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Abstract

The Markov kernels on general measurable space are studied under a first-order mi-
norization condition and a modulated drift condition. The following issues are addressed:
Existence and uniqueness of invariant measures, recurrence/transience properties includ-
ing Harris-recurrence property, convergence in total variation of iterates, Poisson’s equa-
tion, perturbation schemes and rate of convergence of iterates including the so-called
geometric ergodicity. Extensions under higher order minorization conditions are also
discussed with a focus on solutions to Poisson’s equation. All the material on Markov
kernels provided here is based on a residual kernel approach. This is a simple and effi-
cient way to deal with all mentioned issues. It turns out that this document is essentially
self-contained.
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1 Introduction

The purpose of this work is to study Markov kernels on a general measurable space under the
so-called Minorization and modulated Drift conditions, generically denoted here by M & D
conditions. The following issues are addressed: Existence and uniqueness of invariant mea-
sures, recurrence/transience properties including Harris-recurrence property, convergence in
total variation of iterates of the Markov kernel in the aperiodic and periodic cases, Poisson’s
equation, perturbation schemes, and finally rates of convergence in weighted total variation
norms of iterates including the so-called geometric ergodicity. In this document, the focus
is on non-negative kernels, adopting in this sense the point of view in Seneta’s book | ]
where discrete Markov chains are studied via non-negative matrices. It can also be thought
of as a tribute to Nummelin’s book [ ] from which the idea of the treatment of Markov
kernels via a residual kernel approach is borrowed. However, we decide here to keep a total
focus on this kernel framework from the beginning to the end. This turns out to be a simple
and efficient way to deal with all mentioned issues on Markov kernels.

The M & D conditions are nowadays well known, widely illustrated and used in the lit-
erature on Markov chains via the splitting technique for extending the materials on atomic
Markov chains to the non-atomic case, or via the coupling technique to derive convergence
rates. Both techniques are based on a minorization condition. The reference books on this
topic are | , ] and more recently [ ]. Here we use neither the splitting
technique, nor the coupling construction. This also implies that no regeneration type-method
is used here. Actually, with the exception of Sections 6 and 9 which contain a few fairly el-
ementary spectral theory arguments to deal with geometric ergodicity, the only prerequisite
for this work is the handling of non-negative kernels. Indeed, the choice to consider Markov
kernels satisfying a minorization condition allows us to work immediately with the residual
kernel, from which the issues on invariant measures, recurrence/transience including Harris-
recurrence and convergence of iterates, can be treated simply. Then additional modulated
drift conditions enable us to investigate series of residual kernel iterates, from which solu-
tions to Poisson’s equation and the perturbation issue as a by-product are easily deduced.
Also mention that the recent book [ | proposes a relevant and interesting study under
additional weak topological conditions, such as the weak Feller condition. For an approach
based on ergodic theory, the reader can consult for example the book [ | as well as the
manuscript | |. These points of view are not addressed in our work.

The theory in | , , | is developed under general minorization condi-
tions involving, either the so-called definition of small-set (or small-function), or the more
general definition of petite sets. Both definitions are based on some n—th iterate of the
transition kernel. In our work the focus is on the first-order minorization condition with
small-function, which corresponds to the definition | , Def. 2.3] at first order (n :=1).
This choice provides a relatively simple, straightforward, homogeneous and self-contained
presentation, dealing first with the residual kernel, then with the Markov kernel. Note that
using small-functions instead of small-sets requires here no additional effort. The choice of
the order one for small-functions or small-sets is also motivated by the fact that most of clas-
sical examples of Markov chains verifying a minorization condition satisfy it at the first order.
Therefore, we found relevant to emphasise the order one, as long as the results are complete
and the first-order minorization condition does not need to be strengthened by artificial as-
sumptions. Further M & D conditions including the case of higher order small-functions are



introduced in the final section of this work, showing that series of residual kernel iterates may
have an interest at least for the study of Poisson’s equation.

