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Abstract. In dimension d > 3, we present a general assumption under which the renewal theorem established by
Spitzer [23] for i.i.d. sequences of centered nonlattice r.v. holds true. Next we appeal to an operator-type procedure
to investigate the Markov case. Such a spectral approach has been already developed by Babillot [1], but the weak
perturbation theorem of [18] enables us to greatly weaken the moment conditions of [1]. Our applications concern the
v-geometrically ergodic Markov chains, the p-mizing Markov chains, and the iterative Lipschitz models, for which the

renewal theorem of the i.i.d. case extends under the (almost) expected moment condition.

1 Introduction

Let (2, F,P) be a probability space, let (E, £) be a measurable space, and let (X,,, Sp)n>0 be
a sequence of random variables (r.v.) defined on Q and taking values in E x R?. We denote
by L4(-) the Lebesgue-measure on R%, by (-,-) the canonical scalar product on R%, by || - ||
the euclidean norm in R, and by B(R?) the Borel o-algebra on R?, and we use the notation
?*” to denote the matrix transposition.

Throughout this paper we assume that d > 3. Given some fixed nonnegative measurable
function f on E, we are interested in the asymptotic behavior of the renewal-type measures
SR E[f(X,)14(Sn — a)] (A € B(RY)) when a € R? goes to infinity. Specifically we
will consider the centered case in a sense that will be specified later. In the i.i.d. case, this
corresponds to the well-known result established by Spitzer [23]: if (X,,),>1 is ai.i.d. sequence
of centered nonlattice r.v. such that E[|Xy|™] < oo with mg = max{d — 2,2}, and if
the covariance d x d-matrix ¥ = E[X( X{j] is invertible, then the associated random walk
Sn =Y p_y Xj satisfies the following property when ||a|| — +oo:

+o0
VgeCu®RY, S E,[g(Sh—a)] ~ — L4(g) W
n=1 <E 1a’ a> 2
with
Cy=2 7% (detx) 3 r(%), @)

where I'(+) denotes the usual Gamma-function and C.(R%) stands for the space of complex-
valued compactly supported continuous functions on R%,
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In Section 2 we present some general assumptions on the characteristic-type functions
E[f(X,) €/“5")] under which the previous renewal theorem extends. In fact these assump-
tions are the “tailor-made” conditions for proving a multidimensional renewal theorem in the
centered case with the help of the Fourier techniques. This part extends and specifies (and
sometimes simplifies) some of the arguments and computations used in Babillot’s paper [1].

The purpose of Section 3 is to investigate the general assumptions of Section 2 in the case
when (X,,)n>0 is a Markov chain. In this context we show in Subsection 3.1 that a natural
way is to assume that, for each t € R?, the linear operators Q,(t) defined by (Q,(t)f)(x) :=
E.[f(X,) b9 (z € E) is a semi-group: Qumin(t) = Qn(t) 0 Quu(t). The Markov random
walks satisfy this assumption. We then have E,[f(X,,) e/“5")] = (Q1 ()" f)(z), and if Q1(0)
satisfies some ”good” spectral properties on a Banach space B, then the operator-perturbation
method first introduced by Nagaev [21] can be used to obtain an accurate expansion of
Q1(t)"f for any f € B, thus of E,[f(X,)et5)]. This spectral method has been already
exploited to investigate the Markov renewal theorems, see e.g. [1, 12, 4, 14, 8|. In particular in
[1], Property (1) is extended to centered Markov random walks in dimension d > 3. However,
because of the use of the standard perturbation theory, the assumptions in [1] (and in all the
previously cited works) need some operator-moment conditions which are restrictive, even
not fulfilled in general when S; is unbounded.

In this work, we use the weak Nagaev method introduced in [15, 16, 2, 13], which allows
to greatly weaken the moment conditions in limit theorems for strongly ergodic Markov
chains and dynamical systems. This new approach, in which the Keller-Liverani perturbation
theorem [18, 19, 10] plays a central role, is fully described in [17] and applied to prove some
usual refinements of the central limit theorem (CLT). It is used in [11] to establish a one-
dimensional (non-centered) Markov renewal theorem. Also mention that one of the more
beautiful applications of this method concerns the convergence to stable laws, see [13, 5, 9].

This new approach is outlined in Subsection 3.2 and applied in Section 4 to the three
following classical strongly ergodic Markov models:

- The v-geometrically ergodic Markov chains [20],
- The p-mizing Markov chains [22],
- The iterative Lipschitz models [7].

To have a good understanding of our improvements in term of moment conditions, let us
consider an unbounded function v : E—[1,400) and a v-geometrically ergodic Markov chain
(Xn)n>0, that is we have: sup|fj<, sup,ep Q" f(z) — 7(f)|/v(x) = O(k") for some « € (0,1),
where () denotes the transition probability of the chain and 7 is the stationary distribution.
Besides, let us consider the Markov random walk S,, = Y_7_; £(Xy) in R? associated to some
measurable function & : E— R?. The centered case corresponds to the assumption 7(£) = 0,
the (asymptotic) covariance matrix is given by ¥ := lim,, E[S,,S]/n, provided that this limit
exists, and finally the (Markov) nonlattice condition means that there exist no b € R? no
closed subgroup H in R?, H # R%, no w-full Q-absorbing set A € &, and finally no bounded
measurable function § : F — R? such that: Vo € A, £(y)+0(y)—0(z) € b+H Q(x,dy)—p.s.
We shall prove in Subsection 4.1 the next statement:

Let us assume that (X,)n>0 is a v-geometrically ergodic Markov chain, that & : E —R?
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(d > 3) is centered, nonlattice, and such that ||&||™H% < Cwv with mq = max{d — 2,2}
and some constants C,dy > 0, and finally that the initial distribution p of the chain is such
that (v) < oo. Then the above asymptotic covariance matriz ¥ is well-defined and positive

definite, and S, =Y, _, &(Xy) satisfies (1).

In comparison with the optimal order my of the i.i.d. case, the condition |¢[™at% < Cw
is the expected moment assumption (up to dy > 0) in the context of v-geometrically er-
godic Markov chains. The corresponding result in [1] requires the following assumption:
SUP,cp ﬁ [ [€(y)|™a+% v(y) Q(z, dy) < oo, see also [8]. This moment condition is not only
clearly stronger than the previous one, but actually it is not fulfilled in general when £ is
unbounded. A typical example is presented in [17, § 3] for the usual linear autoregressive
model and £(x) = x. Similar improvements concerning the moment conditions are obtained
in Subsections 4.2 and 4.3 for the two others (above cited) Markov models.

Throughout this paper we shall use the following definitions. Let O be an open subset of R?,
let (X, ||-|/x) be a normed vector space, and let 7 € [0,1). We say that a function V : O — X
is uniformly 7-holderian if there exists a constant C' > 0 such that we have:

V(t,t) € O V() = V(E)lx < Cllt—t|I".
If m € R4, we shall say that U € C;'(O,X) if U is a function from O to X satisfying the
following properties :
U is |m]-times continuously differentiable on O

Each partial derivative of order j =0,...,|m]| of U is bounded on O

Each partial derivative of order [m] of U is uniformly (m — |m])-hélder on O.

2 A general statement

In this section, we state a general result that will be applied later to the Markov context,
but which has its own interest in view of other possible applications. Here (X, Sp)n>1 is a
general sequence of random variables defined on Q and taking values in E x R

For any R > 0, we set B(0,R) := {t € R? : ||t|| < R}, and for any 0 < r < 7/, we set
K, ={teR4:r < |t| <'}. We denote by V and Hess the gradient and the Hessian
matrix, respectively.

Hypothesis R(m). Given a real number m > 0 and a measurable function f : E—[0,+00)
such that E[f(X,,)] < oo for all n > 1, we will say that Hypothesis R(m) holds if:

(i) There exists R > 0 such that we have for all t € B(0,R) and alln > 1:
E[f(Xn) €50 ] = ()" L(t) + Rn (1), (3)

where \(0) = 1, the functions A(-) and L(-) are in CJ"(B(0, R),C), and the series Y~ Ru(-)
uniformly converges on B(0, R) and defines a function in C}" (B(O,R), (C).

