To,1,1,k3,»-»,kn}
k=1 kn=1
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We deduce, iterating those arguments (recall that 1" = 1,--- 1 (m times)), that for every
n>1,

EX,(®#)] = E {DoDo,l : "D0,1"*11{T0+T0,1+---+T071n—1§t<To+T0,1+---+T0,1n}:| :
Now we get, since the vector (Dy,---,Dgqn-1,To, -+ ,To1n) is distributed as the vector

(H(Xo), T 75(Xn—1)7£(X0)7 T vg(Xn))a

E [DODOJ DO 1= 11{To—i-T0 1+ 4T 1n— 1<t<To+To,1+~-~+To,1"}]

=E || []#(X0) | (Lo icty — Lisu<n)

Hence, we obtain by collecting the two last equalities,
EE.t)] = E||{ [+ | Qsizny — Lisu<n)

Now we get, since ), - E [(H?:o n(Xj)) 1{SnSt}:| <ooand Ny =1y + Y oo Bp(t) a. s,

) [ /n-1
E[N;] = P(¢(Xo)>t)+ Y E ( R(X5) | (Lgsui<ty — Lis<iy)
n=1 L ]:0
o] i n o] n—1 i
= PEXo)>t)+ Y E || [[sX) ) 1suen| = D _E || [T 5(X5) | 152y
n=0 | \j=0 n=1 j=0 ]

= PEC) > )+ B [s(X0) =] + B | [ T #06) | (500 - V1,29

n>1

= 1R [6(X0) - Diggrge] + YOE | | TL06) | (6(Xa) - D1gs, <

n>1

It follows from Proposition 2.2 that E[/V;] < oo if v defined by (4) is finite (using the fact
that 175, < < evte=79 for any positive 7). Now using Proposition 2.2 and arguing exactly
as for the proof of Theorem 2.1 in [21], we obtain the following exponential behavior in mean
of E[N¢] in a very general setting of dependence with the use of the function G given by

= Zgn(v), recall that g,(y) = E H K(X;) | (K(Xn) = De ™| . (7)
n>0 =

Corollary 2.3. Assume Hypothesis 2.1 and that v < oo and that the following limit exists
Gv+7). (8)
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1 t
Then, lim — [ e "°E[N;]ds = C,. (9)

t—oo t 0

2.2. Multiplicative ergodicity, application to Markov chains. In order to study the
above function G(+), and so v and C,,, we adapt the notion of ”multiplicative ergodicity”, as
introduced in [19] and [20], to our context.

Definition 2.4. Let v > 0. We say that (Sp, k(X,))n is multiplicatively ergodic on
J =10,71) if there exist two continuous maps A and p from J to (0,+00) such that, for every
compact subset K of (0,71), there exist Mg > 0 and 0k € (0,1) such that, for everyn > 1,

Vye K, gn(v) = AM)(p(M)"| < Mk (p(7)0k)". (10)

When k(+) is constant, we will simply say that (Sy)yn is multiplicatively ergodic on J.

Remark 2.5. Assume that (Sp, k(Xn))n is multiplicatively ergodic on J = [0,71). Then

o For everyy € J we have: G(7) = 3,50 gn(7) < 00 <= p(7) < 1.
e For every compact subset K of J, we obtain from the definition of v in (4) that
Aly) | o Mk

Ve Koo G0 =T O S T ek

e v < 1 means that

v=inf{y e J : p(y) <1} <. (11)
e If moreover p is differentiable at v with p(v) =1 and p'(v) # 0, then (8) follows with
C, = fy’z,(zjy)). Actually, to obtain (11), we can relaz the continuity assumptions on A

and p on J = [0,71). For (8), we just need the continuity of A and the differentiability
of p at v (with p'(v) #0).

The multiplicative ergodicity property is specially adapted for additive functional of Markov
chains, that is: X = (X,,), is a Markov chain on (X, X’) with Markov kernel P(z,dy), in-
variant probability 7, and initial distribution p (i.e. p is the distribution of Xj). Below we
present two Markov models satisfying the multiplicative ergodicity property. The first one
is a toy model, namely: at each step, either we follow a Markov chain Z = (Z,,), (with
probability (1 — «)) or we generate an independent random variable with distribution the
invariant probability measure of Z (with probability «). See [5] for more about this model.

Theorem 2.6 (Knudsen gas). Let X := R?, let m be some Borel probability measure on
X, and let U a Markov operator with stationary probability 7. We fix o € (1/2,1). Let
X = (Xpn)n be a Markov chain with transition kernel P := am + (1 — a) U. Assume that the
initial distribution p admits a density (with respect to 7) having a moment of order p for some
p > 1. Moreover assume that k = 2 and that w(§ > 0) = 1. Then (Sy), is multiplicatively
ergodic on some interval [0,v1] with p(0) = 2 and 1 > 0 such that p(v1) < 1. Thus v defined
by (4) is finite.

If, moreover, m(£7) < oo for some T € (1,p/(p—1)), then (8) is well defined and Property (9)
holds with C, € (0,400).