All the results in this work apply to any discrete-time homogeneous Markov chain, pro-
vided that the M & D conditions are fulfilled. For such examples, readers can consult the
reference books | , , , ], as well as the following more special-
ized works: | , , , ] in the context of the Metropolis algorithm,
[ , | for autoregressive models, [ , ] for queueing systems, | | for
Markov chains associated with the mean of Dirichlet processes, | | for Markov models
in control. Classical instances of V —geometrically ergodic Markov chains can be found in
e.g | , , ]. To make concrete checking M & D conditions, two specific
examples are discussed in Section 10.

Although our method differs substantially from the splitting or coupling based methods,
the conditions sometimes added to the M & D assumptions are related to the classic ones
(e.g. irreducibility, period). Here these additional assumptions can be directly introduced
under their simplified form, i.e. expressed with the small-function. Other conditions, such
as reversibility, only concern the form of the Markov kernel and correspond to standard
assumptions. Finally, as previously quoted, the central point is that a non-negative kernel
approach is used for deriving all the proposed material. All the needed prerequisites are
recalled in Subsection 2.1. The few probabilistic material you need (see Subsection 2.2) is
applying well-known formulas on the marginal laws of the Markov chain and on the iterates
of its transition kernel to deal with Harris-recurrence in Subsection 4.2. Of course, most of
statements expressed in terms of Markov kernels in this work can be translated into a purely
probabilistic form for discrete-time homogeneous Markov chains with general state space.
To facilitate a comparative reading with the statements in reference probabilistic works as
[ , , ], the probabilistic interpretation of the main quantities used in
this paper is reported in Appendix A. Further discussions are included in bibliographical
comments at the end of each section.

Without using of modulated drift conditions, the first chapters of the reference books
[ , | present numerous sufficient conditions for P to be recurrent or transient,
positive recurrent or Harris recurrent. Here the characterizations of these properties presented
in Sections 3-4 only focus on two objects linked to the minorization condition: the positive
measure (i and the function A% introduced in Section 3. Then the modulated drift condition
introduced in Section 5 allows us to directly and simply apply the results of Sections 3-4
to obtain that P admits an invariant probability measure and is Harris recurrent. Since
modulated drift conditions are involved from Section 5 onwards, Sections 6-9 as well as
the examples in Section 10 only concern Harris recurrent kernels with invariant probability
measure.

The approach in Sections 3-5 is inspired by a part of | | devoted to the so-called
potential theory, which was fully developed in the seventies, e.g. see | , , ,
]. Chapter 2 of Revuz’s book | | provides a full development of this theory, with
additional detailed historical commentary and numerous references to early works in discrete
state space case. As usually pointed out, the degree of generality and abstraction of the poten-
tial theory is high in the works cited above, which makes their access difficult. We have tried
to show that the potential theory, i.e. the use of power series associated with a non-negative
kernel, is in fact simple and effective when applied to the residual kernel of a transition kernel
satisfying a minorization condition. Thus, the potential theory here only concerns the resid-



ual kernel, with a direct application to classical probabilistic statements, e.g. see Formula (28)
used to prove the recurrence/transience dichotomy, and the definitions (40) used to study
the convergence in total variation of the iterates. Similarly, in Section 6 based on spectral
theory, and even in Section 9 where geometric ergodicity is introduced on a general Banach
space (including the L2 —case ), only power series with the residual kernel are used, see (74).

Starting from Section 5, in which the modulated drift condition is introduced, a large part
of the results are derived from the papers [ , , , |. However, they
are revisited and sometimes upgraded/completed to take into account the new material of
Subsection 3.3, Section 4, Subsection 8.4, Section 9 (excepted Subsection 9.2), Section 11.
Each section ends with a detailed bibliographic discussion, excepted Section 10 on examples
where some references are given directly in the development of the models and computations.
Most of statements presented in Subsection 3.4 and 5.4 serve to prepare the bibliographic
discussion of Sections 3 and 5. The appendices contain the proofs of expected extensions
(e.g., convergence in periodic case) and technical complements concerning the truncation
procedure illustrating the perturbation results.