(i1) For all 0 < r < r', the series Zn21E[f(Xn) ei<'75”>] uniformly converges on K, ,» and
defines a function in Cp" (KT,T/,(C).
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If Hypothesis R(m) holds with m > 2, we define the following symmetric matrix:

Y = —Hess \(0).

In the sequel, m := w will be viewed as an asymptotic first moment vector in R, and we
shall assume that 7 = 0. Under this centered assumption, ¥ = —Hess A(0) may be viewed
as an asymptotic covariance matrix. These facts are specified in the following proposition, in

which we use the notation F® for the derivative of order ¢ of a complex-valued function F.

Proposition 1
(i) If Condition R(1)-(i) is fulfilled with f = 1g, L(0) = 1, sup,>; \Rg)(O)\ < oo, and if
V)\.(O) = lim lIE[Sn]

non

Vn > 1, E[||S,]]] < oo, then we have:

(i) If Condition R(2)-(i) is fulfilled with f = 1g, L(0) = 1, sup,~>; \Rg)(O)\ < o0, and if in
. 1
addition we have VA(0) = 0 and ¥Yn > 1, E[||S,]|?] < oo, then we have: ¥ = lim - E[S,S,].

Proof. To simplify the computations, let us assume d = 1. The extension to d > 2 is obvious
by using partial derivatives. By deriving E[eSn] = \(¢)" L(t) + R,(t) at t = 0, we obtain:
iE[S,] = n AM(0) + LMW (0) + R(l)( 0). Hence Assertion (i). Next by deriving twice the same
equality at t = 0, one gets: —E[S2] = n A (0) + L®)(0) + R(Q)( 0). Hence Assertion (ii). O

Notice that the assumption sup,,>; |R£f ) (0)] < oo used in Proposition 1 is natural in view of
the desired regularity properties of »_, - R,(-) in Hypothesis R(m)-(i).

For k € N*, we denote by Hj the space of all complex-valued continuous Lebesgue-integrable
functions on R?, whose Fourier transform is compactly supported and k-times continuously
differentiable on RY. The constant Cj is defined in (2).

Theorem 1 Assume that d > 3, that Hypothesis R(m) holds with m = max{d—2,2+¢} for
some € > 0, that VA(0) = 0, and that ¥ is positive definite. Then we have for all g € Hg_o:

ZE 9(Sp —a)] ~ % Ly(g) when |a|| = +oo (a € RY). (4)

It is well-known (see e.g. [3]) that the conclusion of Theorem 1 implies that, for all a € RY,
Uy,(B) := Z+°° E[ f(X,)1B(S, —a)] (B € B(RY)) defines a positive Radon measure on R,
and that (X~ 1a, a)42/2 U, weakly converges to Cy L(0) L4(-) when ||a|| = +oc0. Consequently:

Corollary 1 Under the assumptions of Theorem 1, the property (4) is fulfilled with any
real-valued continuous compactly supported function g on R?, and also with g = 1 for any
bounded Borel set B in R* whose boundary has a zero Lebesque-measure.



hal-00522036, version 1 - 29 Sep 2010

The proof of Theorem 1 is based on some Fourier techniques partially derived from [1]. In
the case d = 3 or 4, the optimal order 2 of the i.i.d. case (see Section 1) is here replaced with
the order 2 + e. This will be needed in the proof of Lemma 2 below.

Proof of Theorem 1. Set En(t) := E[f(X5) e't:5n)] for each t € RY. Let h € Hy_o, and let
b > 0 be such that A(t) = 0 if ||t|| > b. The inverse Fourier formula on h easily gives

Vn e N*, (2m)¢E[f(X,) h(Sn)] = / h(t) E,(t) dt.
ll£ll<b
Since A(t) = 1 — 1(3t,t) + o(||t||?), one can choose o < R such that

Il <o = A <1 {51, (5)

Now let 7 € (0,«), and let x be a real-valued compactly supported and indefinitely differen-
tiable function on R?, such that its support is contained in {t € R? : ||t|| < o} and x(t) = 1
for ||t]] < r. Let us write

e Bl ) = [ X B ds [0 xo) b B

[t <a

Let a € R? and set hy(-) := h(- — a). We have E;(t) = h(t)e~#t@) . By applying the previous
equalities to h, and using Hypothesis R(m), one obtains

(2m) ZE h(Syn —a)]l = I(a) + J(a) + K(a)

with I(a) = /”t”< x(t) h(t) - i(;)(t) L(t) e~ ita) gy

J(a) = / X h(t) (Y Ra(t)) e 09 at
||t||<a

n>1

K(a) = / 1—x(t) E,(t)) e "6 gt
( ) r<||t||§b( Z

n>1

>

Indeed, it follows from (5) that Vt € B(0,«), t # 0, we have [A(¢)| < 1 and ) -, [A(®#)|" =

% < ﬁ. Since d > 3 and X is invertible, the function ¢ ﬁ is integrable near

t = 0. So the term I(a) derives from Lebesgue’s theorem. The terms J(a) and K (a) follow
from the uniform convergence of the series 3, -, R,(-) and >, - En(-) on B(0,a) and K.
respectively. Theorem 1 is then a consequence of the three next lemmas. O

Remark 1 The uniform convergence stated in Hypothesis R(m) for the series ), < Rn(")
and 3, <1 En(:) is used for defining J(a) and K(a). Of course, alternative conditions may
be used, as for instance: 37 -, fB(O R) |R,(t)]|dt < o0 and Y7, 5, [, |En(t)|dt < co.

Lemma 1 We have J(a) + K (a) = o(||a]|~4~2)) when ||a|| — +oc.

Proof. By Hypothesis R(m), the integrands in J(a) and K (a) are respectively in C;*(B(0, R), C)
(with R > «) and in Cj'(K, 2,9, C) . Since m = max{d — 2,2 + e} > d — 2, this gives the
desired result. O
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Now let us investigate I(a). An easy computation yields I(a) = I1(a) + I2(a) + I3(a) with

3 h(t)A(t) 0
La) = /nt||<aX(t)

— h(0)L(0 ) o—ifta)
0 dt

Iy(a) = 2fL(O)L(O) /”t”< éif; o—ilta) g
< - |
I{a) = 2h(0)L(0) /”t||§ax“> AE?_Q,;);S,’E? ilta) g

Lemma 2 We have I)(a) + I3(a) = o(||al|~“2)) when |a| — 4oo.

Proof. To study I1(a), let us define the following function on R? :

01(t) = x(t) (A(AW) L(t) = h(0)L(0))

Then 6 has d — 2 continuous derivatives on R? and since 61(0) = 0, we have |01(¢)| = O(||t]|)

on RY. Now set u(t) = 1(11)(\2). Some standard derivative arguments give (see Remark (a) in
Appendix A.0)

Vi=0,....,d—2, [u9(t)]=0(t]|~ ), (6)
where u(i)(-) stands for any partial derivative of order ¢ of w. In particular the partial
derivatives of order d — 2 of u are Lebesgue-integrable on R?. Since I1(a) = (a), the claimed
property for I1(a) follows from Proposition A.1 in Appendix A.1. The same property can be
similarly established for I3(a) by defining the function

03(1) = (1) (A( )1 L t>)

Indeed, if d > 5, then 5 has three continuous derivatives on R? and it can be easily seen
1 2 0

that [65(6)] = O(ItI*), 165" (1) = O([¢]]?) and 657 (1) = O(|¢])- Let v(t) = =xiijiszar-

Remark (b) in Appendix A.0 then yields

Vi=0,...,d—2, @) =0O(t| ). (7)

If d = 3 or 4, then we only have [05(t)] = O(|[t|>*), |6 (1)) = O(||¢]|**+*) and |65 (t)| =
O(]|¢t]|F). Similarly, one gets

Vi=0,...,d=2, ()] =O(t|~t**9). (8)
From either (7) or (8), the desired estimate on I3(a) = 2k(0) L(0)%(a) again follows from
Proposition A.1. d
d—2 /
Lemma 3 Set C); = (2%)% 25711 < > (det 2)7%. We have Iz(a) ~ % when
2 (X1la,a) =

||la|| = +oo.
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Proof. Let S(RY) denote the so-called Schwartz space. Since xy € S (]Rd) and the Fourier
transform is a bijection on S(RY), let us call v € S(RY) such that ¢ = x. Then, setting

Ya(+) = (- — a), we have

I(a) = 2(0) L(0) /R d (%t(,% dt.