Note that, for this example, as for the next one, our moment assumptions are very weak
(no exponential moment is needed, our assumptions only involve finite order moment as-
sumptions).
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Theorem 2.7 (Linear autoregressive model). Let X :=R and X,, = aX,,—1 + U, forn >1,
where X is a real-valued random variable, o € (—1,1), and (9p)n>1 is a sequence of i.i.d. real-
valued random variables independent of Xo. Let rg > 0. We assume that 91 has a continuous
Lebesgue probability density function p > 0 on X satisfying the following condition: for all
xo € R, there exist a neighbourhood V,, of xoy and a non-negative function gy, (-) such that
y = (14 |y])" qu, (y) is Lebesgue-integrable and such that *

Vy €R, Yv € Vg, p(y +v) < g (). (12)

Assume that the initial distribution p is either the stationary probability measure w or d, for
some x € R. Let Ny be a positive integer. Assume that k is bounded, that lim,_, 1 {(7) =

+00, that the Lebesgue measure of the set [§ = 0] is zero, and that sup,cp % < 00.
Then (Sn, k(Xp))n is multiplicatively ergodic on J = [0, 400) with lim, o, p(y) > 2 and
limy— 400 p(7) = 0. Thus v given by (4) is well defined (and is independent of the choice of

the initial distribution p).

1+7
If moreover there exists T > 0 such that sup,cg (g(x) <o 2 then the constant C, given

G+
by (8) is well defined in (0,+00) and Property (9) holds.

The proof of Theorems 2.6 and 2.7 is based on the spectral study of Laplace operators
associated with (P, &, k). A general setting of this method is provided in [15], together with
the complete proof of Theorems 2.6 and 2.7 (see [15, Theorems 5.1 and 6.1]). Let us give the
main lines of this spectral method.

e The Laplace kernel associated with (P, £, k). We assume that, for every n > 1, the random
variable []7_q (X)) is integrable. We set Ay, , := (k—1)e 7. Let v € (0,+00). For n > 1,

n—1

gn(7) = B || ] #(x;)e 5D | hyen(Xa)
j=0

n—1
= B | [ ] #(X))e 0D | (Phys)(Xar) |
7=0

with (Ph)(z) := [¢ h(y) P(x,dy). If n > 2, we continue and obtain

n—2
g () =E | | [T s(X)e X | (Py(Phys)(Xu-2) |
7=0

with P,k := P(hrke™7%). An easy induction gives

Vn>1, gun(y)=p (/{ e ¢ P;‘_l (Ph,w)) . (13)

o A spectral multiplicative ergodicity property. The first step of the spectral procedure is to
find an interval Jy C [0, 00) and a suitable Banach space (B, | -||5) on which, for every v € Jy,
the Laplace kernel P, continuously acts on B and has the following spectral properties: there

INote that Y1 admits a moment of order rg.
147
2Recall that Jg |z]™ dm(z) < oo under the assumptions of Theorem 2.7 (see [7, 8]). Hence sup,,cp (ﬁ(x) .

+eno <
oo implies that [, [¢]'F7 dr < oo.
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exists a map v — II, from Jy into the space L(B) of bounded linear operators on B such
that, for every compact subset K of Jy, there exist Ok € (0,1) and Mg € (0,400) such that

Vye K, VfeB, ||PIf—r(y)"Lf|z< Mg (0x ()" f5 (14)

where r() is the spectral radius of P,. Then, using Definition 2.4, Remark 2.5 and For-
mula (13), the following assertions hold:

i) If the functions v — r and v — B .= 1 (ke EIL, (Phy, are continuous from
(i) gl gl gl 7) = p y(Phyey
Jo to (0,400), then (Sy, k(Xy)), is multiplicatively ergodic on Jy with A(y) := B

()
and p(y) = r(7).
(ii) If moreover inf r(y) <1 < sup r(7), then v is finite and
v€Jo v€Jo
v=inf{y >0 : r(y) < 1}. (15)

(iii) If furthermore the functions 7(-) and B(-) are C'-smooth on Jy, and if r'(v) # 0, then
the constant C), of (8) is well defined and finite, and Property (9) holds true.

e On Property (14). A natural way to obtain (14) is to use quasi-compactness. More precisely
assume that, for some fixed v > 0, P, continuously acts on B and that

(a) r(y) > 0 and P is quasi-compact on B,
(b) 7(v) is the only eigenvalue of modulus r(v) for P,, and r(v) is a first order pole of P,
with moreover dim Ker(Py — r(y)I) = dim Ker(P, — r(y)I)? = 1.

Then P, satisfies (14) with K = {v}. Condition (a) may be investigated by applying the
quasi-compactness criteria of [13]. Condition (b) may be studied by using standard arguments
of positive operators. The case when B is a Banach lattice is specially adapted to the study
of (b), and further useful properties on r(-) may be obtained in this case, as for instance the
non-increasingness of r(-). For the Knudsen gas (Theorem 2.6), the conditions (a) and (b)
are fulfilled on every L*(m) (a > 1), where L®(7) denotes the usual Lebesgue space associated
with the P-invariant probability distribution 7. For linear autoregressive models (Theorem
2.7), setting V'(x) := (14 |z|)™, the conditions (a) and (b) are proved to hold on the Banach
space B, = Cya for each a € (0,1], where (Cya, || - |ve) denotes the space of continuous
fonctions f : R— C such that the limits lim, , o f(2)/V(2)* and lim, _, 1 f(z)/V (z)®
exist in C and are equal, and where ||f|ye = sup,cg |f(x)]/V(2)*. The Banach spaces
involved in these two instances are Banach lattices.