This document is expected to offer an interesting alternative to the numerous works de-
voted to the asymptotic study of Markov kernels, in particular thanks to the direct and
self-contained approach provided by the residual kernel. Indeed, ignoring bibliographic com-
ments and the specific Section 11, all the topics addressed from Section 3 to Section 9 are
covered in less than 80 pages, namely: Existence and uniqueness of invariant measures; Recur-
rence/Transience; Harris-recurrence; Convergence in total variation of the iterates; Poisson’s
equation; V —geometric ergodicity; Perturbation schemes; Polynomial ergodicity; Geometric
ergodicity on a Banach space including the L?—case.

2 Main notations and prerequisites

The main notations and definitions used throughout this document are gathered in this
section. Most of them are concerned with non-negative kernel calculus. They are standard
and the material of this section can be omitted in a first reading.

Let (X, X) be a measurable space and X* := X'\ {} be the subset of non-trivial elements
of X. For any A € X*, we denote by 14 the indicator function of A defined by 14(z) := 1 if
x € A, and 14(z) :=0if z € A°, where A°:=X\ A.

2.1 Measures and kernels

e We denote by B the sets of bounded measurable real-valued functions on (X, X). The
subset of non-zero and non-negative functions in B is denoted by B

e Non-negative measures on (X,X). We denote by My (resp. M7 ;) the set of
non-negative (resp. finite positive) measures on (X,Xx’). For any p € M, and any
p-integrable function g : X =R, u(g) denotes the integral [y g(x)u(dz). Let p be a
positive measure on (X, X). Then a set A € & is said to be p—full if p(14c) = 0.

For 4 € M4 and any non-negative measurable function f, we denote by f - u the
non-negative measure on (X, X) defined by: VA € X, (f-p)(1a) == [y 1a(z)f(x)p(dx).



e Non-negative kernel on (X, X). A non-negative kernel K on (X, X) is a map K :
X x X =10, +00] satisfying the two following properties:

(i) For every A € X, the function x — K(z, A) from X into [0, +0o0] is a measurable
function on (X, &),

(ii) For every z € X, the set function A — K(z,A) from X into [0, +o0] is a non-
negative measure on (X, X), denoted by K(z,dy) or K(z,-).

The set of non-negative kernels on (X, X) is denoted by . An element K € K is
said to be bounded if the function x — K(z,X) is bounded on X.

¢ Product of two non-negative kernels. If K; and K» are in K4, then KK is the
element of K4 defined by

VeeX, VAe X, (KyKp)(x,A):= /XKl(y,A) Ks(x,dy). (1)

The above term (K2K1)(z, A) is well-defined in [0, 4+o00]: indeed y — Ki(y,A) is a
measurable function from X into [0, +o00], and its integral is then computed w.r.t. the
non-negative measure Ko(z,dy). If K1 and Ky are both bounded, then so is K2 K.

e Product of a non-negative measure by a non-negative measurable function.
For any u € M and any measurable function f : X —[0, 400], we define the following
non-negative kernel, denoted by f ® pu,

VeeX, VAe X, (feu)(z,A):= f(r)u(la). (2)

e Product of a non-negative kernel by a non-negative measure. Any y € M
may be obviously considered as a non-negative kernel (i.e. Vo € X, p(z, A) := p(14)). If
w € My and K € K4, then the product pK is given as a special case of Definition (1),
that is

VeeX, VAe X, (uK)(z,A):= /XK(y,A) w(dy). (3)

Note that uK € M since it does not depend on x € X. The measure y is said to be
K —invariant if uK = p.

e Iterates of a non-negative kernel. Let K € K. For every n > 1 the n—th iterate
kernel of K, denoted by K", is the element of Kt defined by induction using the above
formula (1). By convention K° is defined by: Vo € X, VA € X, K%z, A) = 14(x)
(i.e. K%(z,-) is the Dirac measure at x).

¢ Functional action of a non-negative kernel. Let K € K. We also denote by K
its functional action defined by

VreX, (Kg)():= /X o(y) K (z, dy), (4)

where g : X — R is any measurable function assumed to be K (x,-)—integrable for every
x € X. For such a function g, we have

[Kgl < Klgl, ie VoeX, [(Kg)(x)| < (Klg])(2), ()



where |g| denotes the absolute value of g (or its modulus if g is C—valued). Obviously
K is a linear action.