Set A = diag(v/A1, ...,V Ag), where the \;’s are the eigenvalues of the covariance matrix 3
(\i > 0 because X is 1nvert1ble), and let P be any orthogonal matrix of order d such that

PP = A% = diag(\1, ..., \).
We have (Xt t) = (A2P~1t, P=1t) = ||AP~1¢t||2. So, by setting t = PA~lu, one gets

Ir(a) = 2h(0) L(0) / (det A) " (PA™ )

1
du
[Jul?
The Fourier transform of g(v) = ¢ (PAv —a) is g(u) = (det A) Q,Z)a(PA Yu). So we have

I(a) =2h(0 /¢ (PAv — H Hd S dv, (9)

where ¢ = (271')% 252 I’(%). Indeed the equality (9) follows from the fact that we have

(\ﬂp)(v) = ¢||v]|>~? in the sense of temperated distribution on R?. (See also Appendix A.2
for an elementary proof of (9)). Now set b = A™' P~!a, F(x) = ¢(—PAz). Furthermore,
set B =[b]|, b= Bb, so ||b]| = 1, and define Fs(z) = B F(Bz) for any 8 > 0. Then

IQ(a)ZQiL(O)L(O)c/F(b ) [ Hld Cdv = 25(0) L(0) ¢ /Fﬁ(é—w)de

so that 972 Ir(a) = 2 ¢ h(0) L(0) (Fp % f4_2)(b), where f4_o(w) := W, and * denotes the
convolution product on R?. By using some standard arguments of approximate identity, one
can prove (see Appendix A.3.) that the following convergence holds uniformly in b € R? such
that [[b]| =1:
lim (Fp* f4_2)(b) = / F(w)dw. (10)
B — 400 Rd
We have [ F(w)dw = (det A)™L [4(y)dy = (det X)~ 2, because [ ¥(y)dy = P(0) = x(0) =1,
1
2,

and 8 = ||Pb|| = HEfEaH = (X7 !a,a)2. The above computations then yield Lemma 3. [

3 Operator-type procedure in Markov models

In this section (X,,,Sy,)n>0 still denotes a sequence of random variables taking values in
E x R% but from now on (Xn)n>0 is assumed to be a Markov chain with state space E,
transition probability Q(z,dy), and initial distribution ,u We suppose that Sy = 0. The
functional action of Q(x,dy) is given by Qf(z) = [ f (z,dy) provided that this integral
is well defined. In this Markov context, we ﬁrst present a general assumption providing an
operator-type formula for the term E[f(X,,)e{#5")] of Hypothesis R(m). Next, we briefly
compare the spectral method developed in [1] with that presented in [17].
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3.1 A Markov context

For the moment we make the following abuse of notation: given z € E, we denote by P, the
underlying probability measure (and by E, the associated expectation) to refer to the case
when the initial distribution of (X,,),>0, is the Dirac distribution at x. This notation takes
a precise (and usual) sense in the example below and in the setting of Section 4. For any
bounded measurable function f on E, and for n € N, t € R?, let us define:

(Qn()f)(x) :=Ey[e" &) f(X,)] (2 € E). (11)
Let us observe that Q1(0) = Q. Let us consider the following condition:

Condition (G). For allt € R, (Q,,(t)nen is a semi-group, that is:

V(m,n) € N*, Quan(t) = Qm(t) o Qn(2).
Under Condition (G), we have in particular Q,(t) = Q(t)™ where Q(t) := Q1 (t) is defined by:

QM) f)(x) =B, [e" "5 f(X1)] (2 € B). (12)

The Q(t)’s are called the Fourier operators, and in view of the study of Hypothesis R(m),
one can see that (11) provides the following interesting formula :

. [e! 5 f(X0)] = (Q)"f)(x) (z € B). (13)

Ezxample: the Markov random walks.
If (X,,Sn)nen is a Markov chain with state space E X R? and transition probability P
satisfying the following property

V(z,a) € ExRY VA€ &, VB e BR?Y), P((z,a),Ax B)=P((2,0),Ax (B -a)),
the sequence (X, Sp)nen is called a Markov random walk (MRW). Of course (X, )nen iS
then also a Markov chain, called the driving Markov chain of the MRW. We still assume that
So = 0. The previous translation property is equivalent to the following one: for any bounded
measurable function F' on E x R? and for all a € R?, we have (PF), = P(F,), where we set
for any function G : E x R —C: Gg(z,b) := G(2,b+ a). Let us check Condition (g) Let
t € R? (fixed). Given f : F— R bounded and measurable, we set: F(z,b) := f(x)e* b for
z € F and b € R?. We have:

(@u(D]) (@) = B[ @ f(Xn)] = B [(PF)(Xn-1, S01)]
= Eq0)[(PF)s,_(Xn-1,0)]
= Eqo[(PFs,_,) Xn 1,0)]
= Eg e 51 (PF)(Xo-1,0)],
(for the last equality, use: Fy(y,b) = f(y)e'&bta) = eiba) p(y, b)) Therefore we have:
(@u(®)f)(2) =E( e’ (80-1) g(X, D] = (Qu-1(t)g )( ) with
g(-) == (PF)(-,0) = E( o) [f(X1) ¢ ] = (Q1 () ) ()
We have proved that: (Q(t)f)(z) = (Qn-1(t) o Q1(t)f)(x), hence Condition (G) is fulfilled.

As a classical example of Markov random walk, recall that, if (S,)nen is a d-dimensional
additive functional of a Markov chain (X, )nen, then (X, Sp)nen is a MRW.



hal-00522036, version 1 - 29 Sep 2010

3.2 Spectral methods

When (X,,, Sy )n>0 satisfies Condition (G), the spectral method consists in investigating the
regularity conditions of Hypothesis R(m) via Formula (13). Let us outline the usual spectral
method developed in [1] and the key idea of the weak spectral method presented in [17]. Given
Banach spaces B and X, we denote by £(B,X) the space of the bounded linear operators
from B to X, with the simplifications £(B) = £L(B,B) and B’ = L(B,C).

(I) The spectral method via the standard perturbation theorem.

Let (B,] - |ls) be a Banach space of C-valued measurable functions on E. The operator
norm in £(B) is also denoted by || - ||g. Let us assume that (X,),>0 possesses a stationary
distribution 7 defining a continuous linear form on B. In [1], the assumptions are the following
ones: for each ¢t € R?, the Fourier operator Q(t) defined in (12) is in £(B), and

(A) @ is strongly ergodic on B, namely : lim, Q" = 7 in L(B),
(B) For any compact set K C R4\ {0}: 3p < 1, sup,ex [|Q1)"||58 = O(p"),
(C) Q() € CJ(R%, L(B)) for some m € N.