e The use of weak perturbation theory. The above conditions (a) and (b) only give Prop-
erty (14) for K = {v}. To obtain (14) with the desired uniformity property with respect
to any compact subset K of Jy, and moreover to obtain the continuity of the functions r(-)
and B(-), a natural way is to apply the perturbation theory of bounded linear operators.
Unfortunately, the classical operator perturbation method [22, 23, 9, 10] does not apply to
our context. Indeed, because we do not assume any exponential moment condition on &, the
map v — P, is (in general) not continuous from (0, +00) to £(B). For instance, for linear
autoregressive models (respectively for the Knudsen gas), the map v — P, is not continuous
in general from (0,4o00) to £(B,) with B, = Cya (respectively with B, = L%(x)), but only
from (0,400) to L(Bq, Bp) for 0 < a < b <1 (respectively for 1 <b < a). The same problem
occurs in the study of the C'-regularity of 7(-) and B(-). This is the reason why we use the
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Keller-Liverani perturbation theorem [17] in [15]. The price to pay is to consider "a chain of
Banach spaces” instead of a single one, according to the approach used in [14].

3. BEHAVIOR OF THE SECOND MOMENT AND ALMOST SURE CONVERGENCE

3.1. Second moment and applications. To study the behaviour of E[N;Ny;,| (Propo-
sition 3.2), as well as the convergence of (e "*N;);>¢ when ¢t —+oo (Corollary 3.3), let us
introduce an additional assumption involving the characteristics for lines of cells coinciding
up to the k-th generation (this is a reformulation of our Assumptions (A)-(D)).

Hypothesis 3.1. Hypothesis 2.1 holds true. Moreover, for each k € N, there exists a process
X k) = (X,(lk))nzo such that

(X,(Lk))ogngk = (Xn)o<n<k a.s. (16)
(X7§Lk))nzo = (Xn)n>0 n law,

and such that, for every couple of sequences of positive integers (m;)i>1 and (€;)i>1 such
that my = £y, ....mi = £ and Ly # mitr1, ((Xomy,...omn)ns (Xo41,..00)n) has the same
distribution as (X, X*)).

Now define, for any integers n > 1,m > 1 and min(n,m)—1 > k > 0 the random variables
Ay m.k as follows:

m—2

j=min(k+1,n—1)

[T &)= ) =1 (a2 1),

je{ki\{n—1,m—1}
with the usual convention Hf:kH .- =1if £ < k. Define also S = Z’;zof(X](-k)). The
main result of this section is the following proposition.
Proposition 3.2. Assume that Hypothesis 3.1 holds. Let t > 0 and 7 > 0 be fized. If
EnzoE [(H?:o “(Xj)) 1{Sn§t+7}:| < 00, then

oo oo min(n,m)

E[NtNt-‘rT] = E[Nt] + E Nt+7— —1 + Z Z Z E |:An,m,k1{s 1<t S(k) 1<t+ }:| (17)

n=1m=1

Proof. We have, using the notations of the proof of Proposition 2.2, Ny = 1y sn+> 02 Za(t)  a.s.,
with

Do Do, i, Doky, by
- Z Z Z (1{T0+T07k1+”'+TOJ‘C1V“»knflgt} N 1{T0+T0,k1+“'+T0,k1,~~,ant}) :
k1=1 ko=1 kn=

We deduce from ), o E [(H?:o ﬁ(Xj)) l{Sn§t+T}i| < oothat ) o E [(H?:o H(Xj)) 1{Sn§t}} <
00, and then, arguing exactly as in the proof of Proposition 2.2,
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Do Dy k1 Dovklv“"kn—l 00 n—1

ZE Mod Y Ymma et Tosg <ty | = DB TTRX9) | 1s,i<n | < oo

n=1 |ki=1 ko=1 kn=1 n=1 =0
Hence,
oo Do DO,kl DO,kl,m kp—1
E § § E : 1{T0+T0,k1+“'+TO,k1,m,kn_lgt} <00 a.s..
n=1k;=1 ko=1 kn=1

Therefore N; = 1+ 3.0°, %,(t) a.s., with

Do Dok Dokey o kg
f— E E “e. E (D07k‘-17... 7k?n—1 - 1)1{TO+TO,k1+"'+T0,k1,~-~ aknflgt}'
k1=1 ko=1 kn—1=1

Consequently,

NiNipr =1+ iin(t) + i Yot +7) + i i S () S (t +7)

n=1 n=1m=1
—Nt+Nt+T—1+ZZE m(t+7).
n=1m=1
For any positive integers n,m and t > 0,7 > 0, we have,
min(n—1,m—1)
SaBSm(t+7) = > >, De=D)Dg =D ncis,  @<iin

k=0 (Zvé)eEn,m,k

where E, i is the set of (£, 2), with £ = (0,01,....0,_1) € {0} x (N\ {0})" ! and £ =
(0,01, ... €m—1) € {0} x (N'\ {0})"! having the same coordinates up to time k, i.e. such that
min{j = 0,...,min(n,m) : £; # £;} =k + 1, with the notation S,,_1(€) := To + To.¢, +--- +
1, tn_1- We conclude by proceeding exactly as in the proof of Proposition 2.2. U

As it was done in [12] in the case of independence (cf. Lemma 19.1 and Theorem 21.1
there), Proposition 3.2 is the main ingredient for the proofs of the quadratic mean and of
the almost sure convergence of e ! N;, where the growth rate v given in (4) is assumed to
be finite. This is the purpose of the next corollary.

