N

N

Computable bounds for solutions to Poisson’s equation
and perturbation of Markov kernels

Loic Hervé, James Ledoux

» To cite this version:

Loic Hervé, James Ledoux. Computable bounds for solutions to Poisson’s equation and perturbation
of Markov kernels. Bernoulli, 2025, 31 (3), pp.2302-2322. 10.3150/24-BEJ1806 . hal-04259531v4

HAL Id: hal-04259531
https://cnrs.hal.science/hal-04259531v4

Submitted on 22 Jun 2025

HAL is a multi-disciplinary open access L’archive ouverte pluridisciplinaire HAL, est
archive for the deposit and dissemination of sci- destinée au dépot et a la diffusion de documents
entific research documents, whether they are pub- scientifiques de niveau recherche, publiés ou non,
lished or not. The documents may come from émanant des établissements d’enseignement et de
teaching and research institutions in France or recherche francais ou étrangers, des laboratoires
abroad, or from public or private research centers. publics ou privés.


https://cnrs.hal.science/hal-04259531v4
https://hal.archives-ouvertes.fr

Computable bounds for solutions to Poisson’s equation and
perturbation of Markov kernels

Loic HERVE, and James LEDOUX *

version: Saturday 21%% June, 2025 — 13:38

Abstract

We consider a Markov kernel on a measurable space, satisfying a minorization condi-
tion and a modulated drift condition. Then we show that there exists a solution to the
so-called Poisson equation whose norm can be bounded from above using the modulated
drift condition. This new bound is very simple and can be easily computed. This re-
sult is obtained using the submarkov residual kernel given by the minorization condition.
Such a bound allows us to provide new control on the weighted total variation norms
of the deviation between the invariant probability measure my, of a Markov kernel Py,
and the invariant probability measure 7y of some perturbation Py of Py,. From the stan-
dard connexion between Poisson’s equation and the central limit theorem, a simple and
computable bound on the asymptotic variance is also derived.

AMS subject classification :

Keywords : Asymptotic variance; drift conditions; Invariant probability measure; perturbed
Markov kernels; Poisson’s equation;

1 Introduction

Let (X, X) be a measurable space. We denote by M™ the set of finite non-negative measures
on (X,X). For any u € M™ and any p-integrable function g : X =R, we set u(g) =
Jx gdp. Let M be the set of positive measures, i.e. M = {u € M* : pu(lx) > 0}.
If V: X—]l,+00) is measurable, then for every measurable function g : X — R, we define
lgllv = sup,esc l9(x)|/V () € [0, +0c], and the space

By :={g : X— R, measurable such that ||g|ly < oo}.

Recall that a non-negative kernel P(z,dy) € M™, 2 € X is said to be a Markov (respectively
submarkov) kernel if P(x,X) =1 (respectively P(z,X) < 1) for any x € X. We denote by P
its functional action defined by

Ve eX, (Pg)(z):= /X 9(y) Pz, dy),

*Univ Rennes, INSA Rennes, CNRS, IRMAR-UMR 6625, F-35000, France. Loic.Herve@insa-rennes.fr,
James.Ledoux@insa-rennes.fr



where g : X— R is any P(x,-)—integrable function. Let P be a Markov kernel on (X, X)
satisfying the following standard minorization and modulated drift conditions

IS X, e M, VeeX VAcX, P(z,A) >v(lx)ls(z) (S)
b >0, PVo<Vo—Vi+bls (D(Vo, V1))

where S in D(Vp, V1) is the set given in (S), and where Vj and Vi are measurable functions
from X to [1,400) which are usually called Lyapunov functions for P. Under these condi-
tions it was proved in Theorem 2.3 from | | that there exists a P—invariant probability
measure 7 such that 7(V}) < oo, and that there exists a positive constant ¢y such that, for
any g € By, satisfying 7(g) = 0, the Poisson equation

(I-Plg=g (1)

admits a solution g € By, such that m(g) = 0 and

191lve < collgllv;- (2)

Note that the function g is not assumed to be m—centred in the original Glynn-Meyn’s
statement. Throughout our paper, the condition m(g) = 0 will be used to simplify the
statements. Simply apply the results to the function g—7(g)1x to restore the general context.
Under the aperiodicity condition, Glynn-Meyn’s theorem is related to point-wise convergence
of the series E;ﬁg P*g, see Theorem 14.0.1 from | ]. We point out that the constant ¢
in (2) is unknown in general. In Section 2, the following theorem is proved (Theorem 2.4).

Theorem 1 Assume that P satisfies Conditions (S )-D(Vy, V1). Then P admits an invariant
probability measure m such that m(lg) > 0 and w(V1) < co. Moreover let us introduce the
submarkov residual kernel R :== P — v(-)1g. Then, for every g € By, such that w(g) = 0,
the function g := 12?) R¥g belongs to By, and satisfies the Poisson equation (1), that is
(I — P)g =g, with

b— V(Vo)) (3)

Jdllve < allgllv, where a:zl—l—maX(O,
I, < allgl e

Let us comment on the conclusions of Theorem 1 and the main ideas of its proof. The
P—invariant probability measure 7 satisfying 7(1g) > 0 has a Nummelin-type representation,

that is: m = p(lx) 'p with g := >/ vRF € M. This representation is classical under
various hypotheses, see Theorem 5.2 and Corollary 5.2 from | |. Here we use the version
recently proved in [ ] under the sole minorization condition (S), see Recall 2.1. Next

the original trick in the present work is that, under Assumption D(Vp, V), the submarkov
residual kernel R := P — v(-)1g satisfies the following drift condition

RVya < Voa—W1 (4)

where V) 4 := Vp+dlx with d := max{0, (b—v(V))/v(1x)}, see Lemma 2.3. Then the residual-
type drift condition (4) enables us to define the function g and to obtain the bound (3), while
the above representation of 7 is proved to be crucial here to obtain that ¢ is a solution to
the Poisson equation. The innovative point in Theorem 1 is that the bound (3) is simple and
explicit.

Beyond Theorem 1 which has its own interest, we are also interested in the following four
applications of the bound (3).



e Bound for a m—-centred solution to Poisson’s equation (Corollary 2.6). Let g € By,
be such that 7(g) = 0. Then g = g — 7(g)1x is a m—centred function in By, solution
to Poisson’s equation (I — P)g = g, and it satisfies ||g|lv, < a (1 4+ 7(Vb)) ||gllvy from
(3). The condition 7(Vp) < oo is here required. This result is particularly relevant in
the case when two solutions to Poisson’s equation in By, are known to differ from an
additive constant. Indeed, in this case, for any m—centred function £ € By, solution
to Poisson equation (I — P)§ = g, we have £ = g, so that the previous bound applies
to £&. Of course such a solution ¢ may be obtained independently of the function g.
For instance use ¢ given by Theorem 2.3 from [ ], in particular £ = ﬁiﬁ Pkg
whenever this series point-wise converges and defines a function of By;.

e Bound for the asymptotic variance (Corollary 2.7). 1If g € By, is such that n(g) = 0,
then the so-called asymptotic variance 'yg = 7((g)? — (Pg)?), which is involved in the
central limit theorem for Markov chains, satisfies 77 < 2a®7(V{) [|g|l3, thanks to (3).
Here the condition 7(V{) < oo is assumed to hold.