Let po € (p,1). From (B), (z — Q(t))~! is defined for all ¢t € K and z € C such that |z| = po.
By (C), we have: (z—Q())~! € CJ*(K, £(B)), and from Q)" = 7 3§|Z|:p0 2"z —Q(t)) dz,
Hypothesis R(m)-(ii) can be then deduced from (13) when f € B. Next, using (A) (C)
and the standard perturbation theorem, one can prove that, for ¢t € B := B(0, R) for some
R >0, Q(t)™ = At)"I1(t) + N(t)™ where A(t) is the perturbed eigenvalue near A\ = 1, II(¢)
is the corresponding rank-one eigenprojection, and N (t) € L£(B) satisfies sup;cp || N(t)"||5 =
O(k™) for some k € (0,1). Since the previous eigen-elements inherit the regularity of Q(-),
Hypothesis R(m)-(i) is fulfilled.

As already mentioned in Section 1, Condition (C) requires strong assumptions on ) and Sj.
In fact, by deriving formally (12) in the variable ¢ (in case d = 1 and at ¢t = 0 to simplify), one
gets : (QU(0)f)(x) := i™E,[S]* f(X1)]. Therefore a necessary condition for (C) to be true
is that z — E,[ST" f(X1)] € B for all f € B. This condition may be clearly quite restrictive
or even not satisfied when S is unbounded.

(I1I) A weak spectral method via the Keller-Liverani perturbation theorem.

The following alternative assumptions are proposed in [17]: (A) (B) hold true with respect
to a whole family {By, 6 € I} of Banach spaces (instead of a single one as in (I)), and (C) is
replaced by the following condition:

(C’) On each space By, Q(-) satisfies the Keller-Liverani perturbation theorem [18] near
t =0, and Q(-) € Cf(R?, L(By,By)) for suitable By C By (k=0,...,m).

The above regularity hypothesis will involve (in substance) that we have, for some suitable
b,c € I, the following condition: Vf € By, x — E,[ST" f(X1)] € B. (with By C B.). Thanks
to the ”gap” between B, and B,, this condition is less restricting than in (I). Of course, the
passage from (C’) to the regularity properties of the maps (z — @Q(+))~! is here more difficult
than in the method (I) because (z — Q(t))~! must be seen as elements of £(Bg, By/) according
to a procedure involving several suitable values (6,6’) € I?. Such results have been presented
in [10, 17, 9].
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4 Application to three classical Markov models

In this section, the weak spectral method is applied to the three classical models cited in
Section 1: the wv-geometrically ergodic Markov chains, the p-mixing Markov chains, and
the iterative Lipschitz models. In order to use directly some technical results of [17], we
consider Markov random walks of the form S,, = S°7_, £(X}), where £ : E—R? is a centered
functional. We establish below that, in the three above models, the property (1) holds under
the nonlattice condition and under some moment conditions on & of order mgy + &, where
mg has been defined in Section 1 by mg = max{d — 2,2}. First, let us give some common
definitions and preliminary properties that will be used in the three models.

Let (X,,)n>0 be a Markov chain with state space (E,&), transition probability Q(x,dy),
stationary distribution 7, and initial distribution p. Let & = (&1,...,&) be a Re-valued
measurable functional on F, and let us define the following associated random walk:

n
k=1
Throughout this section, we assume that d > 3, and that & is w-centered (i.e. £ is w-integrable
and (&) =0 fori=1,...,d).

Obviously (X, Sp)nen is a special case of Markov random walk (with (X,,),>0 as driving
chain), and the Fourier operators Q(¢) in (12) are here given by the kernels

Q(t)(z,dy) = W Q(z, dy). (14)

All the Banach spaces (say (B, || - ||5)) used in this section are either composed of complex-
valued m-integrable functions on E, or composed of classes (modulo 7) of such functions.
In addition B contains 1g (or Cl(1g)), and 7 always defines a continuous linear form on B
(i.e. m € B), so that the following rank-one projection can be defined on B:

If ==(f)lg (f €B). (15)

We will say that (X,,)n>0 is strongly ergodic on B if ) continuously acts on B (i.e. Q € L(B))
and satisfies the following property:

ko<1, 3C >0, Vn>1, [|Q" —1I|jp < CKY, (16)

where || - ||p denotes the operator norm on B. Condition (16) is equivalent to that already
mentioned in Subsection 3.2 : lim, ||Q™ — II||z = 0. We will repeatedly use the following
consequence of Formula (13):

feB peB = ¥Yn>1, VteRY  E,[f(X,)e 5] = w(@Q)"f). (17)

All the next conditions on the initial distribution p are satisfied with y = 7, and in Subsec-
tions 4.1 and 4.3 when p is the Dirac distribution at any = € F.

It will be seen that the assumptions of the next corollaries always imply that the following
asymptotic covariance matrix is well-defined:

% = lim < B, [S,.57]. (18)
n n

10
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Now let us introduce the following classical (Markov) nonlattice condition:

Nonlattice Condition : (Q,€), or merely &, is said nonlattice if there exist no b € R%, no
closed subgroup H in R?, H # R?, no m-full Q-absorbing set A € £, and finally no bounded
measurable function 8 : E —R? such that

Vee A, &(y)+0(y)—0(x)eb+H Q(z,dy) — a.s.

As usual, A € £ is said to be w-full if 7(A) = 1, and Q-absorbing if Q(a, A) =1 for all a € A.
Finally each partial derivative %(t) of the Fourier kernels Q(t) (see (14)) is defined by
1 k

means of the kernel

Q(ph---,pk)()l" dy) =1 (ngs ) W) Q(x, dy). (19)

4.1 Applications to the v-geometrically ergodic Markov chains.

We suppose that € is countably generated. Let v : E —[1,4+00) be some fixed unbounded
function, and let us assume that (X,,),>0 is v-geometrically ergodic, namely : we have (16)
on the weighted supremum-normed space (B, || - ||,) of all measurable functions f : E— C
satisfying the condition :

|/ ()]

= Sup ——— < 0
Hf”U veE v(m)

Notice that the previous assumption involves 7(v) < oo. The v-geometrical ergodicity con-
dition can be investigated with the help of the so-called drift conditions. For this fact, and
for the classical examples of such models, we refer to [20].

The method (II) outlined in Subsection 3.2 is applied here with the following spaces : for
0 < 6 < 1, we denote by (By,| - |lg) the weighted supremum-normed space associated to v?,
where we set

|f(@)]

B (@)’

1flle =

Corollary 2 Assume that u(v) < oo and that € : E—R? (d > 3) is a w-centered nonlattice
functional such that we have with mg = max{d — 2,2} :

3C >0, 36 >0, [|¢]mat < Co. (20)

Let f € By, f =0, where 9 is such that 0 <9 <1 — =l with m € (2,24 &) if d = 3,4,
and m=d—2 if d>5.
Then we have (4) with L(0) = w(f) and ¥ defined by (18).

In order to present a general study of Hypothesis R(m) in the present context, we consider
below any real numbers m,n such that 0 < m < n, we set 7 =m — [m], where |m| denotes
the integer part of m, and we assume that ¢ : £ — R? is a measurable function such that:

30 >0, €< Cv. (21)

11
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Thanks to Theorem 1, Corollary 2 follows from the next Propositions 2-3 (applied with
n =mg+ &) and from Remark 2.

Proposition 2 Let 9, be such that 0 < ¥, < ¥, + % < 1. Assume that £ satisfies
Condition (21), that p(v) < oo, and that f € By,,. Then Hypothesis R(m)-(i) holds true
with L(0) = w(f).

Proof. For any k € (0,1), let us define

Dp.={z:2€C,|z| >k, [z—1] > (1-K)/2}. (22)

Lemma 4 Let 0 € (0,1]. Then Property (16) is satisfied on By. Moreover, there exists
ko € (0,1) such that, for all k € (kg, 1), there exists R, > 0 such that we have:

Vz € Dy, Vt € B(O,R,), (z—Q(t))™! € L(By),

sup{[[(z = Q(t))"!lg : 2 €Dy, t € B(O,R,) } < 0.