Corollary 3.3. Assume that the assumptions of Proposition 3.2 are satisfied, that v < oo,
that lim sup,_, ., e “*E[N;] < oo and that there exists K > 0 such that

(o) o0 mlnnm

2t+T _
IR S IDY B VTP B R S

n=1m=1

Then there exists a square integrable random variable W such that e V' N; converges in qua-
dratic mean to W as t tends to infinity.

If moreover the convergence in (18) is exponentially fast and if W > 0 then e "Ny con-
verges almost surely to W as t tends to infinity.



EXPONENTIAL GROWTH OF BRANCHING PROCESSES 13

Proof of Corollary 3.3. Clearly,
2
E |:(€—VtNt _ €_V(t+T)Nt+T) :|

672I/t]E [NE] + 672V(t+T)E [Nt2+7] o 2672Vt71/7']E [NtNt+T] .
Now Proposition 3.2 gives,
72Vt71/7']E[NtNt+T]
721/15 I/T]E[ ]+6 2vt—vT (E[Nt_;,_T] _ 1)

o0 o0 mlnnm

o 2vt— VTZ Z Z E |:Anmk1{s <t S(k) 1 <t+1}

n=1m=1

Thanks to the assumptions of Corollary 3.3, the two first terms of the right hand side of the
last equality tends to 0 as t tends to infinity. While the third term tends to K. Those three
limits hold for any 7 > 0 and uniformly in 7. Hence,

t—o00

2
lim E [(e”tNt _ e*”“”)NHT) ] —K+K-2K =0,

for any 7 > 0, uniformly in 7. The Cauchy criterion ensures then the convergence in quadratic
mean of e "*N; as t tends to infinity to a random variable W with finite second moment.

For the last point, we deduce from Proposition 3.2 that fOOOE [(e‘”tNt — W)Q] dt < oo.

This yields (arguing as for the proof of Theorem 21.1 in [12]) the almost sure convergence,
as t tends to infinity, of e **N; to W. O

We will apply these results in the two following sections under some additional indepen-
dence assumptions.

3.2. Some extensions of Harris’ results. For further results, we will make the following
stronger assumption reinforcing (A)-(D) and involving some independence assumptions.

Hypothesis 3.4. Hypothesis 3.1 holds. (Xp)n is a stationary sequence of random vari-
ables, (kK(Xp))n is a sequence of i.i.d. square integrable random variables of expectation ki,

which is independent of (§(Xy))n. Moreover, for all k € N, (er(Lk))nzk+1 and (Xp)n>k+1 are
independent given Xy. Finally the number v (as defined in (4)) satisfies

VeeX, v=inf<y >0, Z/{? [6_75"+1]X0::1:] <00 p <00. (19)
n>0

We set ko := E[r(X1)(k(X1) — 1)].
Remark 3.5. Observe that under Hypothesis 3.4,

n
E || [T+ | 1is,<nlXo| = 676(X0)E [1(s, < | Xo0] < K7 5(X0)E [ﬂ<5n*t>>|Xo] .
Hence, Proposition 2.2 applies and (6) can be rewritten

B[Ny =14 wf(k1— 1P (Sp <t).
n>0
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Remark 3.6 (Bifurcating Markov chains). Hypothesis 3.4 can be satisfied by bifurcating
Markov chains as defined, for instance, in Section 3 of [21] or by Definition 1.1 in [6], where
an explicit model is constructed there. This model is similar to that introduced in [11]. It
supposes that the characteristics X,o and X,1 of two daughters are linked to the mother’s one
Xy through the following auto-regressive equations: for any v €T |

{ Xy = PmXy + v1— ,0%161;0

Xo1 = pmXy + /1 - p%@(l)s%o +v1- pgevl)

where pm, ps €]—1,1[ and they play the role of the mother’s and sister’s correlations, (e,), T
is a sequence of independent standard normal law and Xo = €y. Contrarily to [6], the purpose
is to evaluate the Laplace transform of S, =Y p_q&(Xk). In [21], an explicit computation of
this Laplace transform is dome in the case where

&) =a+ b(af+c)2,

see Proposition 4.1 there.

Define f, o(t) = (k1 —1)e ™" 35, 5o k1P (Snt1 — So < t|Xo = 2) . We will make the follow-

ing assumption involving the Laplace transform fx,o of fzo:

Vv > 0, fx,o(’}/) = / eifytfg@o( Z KIE [ (v+v)(Sny1— SO)‘XO - x} . (20)
0

+V

Hypothesis 3.7. Suppose that there exist two positive reals § < v and € such that, for any z,
the Laplace transform f; o, extended on the complex plane, satisfies the following conditions:

(1) fxO is analytic in {z = u+ 1y, |u] < J+e y € R} \ {0},
(2) fro has a simple pole at 0, with residue Co(z),

(3) J22 1 fr0(6 +iy)ldy < oo,

(4) limyﬁioo feo(u +iy) = 0, uniformly in u € [—6, 0],

(5) Wo(x) i= [ | Foo(~8 + iy)ldy < oo .