If Ki,Ke € K4 and if g : X— R is a measurable function such that g; := Kjg is
well-defined as well as K5¢1, then

(K2K1)(g) = (K2 0 K1)(9)

where the first term (K2 K7)(g) denotes the functional action on g of the product kernel
K5 K given in (1), while K30 K denotes the usual composition of maps. In particular,
for every n > 1, the functional action of the n—th iterate kernel of K" of K is the n—th
iterate for composition of the functional action of K. Finally note that the functional
action of the kernel K is the identity map I (i.e. (K%g)(z) = g(x) for any z € X),
which corresponds to the standard convention for linear operators.

Most questions involving a non-negative kernel can be addressed through its functional
action, and this is the choice that will generally be made in this document. In particular
Inequality (5) will be used repeatedly in this work.

Functional action of a non-negative measure. If y € M, (thus p € K4), then
its functional action (see (4)) is given by

VreX, (ug)(z) ::/Xg(y)u(dy),

that is pg := p(g)lx, provided that g is p—integrable.

Order relation for non-negative kernels. If K and K> are in K., the inequality
K; < K9 means that

Vg : X —[0, +00) measurable, 0 < K;g < Kag

provided that Kig and Kyg are well-defined (if not, this inequality still holds but in
[0, +0¢]). In particular, this implies that

Ve e X, Ki(x,dy) < Ko(x,dy), ie VreX, VAe X, Ki(r,14) < Ka(z,14).

In connection with this order relation, we shall often write K > 0 for recalling that
K € Ky. When K, Ko are bounded non-negative kernels, the inequality K; < Ko
holds true if, and only if, K := Ko — Kj is a non-negative kernel, where K is defined
by K(z,A) := Ky(z,A) — Ki(z,A) for any z € X and A € X.
Recall that

Ki,Ks € ,C+ — K1Ks € K:+ and KoK € IC+

from the definition of the products of two elements of K (see (1)). From this, the follow-
ing expected rules for sum and product can be easily deduced for any K, K7, Ko, K1, K},
in Iy (i.e. each element in (6a)-(6¢) is a non-negative kernel):

K < Ko, Ki SKé — K1+Ki §K2—|—Ké (6&)
K <Ky K € ’C+ — KK; < KKy and K1 K < KhbK (6b)

Properties (6a)-(6c) will be used repeatedly hereafter, mainly through the functional
action of the involved non-negative kernels.



e Series of kernels. For any (K;);c; € K fr where [ is any countable set I, the element
K =3 . .; K; is defined in K by

VeeX, VAe X, K(z,A) ZK z, A).
el

The following formula holds for all sequences (K,)n>0 € KN and (KJ)n>0 € K:

+o0 ~+00 +oo
Y KK, =KK with K:=)» K, and K :=) Kj. (7)
k,n=0 n=0 =

Since this formula is repeatedly used in this work, let us give a proof. Let x € X and
A € X. Then (7) is obtained from the following equalities in [0, +oo]:

+00 +°O
S (KuKf)(z,A) = / K}y, A) K, (. dy)
k,n=0 k,n=0

= ( /K,c Yy, A (x dy))
_ g /X (kZ:OK,’C(y,AOKn(%d?J)

+oo
= Z/K’(y, (x, dy) = /K’ y, A K (x,dy).
— Jx

Indeed the first equality is just the definition of K, K7, the second one is due to Fubini’s
theorem for double series of non-negative real numbers, the third one follows from the
monotone convergence theorem w.r.t. each non-negative measure K, (z, dy), and finally
the fourth and fifth ones are due to the definition of K'(y, A) and K (z, dy) respectively.

e Markov and submarkov kernels. A non-negative kernel K is said to be Markov
(respectively submarkov) if K(z,X) = 1 (respectively K(z,X) < 1) for any z € X. In
both cases, K is obviously a bounded kernel.