e The geometrically ergodic case (Corollary 2.8). The so-called V —geometrical ergodicity
property is based on the geometric drift condition PV < 6V + Klg for some 6 €
(0,1), K € (0,400). In this specific geometric case, the bounds obtained in [ | for
solutions to Poisson’s equation involve the constant (1 — §*)~! for some o € (0, 1].
This constant derived from the geometric drift condition and the spectral theory is
very large when ag is close to zero. Since the geometric drift condition is a special case
of modulated drift condition D(Vp, Vi), Property (3) can then be used to obtain an
alternative bound for solutions to Poisson’s equation in such a case.

e Bound in perturbation issues (Section 3). Here the weighted total variation norm is
used, that is: If (u1, u2) € (M™)? is such that p;(V) < 00,4 = 1,2 for some measurable
function V' : X —[1,400), then the V-weighted total variation norm ||u1 — pellv is
defined by

|1 — pallv == sup |p1(g) — pa(g)|- (5)
lgI<V

When P and P’ are two Markov kernels on (X, X') with respective invariant probability
measures 7 and 7', the following formula is of interest to control 7’'(g) — 7(g):

©'(9) —7(g) = 7' ((P' — P)¢) (6)
where the function ¢ is any solution to Poisson equation (I — P)§ = g — 7w(g)1x. Ac-
cordingly, using in Formula (6) the solution & := ng()) RF(g — 7(g)1x) provided by

Theorem 1, the explicit bound (3) is of great interest. This perturbation issue is ad-
dressed in Section 3 for a general family {Py}lpco of Markov kernels, each of them
satisfying a minorization condition and a modulated drift condition w.r.t. some Lya-
punov functions Vj and V; (independent of #). Thus, denoting by 7y the Py—invariant
probability measure provided by Theorem 1, and fixing some 6y € O, it is proved in
Theorem 3.2 that ||mg — mg, ||, — 0 when 6 — 6y, provided that for every z € X we have
Ag v, (z) == ||Po(z, ) — Py (x,)|lvy = 0 when § — 6y. Moreover a bound for ||mg — g, ||v;
is given in terms of the quantity my(Ag ;). Here Py, may be considered as the Markov
kernel of interest, and the Py’s for 6 # 6y must be thought of some perturbed Markov
kernels which are more tractable than Py,. In particular the term mg(Ag ;) is expected
to be known or at least computable for 6 # 6.



Condition D(Vp, Vi) is the so-called Vj-modulated drift condition, e.g. see Condition
(V3) in Chapter 14 of | ]. Although the functions Vo, Vi in D(Vp, V1) satisfy Vo > Vi
in general, this condition is not useful in the present work. Condition D(Vp, V) has been
widely used to analyse the geometric or sub-geometric rate of convergence in total variation
norms of the Markov chain to its invariant probability measure 7 (e.g. see Chapters 16, 17
of | ] for an overview and various examples, and [ ] for an alternative operator-
type approach). To the best of our knowledge, an estimate of the constant ¢y in (2) is
only provided in Proposition 1 in [ | for a discrete state-space X and in | | for a
continuous-time Markov chain with a general state-space X. In both | ] and | ] the
existence of an atom is assumed, and standard regeneration approach is then applied under the
Vi1—modulated drift condition to obtain the existence and a bound of a m—centred solution
to Poisson’s equation. Here, we use a quite different approach that does not require the
existence of an atom. The perturbation theory for Markov chains has been widely developed
in the last decades. Formula (6) was first used in | | for finite irreducible stochastic
matrices, see also | ]. This formula can be subsequently used in any problem which
can be thought of as a perturbation problem of Markov kernels (e.g. see | , ]
and Section 17.7 in [ ]). Recall that the strong continuity assumption introduced in
[ | is suitable when Py = Py, + 0D where 6 € R and D is a real-valued kernel satisfying
D(z,1x) = 0 for every z € X, e.g. see | , ]. Note that neither the specific
investigation of uniformly ergodic Markov chains as in | , , , |, nor
that of reversible transition kernels as in | , |, are addressed here. Recently
the approach from | | for perturbed dynamical systems involving a weak continuity
assumption has been adapted to V-geometrically ergodic Markov models, either using the
Keller-Liverani perturbation theorem from | ] (see | , , ]), or using an
elegant idea of | | based on Wasserstein distance as in | | orin | , ]
These works only concern the geometrically ergodic case.

To the best of our knowledge, the bound (3) for solution to Poisson’s equation, as well
as the results obtained in the four applications above, are new. As in the recent work
[ ] providing a P—invariant probability measure under Condition (S), the proof of
Theorem 1 is self-contained. In particular there is no need to study the atomic case first
and then to apply the splitting technique to encompass the general case, i.e. to introduce an
appropriate enlargement of the state space in order to get a new Markov kernel which has

an atom, see Section 4.4 in | | for details. All the bounds in this work apply whenever
explicit modulated drift condition D(Vp, V) is known: for such examples, e.g. see | ,

, ] in the context of the Metropolis algorithm, | , | for autoregressive
models, | , | for queueing systems, | | for Markov chains associated with the

mean of Dirichlet processes. Classical instances of V —geometrically ergodic Markov chains
can be found in | , , ].

Theorem 1 is detailed and proved in Section 2, together with Corollaries 2.6-2.8 which
concern the first three applications above. Then Section 3 is devoted to the last application
above (perturbation issue). In the specific context of V —geometrically ergodic Markov ker-
nels, the perturbation results of Section 3 can be compared with those in | | and | 1,
see Example 3.7. Finally, in Example 3.8, our results are made explicit for perturbed random
walks on the half line.



2 The drift conditions and Poisson’s equation

Let P be a Markov kernel on (X, X'). The following statement proved in | | provides a
P—invariant probability measure under the minorization Condition (S) (i.e. when P admits
a small set, e.g. see [ ]). The positive measure v in (S) is often written in the literature
as v = ep for some probability measure p on (X, X') and some ¢ € (0,1]. This formulation is
not used here (note that the positive real number v(1x) used in some bounds below equals
to €). Actually, the main property derived from Condition (S) here is that the following
so-called residual kernel R is a submarkov kernel

Ve e X, R(z,-):=P(z,-)—v()lg(x). (7)

For any non-negative kernel K (z,dy) € M™, z € X, recall that the n—th iterate kernel of
K(x,dy) with n > 1 is denoted by K"(z,dy), = € X, and K" stands for its functional action.
As usual KV is the identity map I by convention.

Under Condition (S), the following statement from | ] provides a simple characteri-
zation for P to have an invariant probability measure 7 such that 7(1g) > 0. For convenience
of the reader, the analytic proof from [ | is reported in Annex A.

Recall 2.1 If P satisfies the minorization condition (S), then the following assertions are
equivalent.

1. There exists a P—invariant probability measure m on (X, X) such that w(1g) > 0.

+oo
2. Zu(Rk_llx) < oo with R given in (7).
k=1

Under any of these two conditions

“+oo
T=T,R = u(lx)_l W with p:= Zkafl e M/ (8)
k=1

is a P—invariant probability measure on (X, X) with p(ls) =1 and (1) = p(1x) " > 0.