We generalize the approach of [21] to obtain the following result extending [12, Theorem
19.1] to the case where the lifetimes are dependent.

Theorem 3.8. Assume Hypotheses 3.4 and 3.7 with (X,,)n, a Markov process and that

E {e_’jg(xo)éo(Xo)} +E |:€_(V_5)§(XO)\I/0(X0)] + i K,’fE [C’g(Xk)e_mjs’“} < 00,
k=0

and Zﬁlf[g { (X3)Wo(Xp)e 2r=08k 4 \Ijg(Xk)e—Q(V—5)Sk:| < o0,

ZH [ Co (Xg) + Vo(Xk) + k)e (V—Hs)sk} < 00, (21)
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then there exists a square integrable random variable W such that e V' N; converges in qua-
dratic mean to W as t tends to infinity, with

E[W] = s, E [e—”f<X0>éo(X0)]
Var(W) = ko i KYE [C’g(Xk)e_QVS’“} — K3 (E [e_VE(XO)CN'O(XO)])2 .
k=0

If, moreover, W > 0 almost surely then e V! N; converges almost surely to W.

The rest of this subsection is devoted to the proof of Theorem 3.8.

Define, for r < m, the partial sums S, ,, := Y - &(X;) S,(]fq)l = > §(X-(k)) (so that

i=r i=r 7
Sp = So,n and S,(Lk) = S(()iz, with the usual convention, for r > m, Sﬁlin =Srm =0.

The proof of the next lemma is an immediate consequence of Lemma 2.2 in [21] and we
omit it.

Lemma 3.9. Assume Hypothesis 3.7. Then, for any t > 0,

qj;gf) et (22)

e (k1 = 1)P(S1npr < HXo = 2) — Co(x)| <
n>0

Lemma 3.9 together with Proposition 2.2 allows us to give an exact asymptotic behavior
of E[/V;] as t tends to infinity, as shows the following proposition.

Proposition 3.10. Assume Hypotheses 5.4 and 3.7 are satisfied for some positive & strictly
less than v. If Ele="¢(X0)Cy(X0)] < 0o and if E(e="=9¢X0)W((Xy)) < oo, then E[N;] < oo
and there exists €1 > 0 such that

E[N,] = e"' k1 E[e* X0 0o (Xo)](1 4+ O(e™Y), as t — oo.
Proof. Recall that f,o(u) = e %> o &1 (k1 — )P(S1n < u|Xo = 2). Moreover, due to
Remark 3.5, a
E[Ny] = ) ki(k1— DP(S, < 1)

n>1

= E|> #f(k1— D)P(S1n <t — &(X0)|Xo0)Lie(xo)<t}

n>1
="'k E [6_”5(X°)fxo,0(t - g(XO))l{S(Xo)St}}
= e’k R {e*”é(x(’) (fxo,o(t —§(Xo)) — C’O(XO)> 1{§(X0)§t}}
+e kiR [6_”5()(0)@0(XO)l{E(Xo)St}} :

Now Lemma 3.9 gives,

» i oot o
E {6 §(Xo) (on,o(t —§(Xo)) — CO(X0)> 1{5(X0)§t}} < ?E [\IJO(XO)e ( ‘”ﬂXO)} -
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and so
E[N] = €'k [E (G_VE(XO)éo(Xo)l{g(Xo)gt}) + 6_5tD(t)] (23)

with 0 < D(t) < (2m)7'E (o (Xo)e~~94X0)). This allows to deduce thanks to Proposition
2.2 that E[/V}] < oo and

E[Ni] = e mE[e ™) Co(Xo) Ligrxy<n] |1+ €AW + D))

with 0 < A(t) < supysg A(t) < 00,0 < D(t) < supyso D(t) < o0. O

The following proposition gives an exact asymptotic behavior of E[N;N;,] under further
assumptions.

Proposition 3.11. Assume Hypotheses 3.4 and 3.7 are satisfied with (Xy), a Markov pro-
cess. Suppose also that 350 KKE[C2(Xy)e 2] < co. If Condition (21) is satisfied, then,
foranyt >0, 7 >0, E[N:Niyr] < 0o and

E[N¢Nypr] = /) ey Z KYE {C’g(Xk)e*Q"Sk (1+ae ), as t — oo,
k=0

where a and €1 are positive constants independent of t and 7.

Proof. The task is to apply Proposition 3.2. For 0 < k < min(n,m) — 1, we have (recall that

SW = rtex M)

k
E | Anmilyg :E[An,m,km(sn_l <t, S

m—1

1<t S,thsm}} =t T) ‘

Observe that
E[(k(Xo) — 1)?]s7! ifk=n—-1=m-1
E[Anmi] =19 ro(k1 — 1)/11111ax(n72’m72) if(k=m—-1louk=n—-1), n#m

Ko(ry — 1)2R0—2Tm=2-k if (k#m—1letk+#n—1).