Proof. By hypothesis (v-geometrical ergodicity), we have (16) on By. The fact that (16)
extends to By is a well-known consequence of the so-called drift conditions and Jensen’s
inequality, see e.g. [17, Lem. 10.1]. The second assertion follows from the Keller-liverani
perturbation theorem [18], see [17, Lem. 10.1 and § 4]. O

Now let € (ky,,,1). Let I'g, be the oriented circle centered at z = 0, with radius &,
and let I' ., be the oriented circle centered at z = 1, with radius lfT’i From (16) and the
Keller-liverani theorem (both applied on By, ), we can write for all t € B(0, R,;) the following
equality in £(By,,) (e.g. see [17, Sec. 7]):

Q(1)" = A(&)"II(t) + N ()" (23)
where A(t) is the perturbed eigenvalue near A(0) = 1, and II(¢), N(¢)" can be defined by the
following line integrals:

II(t) = = (z— Q(t))fl dz and N(t)" = = (2= Q)

2 Tix A% To.x

dz. (24)

For any probability measure v on E such that v(v) < oo and for any g € By, , we define

1

Lyg(t) == v(ll(t)g) = 5— d v((z = Q1)) dz, (25)
Ruus®) = vINO"9) = 5= § " 0(( = Q) ) (26)

The previous quantities are well defined since g € By,, and v € B C B}, . From (17) we
have (3) with V¢t € B(0, Ry):

L(t) =L, ;(t) and Ry(t) = Ry, (t). (27)

12
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In particular we have L(0) = u(IIf) = 7w(f). Besides it can be easily proved (see [17, Sect.7]
for details) that we have with possibly R, reduced:

T(Q(t)1E) — Rixi1,(t)
Lﬂ',lE(t) .

Finally, from Lemma 4 and (24), there exists C' > 0 such that: V¢ € B(0, R,;), Rn(t) < C k"
Therefore, the series >, -1 Ry (t) converge, and we have

Vt € B(0,Ry), A(t) =

(28)

1 z -
D Ru(t) = 5= p((z = Q)" f) da. (29)
i Jp, 11—z
n>1 0,
From (27) (28) (29), the desired regularity properties in Hypothesis R(m)-(i) will be fulfilled
if we prove that 7(Q(:)1g), 7((z — Q(-)) " *1g), and u((z — Q(-))~1f) are in CJ*(B(0, R),C)
for some R > 0 and have uniform bounded derivatives in z € D, (thus in z € I'g,, UT'y ;).
Let Qg denote any kernel of the form Q(,, . ,,) defined in (19).

Lemma 5 Let 0 < 0 < 0 < 1, let k € N such that 0 < k < |m], let R > 0, and set
B = B(0,R). Then we have the following properties :

(i) If 7' € (0,1) and 6 + 2 <6, then Q. € C} (B, L(Bo, By)),
(it) If k < [m| =1 and 6 + L < ¢, then Qi € C}(B, L(By, By)).

Proof. Lemma 5 follows from (21): this is established in [17, Lem. 10.4-5]. O

To make easier the use of Lemma 5, let us define for any fixed u > 0: T,(0) := 0 +u/n. Since
m = |m|+ 7 and ¥,, + m/n < 1, one can choose 7" € (7,1) and § > 0 such that
Im] . s i
T TS (O) i= O + e + 7 + . L.
Lemma 5 shows that Q(-) € C}*(B,L(By,,,B1)). Since 1g € By, and © € B}, one gets:
m(Q()1g) € CJ'(B,C). Lemma 6 below provides the above claimed regularity properties
involving the resolvent (z — Q(t))~!, and thus completes the proof of Proposition 2. O

Lemma 6 There exists k € (ky,,,1) and R > 0 such that, for any probability measure v on
E satisfying v(v) < oo and for any g € By, , the map t — r,(t) == v((z — Q(t))"g) is in
Cy(B(0,R),C) for all z € Dy, and we have

Ve=0,...,|m], sup{\rg)(t)\, 2z €Dy, t€ B(0,R)} < o0,

()

where 13" (+) denotes any partial derivative of order € of r,(-). Moreover, if m ¢ N, then the
T-Holder coefficient of réLmJ)on B(0, R) is uniformly bounded in z € D,,.

Proof. On the basis of Lemmas 4-5, Lemma 6 is established in [17, Prop. 10.3] in the case
m € N. The case m ¢ N can be obtained by slightly extending the method of [17]. It can be
also deduced from [9, Th. 3.3] which specifies and generalizes the Taylor expansions obtained

13
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n [15, 10]. Let us Verify that the assumptions of [9, Th. 3.3] are fulfilled. Define the spaces
BLmJ+1 = By,,, B =8, iml (g, = B and

146 (Om)

L J . )
Vi=1,...,|m|, B := BTllﬂjﬂﬂwm).

Note that BU™*1 ¢ Bl <« ... ¢ B' ¢ B°. Then Lemmas 4-5 and [9, Th. 3.3] show that
there exist xk € (ky,,,1) and R > 0 such that r,(¢) admits a Taylor expansion of order |m |
at any point t9 € B(0, R), with a remainder O(|t — tp|™) which is uniform in z € D, and
to € B(0,R). As already observed in [9, Rk. 3.6], the passage to the m-differentiability
properties of r,(-) can be deduced from a general lemma in [6]. O

Proposition 3 Assume that £ is nonlatice and satisfies Condition (21), that p(v) < oo, and
that f € By, , where Oy, is defined as in Proposition 2. Then Hypothesis R(m)-(ii) is fulfilled.

Proof. Let 0 < r < r/. The nonlattice assumption yields the following result (see [17,
Lem. 10.1, Prop. 5.4]):

Lemma 7 For any 0 € (0,1], there exists pg < 1 such that: supeg_, |Q()" [l = O(pf),
where || - || stands here for the operator norm on By.

Lemma 7 and (17) imply that the series £(t) := 3, 5, Eu[f(Xn) ¢*:5n)] uniformly converge
on K, (use f € By,, and u € By C By ). Setting 0; := Tltféj T (WO) for j =0,...,|m],
we define p = max{p1, pg,, ..., pp,, } Let po € (,0, 1), and let I' denote the oriented circle

centered at z = 0, with radius pg. Since Q(t)" = 5= . 2" (2 — Q(t))~ 'dz in L(By,,) for all
t € K, ,/, we have

= S Q") = 5= § Tl - Q) ) d:

n>1

The desired regularity of £(-) can be then deduced as in the proof of Proposition 2. O

Remark 2 If £ is w-centered and satisfies (21) with n > 2, then we have VA(0) = 0. If
1(v) < oo, then we have: — Hess A(0) = lim, L E,[S,S:]. Finally, if € is nonlattice, then
Y := —Hess A\(0) is positive definite.

Proof of Remark 2. Assume that p(v) < co. We have E,[[|S,[|?] < oo (use (21)). From
(26) and Lemma 6, it follows that sup,,~; ]Rn g (0)] < oo for £=1,2. By Proposition 1(i),
we get: VA(0)/i = lim, L E,[S,]. When applied with 4 = m, this gives VA(0) = 0 since
¢ is m-centered. The second point of Remark 2 follows from Proposition 1(ii), and the last
assertion is established in [17, Sect. 5.2]. 0

The following remarks also apply to the examples of the two next subsections.

14
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Remark 3 Even in case d > 5 for which Hypothesis R(mg) is needed in Theorem 1 with
mg = d — 2, the above use of [9, Th. 3.8] (or [17, Sect. 7]) does not allow to prove (4) under
the moment assumption ||€||"¢ < C'v. This is due to the fact that, when & is unbounded, the
property Q € C5(R?, L(By)) is not fulfilled in general and must be replaced in the derivation
procedure (of both [17, 9]) by Q € C5(R%, L(Bg, By')) with § < 6. This yields a “gap” between
the spaces By,, and B, (used in Lemma 6) which is slightly bigger than the expected one. This
is the reason why the order in (20) is mq + 69 with some arbitrary small 5y > 0.