Assume that P satisfies Condition (S) and that Vj : X —[1, 400) is a measurable function
such that the function PV} is everywhere finite, i.e. Vo € X, (PVj)(x) < oco. Then we have
v(Vp) < (PVo)(z) < oo for any x € S from (S), so that the non-negative function RV} is
well-defined. Now, given another measurable function V; : X —[1, +00), let us introduce the
following residual-type drift condition:

RVh < Vo — V7. (R(Vo, V1))

Note that Condition D(Vy, V1) when b = v(Vj) reduces to R(Vp,Vi). Moreover Condi-
tion R(Vp, V1) implies that Vi < Vj since RVy > 0, and that PV < (1 + v(Vp)) Vo, hence
[1PVollv, < oe.

Assuming the residual-type drift condition R(Vp, V1) and using Formula (8) for the P—invariant
probability measure 7, we can derive the next statement which will be central for obtaining



the bound (3) under the general V; —modulated drift condition D(Vp, V1) (see Theorem 2.4).
It states that, for any g € By, the series Z;:O?) REg pointwise converges in X and defines
a function g in By, satisfying the nice bound ||g]lv, < |lg|lv;. Moreover g is a solution to
Poisson’s equation when 7(g) = 0.

Proposition 2.2 Assume that P satisfies Condition (S) and that Vy : X —[1,4+00) is a
measurable function such that PV is everywhere finite. If the residual kernel R given in (7)
satisfies the drift condition R(Vy, V1) for some measurable function Vi : X —[1,400), then
the following assertions hold.

1. For any g € By,, the function g := Z;ﬁ% RFg is well-defined on X and g € By, with

191lve < llgllva- 9)

2. The P—invariant probability measure m = m, g in (8) is well-defined and satisfies w(Vy) <
0.

3. For any g € By, such that w(g) = 0, the function g satisfies Poisson’s equation
(I -P)g=g. (10)

Proof. Let z € X. From R(Vy, V1), we derive that V3 <V — RV and we obtain

n

V=1, > (RFVI)(z) < Vi(a), (11)
k=0

so that > 20 (RFV;)(z) < Vo(z). Now let g € By,. Using |g| < [|g]lv; V4, it follows that

+oo
DB 9)@)] < lglvi Vo(a)-
k=0

This proves Assertion 1. Next it follows from 1x < V; and Z;ZOB RFV; <V that

+oo +o0o
Zy(Rklx) <Y (R < v(Vp) < .
k=0 k=0

Hence the positive measure j := Z$§8 vR* is such that
0 < v(1x) < u(lx) < (Vi) < v(Vp) < .
Then Assertion 2 follows from Recall 2.1.
Let g € By,. Since (V1) = u(1x) "1 (V1) < oo, we have 7(|g|) < co. Now define

n
Yn>1, gn:= Zng.
k=0

Then, using P = R + v(-)1g and setting 11, (g) := v(gn) = >_1—o v(R*g) we have

(I = P)gn = Gn — RGn — pn(9)1s = g — R g — pin(9)1s. (12)



We know that lim, R"*'g = 0 (pointwise convergence) from the convergence of the series

120 REg. Moreover, using u(V1) < oo, we obtain that limy, 400 ptn(g9) = p(g). Finally,
for every x € X, we have lim,(Pg,)(z) = (Pg)(x) from Lebesgue’s theorem applied to the
sequence (gn)n w.r.t. the probability measure P(x,dy) since lim,, g, = ¢, |gn| < ||gl|lv, Vo and
(PVh)(x) < co. Taking the limit when n goes to infinity in (12), we obtain

(I —P)g=g—pu(g)ls. (13)

Next, if we assume that 7w(g) = 0, then Equality (13) rewrites as Equality (10) since u(g) =
m(g)/m(ls) = 0 from the representation of m. The proof of Proposition 2.2 is complete. [

Now assume that P satisfies the minorization condition (S) and the V;—modulated drift
condition D(Vj, Vi) for some couple (Vp, V1) of Lyapunov functions. This implies that the
function PV; is everywhere finite. Then we have (V) < oo from (S). Thus the non-
negative function RVj is well-defined where R is the residual kernel defined in (7). If Condi-
tion D(Vp, V1) holds with an atom S (i.e. Vz € S, P(x,-) = v(-)) and with V, > V; on S, then
b = v(Vy) may be chosen in D(Vp, V1), so that Condition R(Vp, Vi) holds too. In the non-
atomic case, the drift condition D(Vp, V1) on P may not directly provide the residual-type
condition R(Vj, V1) since the constant b may be strictly larger than v (V). However, starting
from Assumption D(Vp, V7), the next lemma shows that the slight change of the Lyapunov
function Vp into Vp 4 = Vo + dlx, with some suitable positive constant d, does provide the
residual-type drift condition R(Vp 4, V1).

Lemma 2.3 Assume that P satisfies Conditions (S) and D(Vy, V1) w.r.t. some couple (Vy, V1)
of Lyapunov functions. Let ¢ > (b—v(Vy))/v(1x). Then the residual kernel R defined in (7)
satisfies Condition R(Vy 4, V1), where Vi 4 := Vo + dlx > Vp with d = max(0, ¢).

Proof. We already know that the function RVj is well-defined and is finite from Assumptions
D(Vp, V1) and (S). Set d := max(0,c) and V4 := Vo + dlx. Note that v(Vpq4) = v(Vo) +
dv(lx) < oo and that PVj 4 = PVy + dlx < oo. We have

RVoq=PVoa—v(Voa)ls = PVo+dlx — (v(Vo) + dv(lx))ls

Vo — Vi+blg +dlx — (v(Vo) + dv(1x))1g
Voa—Vi+ (b—v(Vo) —dv(lx))ls

from the definitions of R and V4, and from Assumption D(Vp, V1). The proof is complete.

g

Under the standard Vj-modulated drift condition D(Vp, V1) on P, the following theorem
is derived from Lemma 2.3 and Proposition 2.2. It can be thought of as an extension of
Theorem 2.3 in | | (and Theorem 17.7.1 in | ]) in that it provides an explicit
and simple bound on the Vy—norm of a solution to Poisson’s equation. To the best of our
knowledge, the joint use of Lemma 2.3 and Proposition 2.2, as well as the bound (14) below,
are new.

<
<

Theorem 2.4 Assume that P satisfies the minorization Condition (S) and the Vi—modulated
drift condition D(Vy, Vi) w.r.t. some couple (Vo, V1) of Lyapunov functions.

Then the conclusions stated in Assertions 1—3 of Proposition 2.2 hold true with the following
bound in place of (9)

. ] b—v(V;
Vg € By, |7lve < allgllvi  with a:= 1+ max (0, V(1(X)0)> (14)

7



where ¢ = Zﬁ% RFg, v € M is given in (S) and b is the positive constant given in
D (Vy, V).