If K is a Markov kernel, then an element A € X is said to be K —absorbing if K (x, A) =
1 for any x € A. An element A € X is said to be an atom for K if the following condition
holds: V(x1,z2) € Ax A, K(z1,dy) = K(z2,dy) (such a set is sometimes called a proper
atom too, e.g. see | , Def. 4.3]).

If K is a submarkov kernel, then K (B) C B. A function g € B is said to be K —harmonic
if Kg =g on X. When K is Markov, then the function 1x is always K —harmonic.

e Restriction of functions, measures ans kernels to a subset. For any F € X we
denote by X'g the o—algebra induced by X on the set E, i.e. Xg:={ANE A e X}.
For any g € B, the restriction gg to E of g is the bounded X g—measurable function
defined on F by: Vz € E, gp(z) = g(x). If n € M4, then the restriction ng to E of n is
the non-negative measure on (E, X' g) defined by: VA" € Xg, np(1a/) = n(1ang) where
A is any element in X such that A’ = ANE. If K € K, then the restriction K of K to
E is the non-negative kernel on (E, X ) defined by: Vz € E, VA’ € X, Kg(z, A') =

10



K(z,AN E) where A is any element in X such that A’ = AN E. When the notation
of the function/measure/kernel on X involves an index, the restriction to E is denoted
by - to avoid confusion (for instance, if n; € M., the restriction of n; to E is denoted
by n;g). Finally observe that, if K is Markov on (X, X’) and E is K—absorbing, then
K is a Markov kernel on (E, Xg).

e V—weighted space and V—weighted total variation norm. Let V : X —(0, +00)
be any measurable function. For every measurable function g : X — R, we set

j9(z)|
= Ssu
Jollv = sup 2

and we define the V' —weighted space

€ [0, +o0],

By := {g : X— R, measurable such that [|g|ly < oo}.
Note that By, = B. The following obvious fact will be repeatedly used hereafter:
Vg€ By, lgl<llglvV (e VzeX, |g(z)| <lgllvV(z)).

If (p1,p2) € ( f‘hb)Q is such that p;(V) < oo,i = 1,2, then the V-weighted total
variation norm ||p1 — peol|}, is defined by

1 = pally == sup [ua(g) — p2(g)|. (8)
lgllv<1
If V.= 1x, then || - ||, = || - [l7v is the standard total variation norm.

e The Lebesgue space £P(n) and LP(n). Let n be a positive measure on (X, X).
For p € [1,+00) we denote by L£P(n) the space of all the measurable complex-valued
functions on X such that n(|f|?) < co. Moreover (LP(n), || - ||,) denotes the standard
Banach space composed of the classes modulo 7 of the functions in £P(n) with norm

defined by

1£llp = 11 £llp.n = (1))
As usual the space (IL°°(n), ||||s) is the Banach space composed of the classes modulo 7
of complex-valued measurable functions f on X such that || f||cc < oo where

| flloo = ||flloo,y := inf {c € [0,+00) : |f| < ¢ n-a.e. on X}. (9)

2.2 Markov chain

A Markov chain (X,,),>0 on the state space X with transition/Markov kernel P is a family
of random variables (r.v.) on a probability space (£2, F,P) such that

VieB, E[f(Xnp)|o(Xo, ..., Xn)] = (Pf)(Xn)

where o(Xy,...,X,) is the sub-c—algebra of F generated by the r.v’s Xy,..., X,. In par-
ticular, for any A € X,

E[l4(Xns1) | o(Xo, ..., Xn)] :(PlA)(Xn):/AP(:n,dy):P(x,A).