Remark 4 Property (4) could be investigated in the general setting of the sequences (X, Sp)n>0
satisfying Condition (G) of Subsection 3.1, provided that the driving Markov chain (X,)n>0
is v-geometrically ergodic. The moment conditions then focus on (S1, X1).

4.2 Applications to the p-mixing Markov chains

Let us assume that the o-field £ is countably generated, and that (X,),>0 is a p-mixing
Markov chain. Equivalently (see [22]), (X, )n>0 possesses a stationary distribution 7 and sat-
isfies the strong ergodicity condition (16) on the usual Lebesgue space L%(7). For instance,
this condition is fulfilled when (X,),>0 is uniformly ergodic (i.e. satisfies (16) on the space
B of bounded measurable complex-valued functions on E, or equivalently (Xn)n>0 is aperi-
odic, ergodic, and satisfies the so-called Doeblin condition). Let us first present a statement
in the stationary case.

Corollary 3 If¢: E—R? (d>3) is a m-centered nonlattice functional such that
309 >0, m([l¢]I™*) < oo, (30)

then we have (1) in the stationary case (u = ) with 3 defined by (18).
In comparison with the i.i.d. case, the moment condition (30) is the expected one (up to
dp > 0). Corollary 3 is a special case of the next one. We denote by LP(7), 1 < p < oo, the

usual Lebesgue space associated to .

Corollary 4 Assume that £ satisfies the assumptions of Corollary 8 and that the initial

distribution p is of the form p = ¢dmr, where ¢ € L™ (w) for some r' > mme where n =
mg+ 00, m € (2,24 0) if d=3,4, andm=d—2ifd>5. If s > n—i% and nffns > o,

then, for any f € L*(w), f > 0, we have (4) with L(0) = w(f) and X defined by (18).

Given r’ > n/(n—m), the two last conditions on s are fulfilled if s is sufficiently large. Indeed,
let us set r =7'/(r" — 1) (ie. 1/r +1/r' = 1). Since 1/r' <1 —m/n, we have 1 < r < n/m,

and since nfiﬂs /' 2L when s — 400, we have 11s/(n + ms) > r when s is large enough.

Thanks to Theorem 1, Corollary 4 is a consequence of the next Proposition 4. Let us consider
any real numbers m, 7 such that 0 < m < 7, set 7 = m — |m], and assume that ¢ : £ — R?
is a measurable function such that:

m([1€11") < oo (31)

15
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Let ' > L r:= T,T—_ll, and let s be such that s > —— and —2— > r. Note that r < s.

n—m?’ n—m n+ms

Proposition 4 Assume that we have (31), that p = ¢dr with ¢ € L (), and that f €
L5(7), with v and s above defined. Then Hypothesis R(m)-(i) holds true with L(0) = 7(f).
If in addition & is nonlatice, then Hypothesis R(m)-(ii) is fulfilled.

Proof. We are going to apply the procedure of the previous subsection to some suitable spaces
chosen in the family {By := LY(7), 6 € (1,+00)}. First the conclusions of Lemma 4 are
true w.r.t. these spaces, see [22] and [17, Prop. 4.1]. Second, from the nonlattice condition,
Lemma 7 is valid , see [17, Prop. 5.4, Sec. 5.3]. Now let us define for any fixed u > 0:
Tu(0) := nf/(n+ ub). Then, by using (31) and an easy extension of [17, Lem. 7.4], we can
prove that we have for any 6 € I := [r,s] and 7" € (0,1):

Vi=1,.,lm]: TI(0) €l = Q()eCl(B,LL),LT®))
Vi =0,..,|m]: TT,Tf(H) el = Q()e Cg+7' (B7£(L9’LTT,T{(9)))’

where B = B(0, R) (for any R > 0). Next, from r < 2, one can fix 7' € (7,1) such that

lm| ns
<T.T = .
r<ToI) n+(lm| +1)s

By using the spaces BU™+1 .= Ls(x), B® = L"(x) and
Vi=1,....\m), B =L""""6(n),

one can prove as in Subsection 4.1 that the conclusions of Lemma 6 are fulfilled for any
probability measure v on E defining a continuous linear form on " (7) and for any g € L*(7).
Then the two conclusions of Proposition 4 can be proved as in Subsection 4.1. U

To complete the proof of Corollary 4, notice that, if (31) holds with n > 2, then the conclusions
of Remark 2 are fulfilled (here the condition on p is that of Proposition 4).

4.3 Applications to iterative Lipschitz models

Here (E,d) is a non-compact metric space in which every closed ball is compact, and it
is endowed with its Borel o-field £. Let (G,G) be a measurable space, let (g,),>1 be a
i.i.d. sequence of random variables taking values in GG, and let F': £ X G — E be a measurable
function. Given an initial E-valued r.v. Xy independent of (ey,)n>1, the random iterative
model associated to (e,,)n>1, F and Xy is defined by (see [7])

Xn = F(Xn—lagn)a n Z 1
Let us consider the two following random variables which are classical in these models [7] :

d(F(x,e1), F(y,21))
d(z,y)

C::sup{ , T,y € R, x;éy} and M:1+C+d(F(x0,€1),xo)

16
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where z( is some fixed point in E. It is well-known that, if C < 1 almost surely and if
35> 0, 35 > 0, E[MEFImato] < o0 (32)

then (X,,)n>0 possesses a stationary distribution 7 such that = (d(-, ) (sFDMatd0) < o0,

Corollary 5 Let us assume that C < 1 almost surely, that (32) holds, that the initial dis-
tribution p is such that u(d(-,xo)(5+1)md+50) < 00, and finally that ¢ : E—RY (d > 3) is a
w-centered nonlattice function satisfying the following condition:

38 >0, V(z,y) € Ex B, &(x) = W)l < Sd(x,y) [1 + d(z,20) + d(y,20)]",  (33)

where s is the real number in (32). Then we have (1) with ¥ defined by (18).

Notice that (33) corresponds to the general weighted-Lipschitz condition introduced in [7].
Some weaker assumptions on C are presented at the end of this subsection, as well as some
(a priori) less restrictive condition than the nonlattice assumption.

Example: the linear autoregressive models in R3. As an illustration, let us consider in E =
R3, equipped with some norm || - ||, the autoregressive model X,, = AX,, 1 + &,, where
Xo,€1,€9,. .. are independent R3-valued random variables, and A is a contractive matrix of
order 3 (supyy<i [|Az|| < 1). Then, taking the distance d(z,y) = |lz — yl|, (X5)n is an
iterative Lipschitz model and we have C < 1. Let us consider the centered random walk
Sp=X1+ ...+ X,, — nE;[Xo] associated to the functional {(z) := = — E;[X(]. Note that £
satisfies (33) with s = 0. Assume that ¢ is nonlattice and that we have

30 >0, E[[Xo)*"% + [le1]|**] < oo (34)

Then, from Corollary 5, the above random walk S,, satisfies (1). This statement extends the
3-dimensional renewal theorem of the i.i.d. case (obtained here in the special case A = 0)
under the same moment condition up to dp > 0. Also notice that, except the moment
condition on £; in (34), the previous result does not require any special assumption on the
law of 1. Anyway, it remains true if X,, = A4, X,,_1 + ¢, where (A4;),>1 is a sequence of
r.v. taking values in the set of matrices of order 3, such that ||A;|| < 1 a.s. and (Ap,en)n>1
is i.i.d. and independent of Xj.

Corollary 5 follows from the more general Corollary 6 below, that will be proved by applying
the operator-type method to the weighted Holder-type spaces B, g, defined as follows. For
r € B, set p(x) = 1+ d(z, ), and given any 0 < o < 1 and 0 < 8 < , define for (z,y) € E? :

Ao, p7(2,y) = p(@)* p(y)* + p(2)* p(y)™.
The space B, g, is by definition composed of the C-valued functions f on E such that

[f(z) — f(v)]
€, y)a Aa,ﬁ,’y(xa y)

Mg (f) =sup{d( , T,y € E, x#y} < 0.