Recall that, if the set S in Conditions (S)-D(Vp, Vi) is an atom and if Vo > Vj on S,
then Condition D(Vp, Vi) holds with b = v(V}), so that a = 1. Moreover mention that,
when g € By, is such that w(g) # 0, the centred function gy := g — 7(¢)1x is such that
go = Z;:j’) RFgq is a solution in By, to Poisson’s equation (I — P)go = go = g — m(g)1x. The
bound (14) is similar to those in Proposition 1 in [ ] and in | ], which have been
obtained under Vj-modulated drift conditions and assuming the existence of an atom. In this
work, we do not assume the existence of an atom. Nor do we use the splitting method for
passing from the atomic case to the general one. Actually the atomic case is encompassed by
the assumptions of Proposition 2.2.

Proof. Let Vpq := Vo + dlx where d := max(0,¢) with ¢ := (b — v(Vp))/v(1x). Note
that Vp and V)4 are equivalent functions in the sense that Vo < Vg < (1 + d)Vh. Then
Proposition 2.2 applied with the drift condition of Lemma 2.3 shows that, for any g € By,
the function g := ,':(:)B R*g belongs to By, , with

ngvo,d < ”g”VN

and that g satisfies (I — P)g = g when 7(g) = 0. Next (14) holds since || - [lv, < (1+d)]|-|lv,.,

from the inequality V4 < (1 + d)Vb. O

Remark 2.5 Assume that Conditions (S) and D(Vy, V1) are satisfied for the Markov kernel
Pt with some £ > 2. Moreover assume that 7 is the unique invariant probability measure for
both P and P*. Recall that M := ||PV|ly, < oo from D(Vy,V1). Set Ry := P* — v()1g.
Then, for every g € By, such that w(g) = 0, the function

~

—1 +o0
g:= Pk:qvg with gy = Zngg
0 k=0

£
Il

belongs to By, and satisfies the Poisson equation (I — P)g = g. Moreover we have

a(M-1) b— u(%))
M-1 v(1x)

where v € M and b are here given in Conditions (S)-D(Vy, Vi) related to P*. Indeed
Theorem 2.4 applied to the Markov kernel Pt shows that, for every g € By, such thatm(g) =0,
the function g belongs to By, and satisfies (I — P*)g, = g, with moreover

lallv, < lgllvy,  with a:=1+ max (0,

1gellvy < allgllva-

The claimed statements then follow from (I — P)§ = (I — P*)g, = g and from the inequality
N3lve < 1Gellve (M —1)/(M —1). The interest of this remark is essentially theoretical because
the constant M* degrades when ¢ is large.

Note that the invariant probability measure 7 = 7, p in (8), which is involved in Propo-
sition 2.2 and Theorem 2.4, only satisfies the moment condition 7(V;) < oo, and there is
no guarantee that m(Vy) < oco. For a Markov model satisfying Assumption D(Vp, V1), it is



worth noticing that the condition 7(Vj) < oo holds provided that P satisfies any preliminary
Vo—modulated drift condition, that is: PW < W — Vj 4 blg for some Lyapunov function
W (apply Theorem 2.4 to the couple (W,V))). Recall that such nested modulated drift
conditions D(W, V;) and D(Vp, V1) occur in most of the analysis of polynomial or subgeo-

metric convergence rate of Markov models, e.g. see | , , ] and in particular
Lemma 3.5 in | ] in the polynomial case and | , | in the subgeometric
case.

In Corollary 2.6 below, we prove that, if the invariant probability measure 7 = 7, g in (8)
is such that m(Vp) < oo, then it is the unique one integrating V. This statement is suitable
to the perturbation results of the next Section 3, in which the moment condition 7(Vp) < oo
is involved.

Corollary 2.6 Let P satisfying the assumptions of Theorem 2.4. Assume that the invariant
probability measure m = m, g in (8) is such that w(Vy) < co. Then

1. 7 is the unique P—invariant probability measure which integrates V.

2. For any g € By, such that w(g) = 0, let g = Zfé REg. Then the function § =
g—7(9)1x is a m—centered solution on By, to Poisson’s equation (I—P)g = g. Moreover
we have

19llve < a(l+7(Vo)) llglva (15)

where the positive constant a is given in (14).

Note that, when Poisson’s equation has a unique solution up to an additive constant, In-
equality (15) gives a bound for the norm of the solution in Glynn-Meyn’s theorem.

Proof. Let g € By,. We know from Theorem 2.4 and Equality (13) that the associated
function g := E;jﬁ RFg is in By, and satisfies Equation (I — P)g = g — u(g)1lg with p :=
Zgﬁ‘é vRF € M. Recall that 7 = p(1x)~'u. Consequently, if 7 is a P—invariant positive
measure on X such that n(Vy) < oo, then we have n((I — P)g) =0 =mn(g) — u(g)n(lg), thus
n=n(lg)u =n(ls)u(lx)m. This proves the first assertion of Corollary 2.6.

To prove the second one, first note that g € By, and the property 7(g) = 0 (under 7(Vp) <
oo) are obvious. Moreover, if g is such that 7(g) = 0, then we have (I — P)g= (I —P)g=g
from Theorem 2.4 and (I — P)1x = 0. Finally we have

5lve < (1 +7(Vo) 1xllvo ) 1G1lve < a (X + 7 (Vo))llgllvs

using the definition of g, the triangular inequality and [g] < ||g||v; Vo for the first inequality,
and finally ||1x||v; < 1 and the bound (14) applied to g for the second one. O

For Markov kernels satisfying a modulated drift condition, the existence and uniqueness of
the P—invariant probability measure is investigated in many works under various hypothesis,
e.g. see [ , ] and Theorem 1 in [ ]. For instance, if P is ¢—irreducible for
some positive measure ¢ on (X, X) and satisfies Condition D(Vp, V1), then P has a unique
invariant probability measure, e.g. see Theorem 6.12 in | .

The next proposition provides a computable bound for the so-called asymptotic variance
involved in the central limit theorem for Markov chains, e.g. see Chapter 17 in [ 1,
Chapter 21 in | | and | ]. To the best of our knowledge, this bound is new,
and this is achieved thanks to the simple bound (14) of Theorem 2.4, since the asymptotic
variance is known to be closely related to Poisson’s equation.



Corollary 2.7 Assume that P satisfies Conditions (S)-D(Vo, Vi) and that the invariant
probability measure m1 = m, 5 given in (8) is such that 7(Vy?) < oo. For any g € By,
such that m(g) = 0, set 'yg = 7((g)? — (Pg)?) where § is the solution to Poisson’s equation
(I — P)g = g provided by Theorem 2.4. Then we have

vy < 2a27(VE) 9llt,
where a is the positive constant given in (14).
Proof. From Theorem 2.4, we obtain that
12 < 7@ + (PR < 20(7) < 203D gl

using successively the Cauchy-Schwarz inequality (Pg)? < P g2, the P—invariance of 7 and
finally [g] < allg||v, Vo from (14). O

To conclude this section let us apply all the previous statements to the case when P
satisfies Condition (S) and the following so-called V —geometric drift condition

35 € (0,1), 3K € (0,+00), PV <4V +Klg (G(5,V))

for some Lyapunov function V', where S € X is the set in (S). Then rewriting Condi-
tion G(9,V) as PV <V — (1 —0)V + Klg, we obtain that P satisfies the following Condi-
tion D(Vp, V)

K

In addition to Conditions (S) and G(d,V'), we assume as in | | that v(1g) > 0 (strong
aperiodicity condition), so that P is V —geometrically ergodic. In particular we know that
m(V) < oo and that two solutions to Poisson’s equation in By differ by a constant. Observing
that || - [y, = (1 = 9)] - |[v and that 7(Vp) ||1x|lv; = 7(V) ||1x|lv, the next statements are
easily deduced from Theorem 2.4, Corollary 2.6 and Corollary 2.7.