Assertions a)-b) below are relevant to link iterated kernels and the Markov chain. The
classical statements c)-d) are prerequisites on occupation and hitting times of a set A, which
are only used in Subsection 4.2 to study the Harris-recurrence property.
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a) We have for any k > 0, E[f(X,4x) | 0(Xo, ..., Xn)] = (P*f)(X,).

b) The probability P when P{Xy = x} = 1, is denoted by P,, and E, is the expectation
under P,.

c) Let A € X. Then the function defined by

VreX, g%(x { Z Lix,eay = } (10)

is bounded on X and P—harmonic, see Appendix A.
d) Let A € X and let g4 be the function on X defined by

Ve eX, ga(x) =P, {Ta < o0} (11)

where T4 := inf{n > 0: X,, € A} is the hitting time of the set A. Then g4 is superhar-
monic, i.e. Pgq < g4, and we have (see Appendix A):

gx = lim N\, P"ga. (12)

n — +0o

3 Minorization condition, invariant measure and recurrence

In this section a standard first-order minorization condition on the Markov kernel P is in-
troduced: P > 9 ®@ v where v € M} , and ¢ € BY. This allows us to decompose P as the
sum of two submarkovian kernels R := P — ¢ ® v, called the residual kernel, and ¢ ® v. Two
quantities of interest are defined from the residual kernel and its iterates: first the positive
measure [ ‘= Z;ﬁg VRk, second the R—harmonic function hj := lim,, R"1x. Then the ex-
istence of a P—invariant positive measure and the classical recurrence/transience dichotomy
are studied according that pz(¢)) = 1 or not (equivalently v(h3) = 0 or not). The elements
g and h defined quite simply from the minorization condition, may seem abstract at first
glance. They turn out to be extremely effective tools for proving, in this section and the next
one, classical properties on the transition kernel P. Of course, even though the statements
under the ad hoc assumptions on pr and Ay have their own interest, this approach would
be unattractive without the possibility of deriving results under more standard assumptions.
This is for example done in Theorem 3.14 and Subsection 4.5, and definitively accomplished
from Section 5 with the introduction of the modulated drift condition.

3.1 The minorization condition (M, ,) and the residual kernel

Recall that B is the set of non-negative and non-zero measurable bounded functions on X
and that MY , is the set of finite positive measures on (X, X). Let P be a Markov kernel

n (X, X). Let us introduce the minorization condition which is in force throughout this
document:

v, ) e My x By P>yev (ie VzeX, Pz, dy) > (x)v(dy)). (M, )

The function 1 is called a first-order small-function in the literature on the topic of Markov
chains. That the non-negative function v in (M, ) is bounded is required since ¥ (x) v(1x) <
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P(xz,X) =1 for any 2 € X and v(1x) > 0. Moreover for any (v, ¢) € B} x B’ such that
> ¢, if (M, ) is satisfied then so is (M, 4).

Under (M, ), let us introduce the following submarkov kernel, called the residual kernel,
which is central in the analysis here of the Markov kernel P:

R=R,y =P—-y®v (ie VzeX, R(z,dy):= P(z,dy) —(z)v(dy)). (13)

The most classical instance of minorization condition is when v := 1g for some S € X",
that is

I, S) e ML, x X" P>1s@v (e VzeX, P(z,dy) > 15(z) v(dy)), (M)
in which case the residual kernel is:
RERVJS =P—-1g®v.

Such a set S is called a first-order small-set.

The following statement provides a general framework for Condition (M, ) to hold.
Moreover this proposition shows that, even if the minorizing measure v is defined from
(M ,,1,) with some set S, this condition (M, 1) is not the only one possible.

Proposition 3.1 Assume that
Ve eX, P(z,dy) > q(z,y) Mdy) (14)

where q(-,-) is a non-negative measurable function on X? and X\ is a positive measure on X.
Let S € X* be such that the measurable non-negative function qs defined by

VyeX, gs(y) = ;relg q(z,y)

is not A—null, that is: A(1a) > 0 where A := {y € X : gs(y) > 0}. Let v € M}, and
g > 1g be defined by

v(dy) == qs(y)A\(dy) and Yz e X, pg(x) := 1g(z) inf q(z,y)

vea qs(y) (15)

Then P satisfies Condition (M, ) and so (M, 15).