/()]

Set. [flecy = sup — 00z a0 1 sy = i)+l Then (B |- ) s

Banach space.

17
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Corollary 6 Let us assume that the assumptions of Corollary 5 hold, and let us fix any real

number o such that 0 < o < min{l1, %}. Then we have (4), with L(0) = 7(f) and X

defined by (18), for each nonnegative function f € By g9, where ¥ is some real number such
that 9 > s+ 1 (the condition on ¥ is specified below in function of o and dp).

Corollary 6 is a consequence of Theorem 1 and of the next Proposition 5 which, given m € N,
gives Hypothesis R(m + §) for some § > 0 (this is convenient for our purpose).

We assume below that C < 1 a.s. and that we have:
GmeN, 35 >0, 36 >0, E[MEFDmH0] < o0 (35)

and that ¢ : E—R% is a measurable function satisfying (33) with s given in (35).

Let k € N, a € (0,1], & € (0,), and let 8 be such that s +1 < 8 < . Set B = B(0,R)
(for any R > 0).

Lemma 8 Let us assume that v > ~v + w and EfM*' )] < co. Then we have
Q() € Clg+6 (B7£(Ba,67“/78a,5,7’))'

Lemma 8 can be proved by using the arguments of [17, Lem. B.4-4’]. Now, let us define for
any u > 0: T,(y) :== v+ (s + 1)u/a. Let a be fixed such that 0 < o < min{1, ﬁ} Set
¥:=s+ 1+ for some ¢ € (0,a) (specified below), and define:

Ym =TT s (9) =s+ 140+ (s +1)(m(1+ ) + ) /o

We have a(vm, +9) = (s+1)m +2a(s + 1) + 2ad’ + (s +1)(m + 1). Now, using a < ﬁ,
we can choose ¢ € (0, «) sufficiently small such that a(y, +9) < (s + 1)m + dp.

Proposition 5 Let us assume that we have C < 1 a.s. and (35), that £ satisfies (33) with
s given in (35), that p(d(-,xo)(8+1)m+6°) < 00, and finally that f € Bayg. Then, for any
§ € (0,8"), Hypothesis R(m + 6)-(i) holds with L(0) = =(f). If in addition & is nonlatice,
then Hypothesis R(m + 6)—(ii) is fulfilled.

Proof. We apply the procedure of Subsection 4.1 with the spaces By := Bq9,y, 7 € [U, Ym],
with o, 9,7y, fixed above. First, Lemma 4 is valid on each B,, see [17, Prop. 11.2-11.4].
Second, from the nonlattice condition, Lemma 7 applies on each B, see [17, Prop. 11.8].
Next, observe that 7, > ¥ + (s + 1)(m + 0’')/a. Then, by using Lemma 8 and the spaces
B+t .= B, 5.9, B = Bay., and
W=l bml B =B e,

one can prove as in Subsection 4.1 that Lemma 6 holds with here any g € B, 9 and any
probability measure v on E defining a continuous linear form on Bqy,g.,,. Since a(yp, +1) <
(s 4+ 1)m + do, the last condition holds if p(d(-, ﬂ:o)(5+1)m+5°) < 0o. Then the conclusions of
Proposition 5 can be established as in Subsection 4.1. ]
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To complete the proof of Corollary 6, notice that, under the assumptions of Proposition 5
with m > 2 in (35), the conclusions of Remark 2 are fulfilled.

Remark 5 By repeating the previous proof with a more precise use of the results of [17], one
can establish that under the following assumption (weaker than (32) and C < 1)

35 >0, 36 >0, E[(1+CH)METImato] < o0 E[C* max{C, 1}(Tmatdo] <,

the conclusion of Corollary 6 remains true z’f,u(d(-, xo)(5+1)md+5°) < 00, and if the w-centered
function & satisfies (33) and the following non-arithmeticity condition (a priori weaker for
iterative models than the nonlattice assumption):

There exist not € R%, t #0, no A € C, |\ =1, no w-full Q-absorbing set A € &, and finally
no bounded function w € Ba,ﬁ,vmd whose modulus is nonzero constant on A, such that we

have : ¥z € A, e tEWhw(y) = w(z) Q(x,dy) — a.s.

5 Conclusion

In this paper we extend the well-known renewal theorem established by Spitzer [23] in dimen-
sion d > 3 for centered nonlattice i.i.d. sequences. In a first step, given a measurable space
E and a sequence (X, Sp)n>0 of E X R%valued random variables, we present the “tailor-
made” assumptions on E[f(X,,)e*»5")] under which such a renewal theorem can be proved
by Fourier techniques. In a second step, considering the case when (X,),>0 is a Markov
chain, we give a general setting containing the Markov random walks, for which the spectral
method may provide an efficient way to study the term E[f(X,,)e!®5%)]. This approach,
already used in [1], is improved here by appealing to the weak spectral method developed in
[17]. Our main improvements concern the operator-type moment assumptions: when applied
to the v-geometrically ergodic Markov chains, the p-mixing Markov chains and the itera-
tive Lipschitz models, these assumptions are fulfilled under the (almost) expected moment
condition in comparison with the i.i.d. case. In particular, our results apply to unbounded
r.v. Sp, while the moment condition derived from [1] is not satisfied in general when S; is not
bounded.

The present weak spectral procedure should also enable to improve some of the results
of [1, 8] concerning the non-centered Markov renewal theorem in dimension d > 2. Work
in these directions by the first author is in progress. Finally this method could be used to
study the renewal theorem for Birkhoff sums in dynamical systems by using the so-called
Perron-Frobenius operator, as already developed for other purposes in [9].
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APPENDIX A. Complements in the proof of Theorem 1

A.0. Inequalities for the derivatives of 1/w.

Let v = (v1,...,74) € N% and set |y| =y 4+ ... +vg and 7! = y!...74!. If B € N? is such

that 8 <+, namely ; <, for each i € {1,...,d}, we set (g) = Wlﬁ)'

Let © be an open subset of R%, let m € N*. We denote by C™(£2, C) the space of m-times
continuously differentiable complex-valued functions on Q. If 4 € N? is such that |y| < m,
we denote by 97 the derivative operator defined on C™ (€2, C) by :

v . oLl o’ . 9

Let us recall (Leibniz’s formula) that, if f and g are in C™(2, C), then we have for all v € N4

such that |y| < m,
D(f.9) = (g) o°f- 0"y
B<y

Let V be a bounded neighborhood of 0 in R,

Proposition A.0. Assume that w: V — C is m-times continuously differentiable, and that
there exist some constants ¢ > 0 and d > 0 such that we have for all z € V : |w(z)| > c||z|?
and 2?21 |(0jw)(z)| < d|jx||. Then, for each v € N such that |y| < m, there exists a
constant C, > 0 such that

Cy
]2+

1
Vo e V\{0}, [07(=)(z)] < (36)
w
Proof. Let v = (71,...,74) € N be such that |y| < m, set M, = max, v [07w(z)], and let
K > 0 be such that ||z| < K for all z € V. To prove (36), we are going to use an induction
onl = |vy| € {0,...,m}. First, (36) is obvious if [ = 0, and if [ = 1, then (36) follows from
the following equalities

Vi€ (Lo d), Ve e VA{0), 9()(w) = - f?i;v((xw))_

Now let I € {1,...,m — 1}, suppose that (36) is fulfilled for each v € N? such that |y| < I,
and consider any v € N? such that |y| = [ + 1. Since 8”(w™!.w) = 0, the Leibniz formula

gives on V'\ {0}: ) ) )
I()=—— Y <7>aﬁ(—).mﬁ(w).

w w I5] w
B<y, BFy
Let 8 < be such that |y| — 8] > 2 and let x € V' \ {0}. We have :

1 1 CpM,_ KW=81=2Cgr,
aﬁ - a’y—ﬁ < By —-8 BM~y—p
@ P WIS G S T
Let 8 < v be such that |y| — || = 1, and let x € V' \ {0}. Then we have :
1 1 dC dcC