Now we have for k #m — 1,

m—

P(Sn_lgt, s §t+7) _

E [P (Sk—l—l,n—l <t— S, S,(C?Lm_l <t+T7-— Sk|Sk»Xk) 1{Sk§t}]

—E [IP (Skp1n1 < t — Sk| Sk, Xp) P <Sl(fi-)1,m—1 <t47-— Sk\Sk,Xk> 1{5&}} .
When k& = m—1 (and then necessarily m < n and S,,—1 < Sp-1), gim=1) _ Z;’:Ol g(Xi(m_l))

m—1
and by Hypothesis 3.1, (X(mfl)

; Ji<i<m—1 = (Xi)i<i<m—1 a.s. Hence in this case Sﬁ::l) =
Sm—1 a.s. and then

P(Sp1 <t SYY <t m) =P(Sa1 St Spoy SET) =P (Sp1 1),
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m—1
Consequently (recall that S,(mmf)l =0),

o0 n
> S B Aol s, vstrtizain |

mm—1—=

n=1m=1
oo n—1 o)
=3 D Pk = VP (Spo1 <)+ Y w7 E[(k(Xo) = 1) (Spo1 < 1)
n=1m=1 n=1
= (k1= D2 Y _(n = DA P (Sur < 1)+ E[(w(Xo) = 1)) D w1 7P (Sr < 1).
n=1 n=1

The last equality, together with the fact that
P(S,_, <t)=P (ef(uﬂs)sn_l > e—(u+5)t> < [~ +0)Su],
proves that, for any 0 < § < v

o n
—u(2t+7) Z Z
€ E An’m’m_ll{snflgt, Sm71+s(m 1) <t+7’}

1
n=1m=1 meme

< ek = 1)Rg Y (n — 1)} E[e” )51

n=1
o0
+e TIR[(k(Xo) — 1)%] Y a T E[em (TS, (24)
n=1

We also have,

oo oo min(n,m)

Z Z Z E [A”’m’kl{snlgt, S8 <t+7—}] (25)

k+1,m—1=
n=2m=2 "

= K9 Z H’fE Z Hn 2= k Rl — 1)P (SkJrl,n,l <t-— Sk|Sk,Xk)
n>k+2

xS KR )P (Sl(glj-)lm . <t+T—Sk|Sk7Xk) Lisi<ty
m>k+2

Now the bound (22) gives, letting a, (k) = &7 > " (k; — 1),

k

k: ‘ ~
eV (T Eizo (@) Z an(k)P(Sk+1,n-1 < — Zf(:ﬁlﬂXk = 21) — Co(xp)]
n>k+2 “—o
< Wo(ap)e 020 6@))
and
k K k ]
‘eiu(tﬂizz.:o ) Z am(k)P(SIE:421 me1 St+HT— Zf ()| Xk = z1) — Co(zp)]
m>k+2 =

S \IIO (xk)efé(t“iﬂ-*z;c:o é(wz)) .
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The two last bounds together with (25) give then

o0 o0 mlnnm

ZZ Z E[A”vmvkl{sn_lq, S5t <t+7—}:|

n=2m=2 k+1,m=1
s ~

= [Z RIE(CH (Xp)e % 1g,<1) + 6_(%] ’ (26)
k=0

where a < 23722 /{E[Co(Xr) Wo(Xp)e™ 0] 4 e 375 | kAR[WE(X),)e ™2 =05k,
Finally,

Z Z E [A":manll{sn_lq, Sn_1+55) 1<t+7—}} (27)
n=1m=n+1
2(,‘{1—1)2]}3 Z /{m Q]P)( n,m )1<t+7__ n 1|Sn 17 n— 1) l{Snlét}]
= m=n-+1
= /~$1 — 1 E [Z Hl_ll{sn 1<t} Z I‘im n= 1P< in;i)l S t4+ 17— Sn_lSn_l,Xn_1>] .
m=n+1
Now the bound (22) gives, letting b, (m) = (k1 — )7 "1,
n—1
]e*”(t” o &) Z bn( Sénml)l <t+T1-— ZE(«T'é”Xn—l =Tp_1) — éO(xn—l)‘
m>n—+1 =0
< Wo(wp_1)e 2+ €6), (28)
We have also,
Y AT E (ColXn)e I s, ) < eI AR [Go (K)o
n>1 n>1
(29)
and
eVE | Y1 s, < Wo(Xpog)e St 2T
n>1
< e YT TE (15, < Wo(Xm)e 0%
n>1
< ST TR WX )e 0TS (30)
n>1
We get collecting Inequalities (27), (28), (29) and (30)
—v(2t4T)
¢ Z Z E [A”vmvnll{snlgt, Sn—1+85) 1<t+‘r}]
n=1m=n+1
<e Ve Y KR ((OO(anl) + ‘I’O(anl))e_(”(s)s"*l) : (31)

n>1
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We then obtain combining (24), (26) and (31),

oo oo min(n,m)—

RDIPIEDS
E Anmilig < S8\ 1 <t+T}

n=1m=1

= Ko Z mle[ég(Xk)e_zyskl{ngt}] + e g 4 e pa, (32)

where a is as defined in (26) and

A< R Z ﬁ?_lE [(CO(Xn—l) + \I’o(Xn_l))e*(VJF‘S)Sn—q

n>1

(o)
+(r1 — Drg Y (n— 1)k} *Ele” "5 1] L B[(k(Xo) — 1)° Zn? TR[e=(+0)Sn—1],
n=1
Consequently, we obtain collecting (32) together with (17) and Proposition 3.10, that there
exists €; > 0, such that, for any ¢,7 > 0,

oo
E[N¢Nypr] = 47y Z KYE[C3(Xp)e 25k (1 4 ¢ re™ ), as t — oo,
k=0

where sup, ; ¢ r < 00. O

Proof of Theorem 3.8. The bound (32) proves that the convergence in (18) is exponentially
fast and satisfied with

K =ry Y  kVE[CH(Xg)e 5.