Corollary 2.8 Assume that P satisfies the minorization Condition (S) with v(1g) > 0 and
the V —geometric drift condition G(5,V) w.r.t. some Lyapunov function V. Then

1. The conclusions stated in Assertions 1—3 of Proposition 2.2 hold true with the following
bound in place of (9):

~ . K — (V)
N B < th h =1 0, ————=
v By, gl < alaly withhere =1+ max (0, £ 5

where § := Y12 RFg, so that
_ a
Vg€ By, [Gllv < o lalv i

where v € M is given in (S) and §, K are the constants given in G(3,V).

2. For every g € By such that w(g) = 0, the function g = Z;ﬁg Pkg is the unique
m—centered function in By solution to Poisson’s equation (I — P)g = g, with

v < STy, (18)
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3. If (V%) < oo then, for any g € By such that w(g) = 0, the asymptotic variance
’yg = 71((9)? — (P§)?) with g := >_;>° R*g solution of Poisson’s equation (I — P)g = g,
satisfies

2a’7(V?)
2 gl?.
’Yg = (1 _ 5)2 HgHV

For every g € By such that m(g) = 0, the V—weighted norm of the unique m—centered
solution g = ZZ:O?) P*g to Poisson equation (I — P)g = g can be directly bounded using
the V—geometric ergodicity, i.e. 3C > 0, Jp € (0,1), ||[P*glly < Cp*|lg|ly. However the
constants C' and p are often unknown or badly estimated. By contrast the bound (17) is
explicit. In this geometric ergodicity context, bounds (17) and (18) are similar to those in
Equations (35) and (36a) in | | obtained for the norm || - ||y for some ap € (0,1].
Actually the method from | | consists in converting the V —geometric drift condition
G(0,V) into the following residual-type geometric drift condition RV < ¢ V. When
the positive constant K in G(d, V) is such that K < v(V) (in particular in the atomic case),
the previous residual-type drift condition holds with ay = 1: in this case the bounds obtained
in Equations (35) and (36a) in | ] for ||g]]v and ||g]|v are exactly (17) and (18) with a = 1.
By contrast, if ag is close to zero (i.e. 6% is close to one), then the bounds in | ] degrade
since they depend on (1 —§%)~!. In this case, (17) and (18) are alternative bounds for ||g]|y
and [y

3 General perturbation results

In this section we deal with the quantitative control of the deviation between the invariant
probability measures of Markov kernels. Let us first present a preliminary statement based
on Theorem 2.4.

Proposition 3.1 Assume that P satisfies Conditions (S)-D(Vy, V1), and let m = m, r be the
P—invariant probability measure given in (8). Let P’ be another Markov kernel on (X, X)
with some invariant probability measure © such that ||P'Vo|lv, < oo and 7' (Vy) < co. Finally
assume that the non-negative function Ay, defined by

VzeX, Ay(z):=|P(,)-P(z)lv
is measurable on (X, X). Then
I7" = 7l < a(l 4+ 7 (V1)) 7'(Ay,) (19)

where the positive constant a is defined in (14).

Under the assumptions of Proposition 3.1, the function Ay, is well-defined and everywhere
finite on X since so are PV and P’Vj. Moreover, if the o—algebra X is countably generated,
then Ay, is measurable on (X, X). Indeed, for every x € X we have ||P(z,-) — P'(x, )|y, =
[72|(Vo) where |n,]| is the total variation measure of the finite signed measure 7, = P(x,-) —
P’'(x,-). Moreover the map z — |n,|(Vp) is measurable since so is z — 1,(Vp), see | ].

Proof. Recall that ||PVp|ly, < oo from D(Vp, Vi), so that Ay, and 7'(Ay,) are well-defined
under the assumptions of Proposition 3.1.

11



Let g € By, such that ||g|[y; < 1. Since 7(V}) < oo from Theorem 2.4, 7(g) is well-defined.
Define go = g — 7(g)1x and go := 3520 RFgo with the residual kernel R := P —v(-)1g. Then
we have

' ((P' = P)go) = 7'(g0) — (g0 — 90) = 7'(90) = 7'(g) — 7(9) (20)
using the P'—invariance of 7/, the Poisson equation (I — P)gy = go from Theorem 2.4, and
finally the definition of go. It follows from the definition of Ay that

7(g) — 7(g)] < /X |(P'0) (@) — (Po) ()] dn'(z) < [ldollve /X Avy () ().

Finally we know from Theorem 2.4 that ||go|lv, < allgo|lv; with a defined in (14), so that

lgollve < allg —m(g9)1xllvy < a(l+7(V1)|1xllv;)

from which we deduce (19) since ||1x|y; < 1. O

Now let {Pp}pco denote a family of transition kernels on (X, X), where © is an open
subset of some metric space. Let us introduce the following minorization and modulated
drift conditions w.r.t. this family {Py}eco:

Vo€ O, 38 € X, Iy e MI, Vo eX, VAE X, Py(x,A) > vy(1a)1g,(x), (Se)
and there exists a couple (Vp, V1) of Lyapunov functions such that
Ve, dbg >0, PyVo<Vo—Vi+ bglse. (D@(Vb, Vl))

Let us fix some 6y € ©. The family {Py,0 € © \ {6p}} must be thought of as a family of
transition kernels which are perturbations of Py, and converge (in a certain sense) to Py,
when 6 — 6y. To that effect, under the Conditions (Se)-De(Vy, V1) we define

Vo € @, Vz € X, Aavo(zc) = ||P9(.CU, ) — Pgo(x, ')HVO' (21)

Finally, under the additional conditions supgcg by < 0o and infycg vp(1x) > 0, we define the
following positive constant

bo — vp(V
a::1+max(0,c) with c¢:= supw.

sco  Vo(lx) (22)

In Theorem 3.2 and Corollary 3.3 below, each Markov kernel Py is assumed to satisfy the
assumptions of Theorem 2.4. Accordingly, the Py—invariant probability measure denoted by
mp in these two statements is mp = 7y, g, i.e. the probability measure given by (8) with v = vy
and Ry := Py—vp(-)ls,). Since mp is assumed below to satisfy my(Vp) < oo, we know from the
first assertion of Corollary 2.6 that there is no ambiguity about what my is in Theorem 3.2
and Corollary 3.3. To avoid any measurability problems for the functions Agy; in the next
theorem, the o—algebra X is assumed to be countably generated.