—— (=) (x) P < b = b

PG @I S S = e
This yields (36) for [07(2)]. O
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Remarks.
(a) The derivative estimates (6) needed for the function u(t) = 10_1 )(\2) in the proof of Lemma 2

follows from this proposition. Indeed, let us set w(t) = 1 — A(t) for t € V := [, a]?. Since
VA(0) =0 and ¥ is positive definite, w satisfies the hypotheses of Proposition A.0. Besides,
one may assume that v/da < 1, so that each t € V satisfies ||t|| < 1. Now let v € N¥ be such
that |7] < d—2, and let C' > 0 and D, > 0 be such that we have for allt € V' : |6,(t)| < C||¢]]
and [0761(t)| < D,. On the one hand, we have

cc,
[4kaanl

VEEVA{O), |00 ()] <

On the other hand, for f € N? such that 8 # v, 8 < ~, we have since |3| < |y| — 1 and
i<t 1 D, 5Cs _ D, 5C

- »=B~B o Za=BYVE

WO S Tprat < Jupen

vt e V\ {0}, [077P0:1(t)9%(

So (6) follows from Leibniz’s formula.

(b) The derivative estimates (7) (8) on the function v(t) = % in the proof of
Lemma 2 can be derived similarly. Indeed, set s(t) = (Xt,t) for t € [—a,a]?. Then the
function s(-) satisfies the assumptions of Proposition A.0 on V = [~a,a]?. Let v € N? be

such that |y| < d— 2, and let ¢ € V' \ {0}. From Leibniz’s formula, the partial derivative
d7v(t) is a sum of terms of the form (up to some binomial coefficients)

1 1 .
P050) ()P ()(e) with 18]+ 13] + o] = 1.
where w(t) = 1 — A(t). By proceeding as above (consider here the three cases |5| = 0,1,2,
and the case |B| > 3), one can then establish (7) and (8).

A.1. Some inequalities for Fourier transforms.

Let u: R?\ {0} — C. We assume that there exists o > 0 such that we have u(z) = 0 for all
r € R\ [—a, a]?.

Proposition A.1. Let k € N*. If u is k-times continuously differentiable on R%\ {0} and
satisfies the following conditions:

(i) each partial derivative of order < k—1 of u is O(||z||~*) on R4\ {0} for some s < d—1.

(i1)y each partial derivative of order k of u is Lebesque-integrable on RY,

then we have i(a) = o( ) when ||a|| — +oo0.

1
||
This proposition is a consequence of the following lemma.

Lemma A.1. Ifu is continuously differentiable on R\ {0} and satisfies (i)1-()1, then we

ou

1
have a_m](a) = ’La] a(a) fOT’j = 17 s 7d7 and a(a) = O(W) when Ha” — Fo0.

In fact, the second conclusion in Lemma A.1 proves Proposition A.1l in the case k = 1, while
the first conclusion of Lemma A.1 clearly allows to establish Proposition A.1 by induction.
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Proof of Lemma A.1. Below, (-,-) and || - || denote the scalar product and the euclidean norm
in both R? and R?~!. Let us write z = (z1,2') € R x R¥! and a = (a1,a’) € R x R} and
define

uy(zy) = / u(wy, 2')e M) da |
|| <er

so that we have N

Va e RY,  difa) = / uy (1) e day
—a
Since u is continuous on R?\ {0} and @’ — 1y <ay(a’) [|2'] 7% is Lebesgue-integrable on
R9~! (because s < d — 1), we deduce from Condition (i); and Lebesgue’s theorem that u;

is continuous on R. Moreover, given any segment K in R*, 87“1 is bounded on the compact

set K x [—a,a]? 1, and it then follows from Lebesgue’s theorem that u; is continuously

differentiable on K, with :

Now write

« . —€ .
i(a) = lim (/ ui(zy) e "M dxy —i—/ up(xy) e et dm1>.
3

e—0 —a
For a; # 0, an easy integration by parts gives (notice that uj(a) = 0 because u(a,-) = 0)

e 11Ey, (g) 1

[0 [0
/ Ul(xl) e ta121 dxl = 1 _/ ull(xl) eta121 dxl.
€ 5

1aq 1aq

Using the continuity of u1(-) at 0, the above expression of u}(z1), and finally the fact that

du ig Lebesgue-integrable on R% by hypothesis, one gets

o1
@ . 1 .
lim (/ wp (1) e~ dx1> _ ul(o) + _/ %(x)efl(a,ﬂ dr.
e—0 c a1 ay [0,0] X [—a,a]d—1 8$1

Similarly one can prove that

—e ‘ _ 1 '
lim (/ up(xy) e "9 dx1> = L(m + _/ %(x)efl(a,ﬂ der.
e—0 _a a1 1al [—,0] X [—a,a]d—1 63:1

So u(a) = i g—;l(a). On the same way, we have 4(a) = % aaTuj(a) (j = 2,...,d). This

proves the first assertion of Lemma A.1. This also gives |la] |i(a)| < Z;l:l laj| |u(a)| =

Z;lzl (%;(aﬂ, and since aaTuj(a) — 0 when ||a|]| = +o0 (by (ii)1), this yields the second asser-

tion. O

A.2. An elementary proof of (9).

Let us recall that we set in (9) : ¢ = (271')% 2%72F(%). Equality (9) follows from the
following proposition. Let S(R?) denote the Schwartz space.
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1 1
Proposition A.2. Let g € S(R?). Then we have : / g(u) T du = c/ 9(v) 77— dv.
re” O ull re” ]l

1 too
Proof. First observe that H ||2 = / e llul® dx, so that we obtain by Fubini’s theorem,
u 0

Parseval’s formula, and by setting v, (u) =

Lot = [ [ (e ) ae = [ ] ot o an) an

lloll?
with 7, (v) = (”)g e~ 4o from a usual computation. Now Fubini’s theorem again yields

+oo d +00 a2
v) 7 (v) dudr = 72 g(v) x 2e 4 drx|dv.
Rd 0

_i HUII

e—lull?

Finally, we have fOJrOO x dr = 2472T(452) ||v||~4=2) (by setting y = %) O

A.3. Proof of (10).

Recall that * denotes the convolution product on RY, and that we set fy_o(w) := ||w[/?>~? in
(10). Let us consider any F' € S(RY), and set Fg(z) = 8¢ F(Bz) for any 8 > 0. Then :

Proposition A.3. lim (Fj* fq_9)(b) = /F(w)dw uniformly in b such that ||b]| = 1.

B — +o0

Proof. Let € > 0. Si~nce Hl; | = 1, there clearly exists 0 < n = 5(¢) < 1 independent of b such
that we have | fy_o(b—w) — 1| <€ if |w|| <n. From [ Fz(w)dw = [ F(w)dw, one gets

'/F(zu)dw—(Fﬁ*fd_z)(B)\ < [ 1B 1 faralh =i

/uw||<n l[w][>n G G

We have 4, ; < e [ |F(w)|dw. Besides we have |F(-)| < W
F € S(RY), thus B, ; < B;] B” with B = Jjw|zn [ F5(w)| dw and

B / ( D p? ) < 1 )d D dw
P — — ’u} = — — .
0 Jjwlzg \ BT W]\ b — w]|d-2 B Jjwlzn lw]| ¢ |[b — wl|d—2

;L .
For 3 large enough, we have Bn,i) = fllyIIZnﬁ |F(y)|dy < e, and by decomposing f||w||277 ac-

for some D > 0 (because

cording that ||b — w|| < 2 or ||b — w|| > 2, and observing that [|b — w| > 2 = [jw]| > 1, we

obtain
B < Q< 1 / dw N 1 / dw >
b= BN Sy 1B — wl|F2 2972 Jypysay [wl|T)
Since the two previous integrals are finite, we have B;}’E < ¢ for 8 large enough. U
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