Proposition 3.10 ensures that limsup,_,., e "'E[N;] < oo. Hence, due to Corollary 3.3, as
t — +oo, (e7"!N;); converges in quadratic mean to some random variable W. Therefore
E[W] = limy_ E[e™'Ny)] and E[W?] = limy_ E[e 2! N2] and so, due to respectively
Propositions 3.10 and 3.11 (with 7 = t),

E[W] = k1 E[e $X0Cy(Xo)] and E[W?] = ky Z KVE[C2(Xy)e 2v5H] .
k=0

O

3.3. About Hypothesis 3.7. The purpose of this section is to discuss Hypothesis 3.7 yield-
ing to the key bound (22). We assume, along this subsection, Hypothesis 3.4 with (X,,), a
Markov process.

3.3.1. The i.i.d. case. If moreover the lifetimes are i.i.d., then the growth rate v as defined
n (19) is also that defined in (1), that is k1 E [e*”g(XO)] = 1. The following lemma gives
additional assumptions ensuring (22) in this i.i.d. case. Although this case is classical, its
study is important to make comparison with previous results (obtained with other methods
of proofs). Also proofs for more general results will be obtained in the spirit of this classical
case, see the paragraph below.
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Lemma 3.12 (i.i.d. case). Assume Hypothesis 3.4, that (£(Xp))n is a sequence of i.i.d.
random variables admitting a density g with moment of order p for some p > 1. If, for some
M>0,v>d0>0,

inf ‘1 — rE {e_(_‘s"'”“y)g(xo)} ‘ >0 and inf inf |1—-xE [e_(“+”+iy)£(xo)] | >0
y€R [y|>M ue[~4,0]

then Hypothesis 3.7 is satisfied for any x € X, with
-1

Colw) = "t (B [exo)ee0])

RV

| 1 oo 1/(p-1)
Uo(x) < Const. (inﬂg ‘1 — k1 E [e_(_“”“y)g(xo)} D [/ gp(u)du}
ye

—00

Remark 3.13. Note that if £(X) is exponentially distributed with parameter X, then for any
0 > 0 sufficiently small,

v=MAr1—1)
;2{{ ‘1 _ iE [ef(féJrquiy)g(Xo)} ’ -0

inf inf |1 g [emCR 0| > ey (A4 6)7H (0 + A 1)+ M2V > 0
[y|>M ue[—4,d]

Remark 3.14. Due to Lemma 3.12, Propositions 3.10 and 3.11 are respectively Theorem 17.2
and Lemma 18.1 in [12] (m, h"(1) and ny there being respectively k1, ko and the constant
function Cp).

Proof of Lemma 3.12. The task is to check the conditions on the Laplace transform fmp (as
calculated in (20)). In this i.i.d. case, we have, for v = s + iy and s > 0,
K1 — 1 ]E[e_(’)/'i"/)f(XO)]

Jeo(y) = Yt v 1 — Bl 0FEKo)]

The right hand side of the last equality is analytic in a sufficiently narrow strip {z=u+
iy, lul <d+e€,y € R}\ {0} for 6 + € < v. It has a simple pole at 0 with residue Cy(x), since
K1 — 1

lim 2 feof) = T (2 [ex0)e <)) 7 = Gy (o).

We have, since |1 — xE[e~(0+¥+®)&(X0)]| is bounded below by a strictly positive constant (this
follows from sup,cg |E[e~(Otv+w)e(Xo))| < Ble~¢(X0)] = 1/k;), and letting p = p/(p — 1),

too +00 |R[e~ (FHiy+)E(Xo))|
/ | f2,0(0 + iy)|dy < Cst/ dy

—0o0 —0o0 (l/ + 5)2 + y2
+oo ‘ LNV s oo 1/p
< Cst </ |E[e~(O+iy+n)e(Xo)p dy> </ (v +8)* + y2)_p/2dy> :

Now we have, arguing as for the proof of Lemma 3 in Harris (1963) page 163,

+0o0 . , - +o0
/ |E[e~O+w+neXo)) P gy, < c, [/ e PO gp (1)t

—0o0

] 1/(p—1)
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Consequently f_Jr;o | fx,o(é + iy)|dy < oo since the density ¢ is supposed to be in £P. Using
the same arguments, we prove that fjozo |fx70(—5 +iy)|dy < oo, in fact,

- ) -1 +00 1/p +oo 1/p
< r1Cp <;I611% ‘1 — ﬁlE[e—(—6+u+zy)£(Xo)] ) [/ gp(t)dt:| </ (v—06)2+ yz)—p/2dy) ,

+oo
/ Foo(—0 + iy)ldy

which is finite by the requirements of the lemma. Now, we have for any v € [—4,d] and for
any |y| > M >0,

Foolu )] < (01— D((v -+ 0)? +53) 72 |1 = mEle (et
>—1

fxyo(u + zy)‘ < oo and then limy_,+ fx,o(ujt
iy) = 0, uniformly in u € [—0,]. Hypothesis (3.7) is then satisfied. O