Theorem 3.2 Assume that the family {Pp}oco satisfies Conditions (Se)-De(Vy, V1) with
b := supgep by < o0 and infgce vy(1x) > 0. Moreover assume that, for every 6 € O, the
Py—invariant probability measure mg = mp 1, g provided by (8) satisfies mo(Vp) < 0.
Then we have

Imo — mgollvi < amin {cg, mo(Do,v;) , como, (Do) } (23)
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with a defined in (22) and with
V€O, cp:=1+m(V1)|1x]y, <1+0b. (24)
If the following additional assumption holds
Vz € X, Gh—%o Ag v, () =0, (Av,)

then we have
i T — T, =0.
0 H%O [l 7o oo llva

It may seem surprising to obtain such a statement without any assumption on the rate
of convergence of the iterates of Py. But actually, under the conditions of Theorem 3.2
combined with the standard aperiodicity and irreducibility assumptions, it is well-known
from Theorem 14.0.1 in | | that, for every § € © and for every x € X, the series
> ps0 I1Pf(w,-) — mllv; converges. However note that this result is not used in the proof of
Theorem 3.2.

Proof. Let 6 € ©. We have PyVy < (1 + b)Vp from Dg(Vp, V1) and the definition of
the positive constant b. Thus Proposition 3.1 can be applied to (P, P’) := (Py,, Pp) and to
(P, P") := (Py, Py,). This provides Inequality (23). Also observe that the bound in (24)
follows from the inequality mp(V1) < by < b which is easily deduced from Dg(Vy, V1) using
mo(PyV) = mp(Vp) (recall that my(Vpy) < oo by hypothesis). Next we have

liy 70, (Bo;) =l /X Agvo ()dma, () = 0 (25)

9*)090

from Lebesgue’s theorem using Agy, < 2(1 + b)Vo, mp, (Vo) < oo and Assumption (Avyy).
Then we obtain that limg_, g, |79 — 7, ||y, = 0 from the second bound in (23) and from the
inequality (24). O

When Condition Dg(Vp, V1) is satisfied, so is Condition Dg(Vp, 1x) since V3 > 1x. Thus,
when Theorem 3.2 applies, then it also applies with V; := 1x and then provides the control
of the total variation error since ||mg — mg, |7y = |70 — T, |15~ Using mo(1x) = 1, ||1x]l1, = 1,
so that we have here cg := 1 + mp(1x)||1x|1, = 2, we obtain the following estimate for
Im6 — moo [l v -

Corollary 3.3 Under the assumptions of Theorem 3.2 we have

|9 — ool v < 2@ min {mp(Agv;,) , T, (No,vi) } (26)

with a defined in (22). If moreover {Py}oco satisfies Assumption (Av,), then we have
limg - g, |79 — 7, |l7v = 0.

The convergence of mp,(Agy;,) to 0 when 6 — 6y in (25) is of theoretical interest: it is
used to prove that limg_, g, |70 — 7g,|lv; = 0 in Theorem 3.2. Indeed it is worth noticing
that this term g, (Ag,y;) in the bounds (23) and (26) is not computable in practice since
the probability measure mp, may be considered as unknown in our perturbation context. By
contrast, the value of m9(Ag ;) in bounds (23) and (26) is expected to be known or at least
computable for § # 0, so that the bounds of interest in (23) and (26) are

7o — oo [lvy < acy, me(Aavy) and  |mg — mayllTv < 2a ma(Ag,1;) (27)
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with cg, given in (24). However the bounds in (27) are relevant only if limg _, g, 79(Ag,1;) = 0,
which is not guaranteed under the conditions of Theorem 3.2. For this purpose note that, in
the proof of Theorem 3.2, the conditions (Sg) and De(Vy, Vi) for Py with 6 # 6y are only
used for obtaining the inequality ||mg — mg,[|v; < acom,(Dgv;,) of (23). Consequently, if we
are only interested in the two bounds in (27), then the assumptions of Theorem 3.2 can be
relaxed as follows.

Proposition 3.4 Assume that the (unperturbed) Markov kernel P := Py, satisfies Condi-
tions (S) and D(Vp, Vi). Moreover assume that, for every 0 € ©\ {0y}, we have || PyVollv, <
oo and that there exists a Py—invariant probability measure mg on (X, X) such that wo(Vp) <
00. Then the two bounds in (27) hold.

Indeed, under the assumptions of Proposition 3.4, the first bound in (27) directly follows
from Proposition 3.1 applied to (P, P’) := (Py,, Py) with 6 # 6y. The second bound in (27)
is obtained by replacing V; with 1x. In Proposition 3.4, the existence of a FPy—invariant
probability measure 7y is required when 6 # 6 since we do not assume that Py satisfies
minorization and modulated drift condition for 6 # 6y. Actually, 7y may be any Py—invariant
probability measure when 6 # 60y, while 7, is the Py —invariant probability measure given
by (8). In any case the assumption mp(Vp) < oo is required for every § € © \ {6p}. Finally
let’s stress once again that the bounds in (27) are of interest only when the term my(Ag ;)
is computable and can be proved to converge to 0 when 6 —6y. To simply illustrate what
the function Agy;, and Condition (Avy;) are in a concrete case, let us consider the standard
issue of truncation of an infinite stochastic matrix P = (P(z,y))syen. For any k& > 1 let
By :={0,...,k} and By° := N\ By. Recall that the k-th truncated and arbitrary augmented
stochastic matrix Py of the (k+ 1) x (k+ 1) north-west corner truncation of P is defined by

(e.g. see [ bk
V(Sﬂ,y) € Bk X Bk, Pk(x)y) = P(ﬂ?,y) + P(xaBkC) d}a:,k(y)

where 1), 1(+) is some probability measure on Bj. Define the following extended Markov
kernel P, of P, on N:

Y(z,y) € NN,  Py(z,y) = Py(2,y) 1,5, (2, y) + 1gexioy (. y)-

The problem is to approximate the invariant probability measure of P by that of the stochastic
matrix ﬁk, that is roughly speaking, by that of the finite stochastic matrix Pj. This can be
thought of as a perturbation issue introducing the family {Fy}pco of Markov kernels with
0o = +00: © := (N\ {0}) U{+o0}, Pioo := P and V¥ > 1, Py := P,. Let us specify the
quantity Ay v, (z) defined in (21) for some function V > 1. From the definitions of P, and
ﬁk, we have for every x € By,

Arvp(@) = Y |P(x,y) = Pz, y)|[Voly) = P2, Br®) > vun(y) + > Pl yWly

yeN yE By yEBL®

When V} is non-decreasing, the following control of Ay, v, (x) for z € By, is then easily obtained:

Vo € Br, Apw() < P, B)Vok)+ Y. Plz,y)Vo(y)

yEB*©
< Y P@a)Volz)+ > Play)Voly) <2 Y Pla,y)Voly).
zEBy° yEeBL® yEBL®
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Let = € N be fixed. Using this control for any k& > x, we obtain the convergence limy _, 4 oo Ag v;, () =
0 from (PVo)(z) = > ,en P(x,y)Vo(y) < oo, i.e. Condition (Avy,) holds true. Finally note

that the ﬁk—probability measure 7 is supported in B and computable using the finite
matrix Py, so that the term mg(Agvy) = >_,cp, Tk(2)Akv,(2) used in (27) can be easily
bounded using the previous inequality on Ay v, ().

Remark 3.5 (Stability issue) In some classical perturbation schemes, as the standard
truncations of infinite stochastic matrices or the state space discretization procedure of non-
discrete models, the whole family {Pp}toco satisfies Conditions (Se )-De(Vy, V1) provided
that the unperturbed Markov kernel P := Py, satisfies Conditions (S)-D(Vp,Vi). More-
over the set S and the constant b involved for P := Py, in (S)-D(Vh, V1) can often be used
for the perturbed Markov kernels Py. In this case the conditions b := supgeg by < 00 and
infpco vp(1x) > 0 of Theorem 3.2 and Corollary 3.3 are straightforward. In the context of
geometric drift conditions, the previous facts are proved to hold in many papers for trunca-
tions of infinite stochastic matrices (e.g. see [ , | and references therein), in [ ]
for the state space discretization procedure. The case of Markov models satisfying modulated
drift conditions can be addressed similarly.

Remark 3.6 If Py is replaced with iterate P} for some ¢ > 2 in Conditions (Se )-De(Vo, V1)
and if for every 8 € © both Py and PHK admit a unique invariant probability measure my, then
all the previous perturbation results still hold replacing mo(Ag v;,) with m9(Are,v,), where

Vo e X, Agov (@) = 1Py (2,7) — Py, )llvp-

Indeed, under the previous assumptions, Theorem 3.2 and Corollary 3.3 obviously apply to
the family {Pf}gee. The same remark is valid in Proposition 3.4 when Pei satisfies Condi-
tions (S) and D(Vp, Vi) for some £ > 2.

Our perturbation results are discussed through the two following examples.

Example 3.7 (Geometric drift conditions) In the perturbation context, under Condi-
tion (Se), the standard geometric drift conditions for some Lyapunov function V are the
following ones:

P,
V€O, Kp:=sup(FV)(x)<oo and dp:= sup BV)ie) € (0,1). (28)
2€Sp vess V()

In addition to Assumptions (Se) and (28), we assume that, for every 6 € O, we have
vo(lg,) > 0 where (Sp,vp) € X x M is given in (Se), so that each Py is V—geometrically
ergodic, with unique Py—invariant probability measure denoted by my satisfying mp(V) < o0
(e.g. see [ /). Moreover assume that K := supgcg Ky < 00 and 0 := supgeg dp < 1.
Then

Ve O, PV <oV+Klg, <V —-(1-0)V+Klg,.

Note that the second inequality reads as the Condition D(Vy, V), PyVy < Vo —V + blg, with
Vo=V/1-9), Vi =V and b= K/(1 —90), so that Theorem 3.2 could be applied here to
control ||mg — g, ||vy. Mention that the bound of Theorem 3.2 then provides a generalization
of the bound (10) in [ | to the truncation of a transition kernel defined on a general
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state-space X without assuming the existence of an atom. Similarly the bound of Theorem 5.2
extends the bound (16) in [ | (with m = 1) to a general state-space X without assuming
that the residual kernel is a contraction on By, i.e. RV < BV for some 5 < 1.

The focus here is on the comparison of our results with Proposition 2.1 in [ | and
Equation (3.19) in [ ], so that it only concerns the geometric case. We only apply Corol-
lary 3.3 in order to control the total variation norm ||mg — g, ||7v. Hence, we only use the
following Condition D(Vy, 1x) derived from D(Vy, V') using V> 1x:

Vv

Vo€ O, PpVop<Vo—1x+bls, with Vo=1—

K
d b:=——.
an s
Therefore, if m := infgce vp(1x) > 0, then {Pp}gco satisfies the assumptions of Theorem 3.2
and we have from Corollary 3.3

2 b
H?Tg — 7T90HTV S % min {Wg(Agyv) s WQO(AQJ/)} with a=1 + max (0, m) (29)
using the fact that Ag v, (x) = Agv(x)/(1—0). Moreover we have limg _, g, |79 — g, |7 = 0,
provided that Condition (Avy ) is satisfied here with Vo :=V (see Corollary 3.3). Recall that,
if the term mg(Ag,y) can be computed and is proved to converge to 0 when 6 — 0y, then the
bound of interest in (29) is

2a
Imo =m0 v < 37— mo(Bov) (30)
and that (30) can be obtained under less restrictive assumptions focussing on Py, by using
Proposition 3.4 (see also Remark 3.5).

Now, let us compare Inequality (30) with the bound obtained in Proposition 2.1 in [ /
and in Equation (3.19) in [ | (see also [ | for the iterated function systems), that is

: Ag 1y ()
7o — 7o, [Ty < C o ‘ ln’y@‘ with g := sup ——-—~—= (31)
zeX V(:C)
where the positive constant C' depends on the above constants 6, K and on the V —geometric
rate of convergence of the iterates Py to the invariant distribution mg.

o The interest of the bound (31) is that it uses Ag 1, () rather than Ag v (z) in (30). Note
that the supremum bound over x € X in the definition of vy only requires to consider
this supremum on a level set {x € X : V(z) < ¢}, observing that the supremum on the
complementary set is arbitrarily small when c is large enough (use Ng1,(x)/V (x) < 2/c

when V(x) > ¢).

e The drawback of (31) is that it involves a logarithm term, but above all that the constant
C in (81) depends on the V —geometric rate of convergence of P,* to my, which is
unknown in general or badly estimated.

In conclusion, to prove that limg_, g, |79 — 7o, ||7v = 0, it is more relevant to use the results
in [ , |. However, if the term mg(Ag,v) can be computed for 6 # 6y and if mg(Ng,v)
converges to 0 when 6 — 0y, then the bound (30) is much more relevant than (31) since the
multiplicative constant in (30) is simple and easily computable, in contrast to that in (31).
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Example 3.8 (Perturbed random walk on the half line) Let © be some open metric

space. For any 6 € O, let us consider the random walk {Xy(f)}neN on the half line X :=
[0, 4+00) given by

X ex and Yn>1, X© :=max (0, X7, +0) (32)

n—1 n

where {5,(19)}7121 is a sequence of i.i.d. R-valued random variables assumed to be independent

of Xée), and to have a common parametric probability density function pg w.r.t. the Lebesgue
measure on R. The transition kernel associated with {X%},en is given by

ek vaex, Ple =10 [ wtdrt [ @ ronod. @
Assume that
my = SggEUe%] < 00, VO €O, mog:= E[\ega)ﬂ < 00, E[sge)] <0, (34a)
and oo
Jzg > 0 such that ¢y := — zlelg /_m ypo(y)dy > 0. (34b)

Under the negative moment condition E[age)] < 0, there always exists a positive scalar xo(0) >

0 such that fj;;(e)ypg(y) dy < 0. Thus Assumption (34b) means that a scalar xo > 0,
uniform w.r.t. 6 € ©, can be chosen. Moreover, under the second order moment condition
in (34a), we know from Proposition 3.5 in [. | that Py has a unique invariant probability
measure g and that mg(Lg) < oo where Lo(x) := 14 x for any x € X. Let us introduce the
following functions on X:

Lo(x) 14w
c ¢

Ve e X, Wy(x):= and Vi(z):=1

where ¢ := min(1,¢cp). Next, assume that the function defined by

Vy €R, h(y):= inf xei[%fx p po(y — )

with xy given by (34b), is positive on some open interval of R. Then,

1. Condition (Se) is satisfied with Sy := [0,x0] and vy := v, where v is the positive
measure on R defined by

VAe X, v(la) ::/XIA(y) h(y) dy.