’—1

< i < inf inf |1 — g E[e” (wHrHw)eXo)]
[yl \lyl=M ue[-6.]

this proves that, for all M > 0, supj,s s SuPy,e[—s,6)

3.3.2. Multiplicative ergodic case. The purpose of this paragraph is to prove that Hypothe-
sis 3.7 can also be satisfied by Markov chains having multiplicative ergodic sums (cf. Defi-
nition 3.3 and Section 3 in [21]), the multiplicative ergodic property implying that, for any
v >0, any = € X and any n € N (recall that, S 41 = Y17, &(Xi))

E [e7%1m4 | Xo = 2] = a(y,2) L™ () + raga (7, 2) (33)
for suitable non-negative functions «, L and (ry,),. We suppose here that,

(a) Forall z € X, the functions a(-, z), L and r,, (-, z) can be extended to analytic functions
in{z=u+iy,|u <d+e<rv,yeR}

(b) L is positive and non-increasing on R%. The equation x1L(z) = 1, has a unique
positive solution in C, denoted by v.

(¢) The mapping L is holomorphic at v and L'(v) < 0.

(d) The series ), - K77rn(7, ) converges uniformly in v in a neighborhood of v uniformly
in z.

(¢) There exists p’ > 1 such that [*_|o(46+ v+ 1y, 2)L(£6 + v +iy)|P dy < co and that
[ > >0 KR (£ + v + iy, z)[P'dy < oo.

(f) infyer [1 —r1L(£d+ iy +v)| > 0, 00 > SUpjy s ar SUPye[—s5) |(u + iy + v, x) Lu+iy +
v)| > 0,00 > SUp|y|s ar SUPue[-5,6] Dn>0 K1 |Tn(utiy+v, z)| > 0 and infj, s ps infues4) [1—
k1L(u+ 1y + v)| > 0, for some M > 0.

Remark 3.15. Assume 3.4 and 3.7 with (X,,)n a Markov process, the multiplicative ergodic
property stated in (33) ensures (10), in fact, in this case

gn(7) = (k1 = DRYL" (V)E[aly, Xo)] + (k1 — D)r1E[rn(y, Xo)], for any v > 0.
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Lemma 3.16. Hypothesis 3.7 is satisfied under Conditions (a)----(f) with

= _ (/61 - 1)
Co(w) = K,%VL/(I/)

a(v, )

-1
Uo(z) < Ky (inf |1—ﬁ1L(—5+iy+V,m)\) X
yeR

oo 1/p’ +oo 1/p
</ (=6 + v + iy, 2)L(—6 + v + i) |pdy> (/ )—p/%zy)
[e'e] +oo 1/17
+K1 / 1> K (=0 + v+ iy, )P dy </ )_p/Qd?J>
X >0 o0

for any x € X.

Proof of Lemma 3.16. We have, in this case,

~ K1 — 1 _
Fuo) = Ll S Bl S X, —
v n>0
ki —laly+vz)L(y+v) k1 —1 n
4 v 1-riL(y+v) 7+y2/ﬁrn+1(7+y,x),

n>0

which can be extended thanks to Conditions (a) and (d) to an analytic function in {z =
u+1iy, |lul <d+e<rvyeR}\ {0} Conditions (a), (b), (c) and (d) allow to deduce that

. (k1) A
21:13%) 2fro(z) = —ma(u,m) =: Cy(x).

We have arguing as for the proof of Lemma 3.12, for any |y| > M and any u € [0, d],

K1 SUD|y|> 0 SUPye[—g5] (U + iy + v, o) L(u + iy + v
|y| lnf\y|>M lnfue —4,9] |1 _’ilL(u+iy+V)|

+ 2L sup  sup Zf@1|rn+1(u+zy+u x)|,
Y1 1y1> M wel-0.0) 255

| f0(u + iy)| <

which proves, thanks to (f), that limy, 100 SUP,c[—_s4] | f.0(u +iy)| = 0. Now,

1
/ | fz,0(E£0 +iy)|dy < Ky (iglf& |1 — k1 L(46 + iy + 1/)]) X
y

S , 1/p 400 1/p
</ la(£0 + v + iy, ) L(£0 + v + iy)|P dy> </ ((yi5)2+y2)—P/2dy)

—00 —00

1/p'

> , +00 1/p
Hl / | > Kirnga (£0 + v + iy, 2) | dy </ (v +6)°+ y2)‘P/2dy> :

- >0 —o0
which is finite thanks to Conditions (e) and (f). Hypothesis (3.7) is then satisfied. O

Remark 3.17. In [3], the authors consider the classical continuous time Galton-Watson tree
where each branch lives during an independent exponential time and splits into a random
number of new branches given by independent random variables. More precisely, let N} be
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the size of the living population Vi at time t and let (X¢)i>0 be a Markov chain indezxed by this
continuous time Galton-Watson tree. The authors focus on the following probability measure,

I *
t owev,

Their study uses the a.s. limiting behavior of N;. Since the purpose of our paper is to
study this a.s. limiting behavior for a general Galton-Watson tree, one may wonder if it is
possible to generalize the result of [3] to a general Galton-Watson tree (i.e. without assuming
independence between the branch lifetimes and the number of the new branches).
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