2. Condition Dg(Vy, V1) holds with Sy = [0,z0] and by = (m1 + co)/c. In particular it
follows from Theorem 2.4 that the unique Py—invariant probability measure my derived
from [. | has the representation (8).

17



3. Let us fix 0g € ©. Define
Voe®, YyeR, pg(y):=Ipe(y) — po,(¥)l, (35a)
eg :Z/Rpe(y) dy and eyg ZZ/R|3J|P0(Z/) dy. (35b)

Then Condition (Av,) of Corollary 3.3 holds provided that

lim (eg + 61’9) =0

9—)90

and we have
69(1 + Cﬂg(‘/b)) +e1g

C

Vo € O, WQ(AQ,VO) < (36)

The details of the checking are postponed to Appendiz B. Thus, Corollary 3.3 apply under
Assumptions (34a)-(34b) on the noise process {&@}nzl; and the following bound (see (27))

bo — v(Vh)
v(1x) )

is of interest, provided that the quantities ey, e1 9 and wo(Vo) are computable for 6 # 6y and
that both eg and e g converge to 0 when 6 — 0.

H7T9—7T90”TV §2(1+d) FQ(AQ’VO) with d = max <0,

Let m > 2. Under conditions (34a) expressed in terms of moments of order (m — 1) and
m on the noise process and under Condition (34b), it can be shown that Conditions (Se )-
De(Vy, V1) also hold for an appropriate set S and the functions Vi(z) = (14+2)™2, Vo(z) =
Lo(z)/c where Lo(z) = (14 2)™L. The proof follows similar lines than that for m = 2
in Appendiz B. From such extensions, it can be proved that the term mg(Vp) in (36) satisfies
supgee m0(Vo) < 00, provided that the condition m; < oo in (34a) is replaced with the stronger

one: mgy 1= SUPycg E[|6§0)|2] < 00.

A P—invariant probability measure under Condition (5)

The analytic proof of Recall 2.1 from [HI.23a] is reported below. Note that it does not need
to introduce the concepts of irreducibility, recurrence, atom or splitted chain associated with
the Markov kernel.

Let P satisfy Condition (S) and T be the following kernel
VeeX, VAe X, T(x,A):=v(la)ls(x)

so that R = P — T. Note that, for every k > 1, we have v RF™1 € M™. Recall that for
two nonnegative kernels K7 and Ky, the inequality K7 < K5 means that for any measurable
nonnegative function g, K19 < Kog. Set Ty := 0 and T}, := P" — R" for n > 1. Then
n
Vn>1, 0<T, <P", T, =Ty P=(P" ' =T, )T and T, = Y _w(R*1)P" Flg. (37)
k=1

The first property follows from 0 < R < P. The second one is deduced from P" — 1T, =
(P"1 — T, _1)(P —T). Finally, the last one is clear for n = 1 and it holds for n > 2 by an
easy induction based on T}, = P"'T + T}, R.
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Now, let us prove Recall 2.1. Assume that Assertion 1 holds. We deduce from (37) that
0<m((P"—To)lx) =1 —n(Tplx) =1 —7w(ls) >p_; ¥(R* '1x) from which it follows that
S u(RF1x) < 7(1s)™! < oo since m(1g) > 0 by hypothesis. This gives Assertion 2.
Conversely, if Assertion 2 holds, then u := Y /2 vRF! € M since u(lx) > v(lx) > 0.
Moreover we have

“+00
VA€ X, p(Pla) = > v(P*1y—Ty1Pls) from RF ' =P T,
k=1
—+o00 “+o00
= > v(PM1a—Tila) + ) v(P¥'T14 — Ty T14)  from (37)

k=1 k=1
= p(la) +p(T1a) —v(la)
w(la) +v(la)p(ls) —v(ly) from the definition of 7.

With A = X we obtain that 0 = v(I1x)u(ls) — v(1x), thus p(lg) = 1 since v(1x) > 0.
Consequently p is P—invariant, so that « := u(lx)_l W is an P—invariant distribution such
that 7(1g) = pu(1x)~" > 0.

B Conditions (Sg) — Dg(Vy, V1) for perturbed random walks on
the half line

Let us assume that Conditions (34a)-(34b) hold, and that the function h(-) defined by

Vy € R, h(y):= inf inf —
y (y) = jnf e po(y — x)
with xg given by (34b), is positive on some open interval of X = [0, +00) . Then, using the
definition (33) of the kernel Py , we can write

—x

+o0
VO € ©,Vx € [0,x0], VA€ X, Py(x,A) = 14(0) po(y) dy+/ 1a(y)poly — z)dy
0

—00

+o00 +oo
> /0 1a(y) poly — ) dy > /0 1a(y) hy) dy

so that Condition (Se) is satisfied with Sy = [0, 0] and the positive measure defined by
v(1a) == [x 1a(y) h(y)dy for any A € X.

Next, recall that the functions Lo,V and Vi are defined as : for any =z € X, Ly(x) :=
14 2, Vo(z) := Lo(x)/c with ¢ :== min(1, ¢p) (see (34b)) and Vj(z) = 1. Then we have from
the definition (33) of Py:

—x +oo
Ve eX, (PpLo)(z) — Lo(z) = po(y) dy+/ (I+z+y)pe(y)dy — (1 + )
- —x - +oo
= - po(y) dy + / ypo(y) dy
+oofoo —x
< / ypo(y) dy. (38)
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Then we obtain from (38) and (34b)

Vo > x0, (PyLo)(x) — Lo(z) < —coVi(x)
and Vz € [0,z0], (PypLo)(x) — Lo(x) + coVi(x) < coVi(x) +my1 = ¢o + my,

that is
PpLo < Lo — coVi + (co +m1) 1jg 2]

or

PpVo < Vo — Vi + bolio.a) (39)

with by := (¢o + m1)/c. Thus the familly of kernels { Py }yco satisfies Condition De(Vp, V7).

Next, we investigate the function x — Ag v, (z) and the quantity mg(Ag ;). To that effect,
fix some 6y € ©. Here the state space is X := [0, +00) equipped with its Borel o —algebra X
which is countably generated. Therefore for any 8 € ©, the non-negative function on X,
x = Ny, () == || Py(x,-) — Py, (,-)|lvy, is X—measurable. We use the quantities pg, eg, e1 ¢
in (35a)-(35b). Note that ey < 2. Let g € By, be such that |g| < Vp. Then we have

—x +oo
Ve X, |(Pog)() — (Proo)@)| < Va(0) / poly) dy + / Volz +) po(y) dy

—00 —X
eg 1
< Dl [ o) )y
C C JR
< €p 61,9.

- + egVo(x) +

Thus
eo(1+cVo(z)) +erp

c
Therefore Condition (Ay;) of Corollary 3.3 holds provided that

Vx € Xa A6’,Vo (IL’) <

lim (69 + 6179) =0.

9*)(90

Such a condition ensures that limg_, ¢, ||m9 — 7g,||7v = 0. Finally we have from (40)

69(1 + CT('@(V())) +e1,9

VO €O, m(Agy) < ,

Recall that mg(Vp) < co under Assumptions (34a)-(34b) for the noise process {5;0)}969.
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