Proof. For any fixed z € S, we have v(lx) < [yq(z,y)A\(dy) < P(x,X) = 1 from the
definition of v, g5 and from (14). Thus v is finite and v(14) > 0, so that v € M7 ;. Next, from
the definition of 1)g we obtain the following property: V(z,y) € S x A, q(x,y) > qs(y) ¥s(x).
In fact this inequality holds for every (x,y) € X? since ¢(z,y) > 0. Finally it follows from
(14) that, for every =z € X, we have P(x,dy) > ¥g(x)qs(y)A(dy), i.e. P satisfies (M, ).
Note that g > 1g from the definition of the function g¢g, so that (M, 1) is satisfied. O

The next kernel identity (17) is the first key formula of this work. Recall that the residual
kernel R := P — 1 ®v is a submarkov kernel, so that the n—th iterate kernel R™ of R defined
by induction using Formula (1) is a submarkov kernel too. Also recall that by convention
R%(z,-) is the Dirac measure at x. Finally note that, for every k > 1, we have v RF € My

(see (3)).
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Lemma 3.2 Let P satisfy Condition (M, ). Then we have

¥n>1, 0<R"<P" (16)
"=R'+Y P FpeuRFl (17)
k=1

and the kernel identity
+o00 +o00 +o00 +00
Sor=Y w3 ) e (o). (18)
n=0 n=0 n=0 k=0

Proof. We have 0 < R < P, thus 0 < R™ < P" using (6¢). Set Ty := 0 and T;, := P™ — R"
for n > 1. Note that Property (17) is equivalent to

Vn>1, T,=)» P"FpeuvRF! (19)
k=1

Equality (19) is clear for n = 1 since 77 = P — R = 1) ® v. Next we have for any n > 2
R*"=R"'R=(P"' - T, )(P-Ty)=P"— P"'Ty - T,,_\R,

so that T, = P"'Ty +T,,_1R. Then (19) holds for n > 2 by an easy induction based on the
previous equality for Ty,: For instance use the functional action of kernels to check that, for
every g € B, if T,,_1g = Y021 v(R*1g)P"~ %4, then Tg = Y7, v(RF1g) P Fy.

From (17) and the convention for P = R? we obtain that (see (7))

“+oo +o0o n “+0oo 400
n=0 n=1k=1 k=1n=~k
+00
= ZR”+ <Z Pw> ® <ZyRk>
n=0 n=0 k=0
Thus (18) holds and the proof of Lemma 3.2 is complete. O

Under Condition (M, ), we have 0 < Rlx < 1x. Since R is a non-negative kernel, we
get 0 < R"1x < R"1x for any n > 0. Thus the sequence (R"1x)n>0 is non-increasing so
that it converges point-wise. Consequently we can define the following measurable function
hsy : X —[0,1]:

hiy = lim N\, R"Lx. (20)

Note that h%® is R—harmonic: indeed, for every x € X, we have (R""'h%)(z) = (RR"hS)(z),
so that h$y(z) = (RhSY)(z) from Lebesgue’s theorem applied to the finite non-negative mea-
sure R(x,dy) observing that R"hyy < R"1x < Ix.

Under Condition (M, ) let pr denote the positive measure on (X, X’) (not necessarily
finite) defined by

00
fg = ZI/Rk. (21)
k=0

Note that the measure uy is positive from pz(1x) > v(1x) > 0. The measure py as well as
the function ~%y are used throughout this section.

14



3.2 P—invariant measure
First prove the following simple lemma.

Lemma 3.3 Assume that P satisfies Conditions (M, ). Let g be a P—harmonic function.
Then we have

Vn >0, v(g) ZR’“@D =g— R"yg. (22)
k=0
In particular we have
Vn>0, 0<v(lx)) Ry =1x-R"x <Ix. (23)
k=0

Proof. Let g € B be such that Pg = g. We have v(g)y = (I — R)g from the definition (13)
of R. Then Property (22) follows from

n n n n+1
Vn >0, v(g)) Ry= (ZR’“)(I— Rjg=> Rfg-> Rfg=g-R""g.
k=0 k=0 k=0 k=1
Since Plx = 1x, Property (22) with ¢ := 1x is nothing else than (23). O

Recall that the positive measure v in (M, ) is finite (i.e. v(1x) < 00).

Proposition 3.4 Let P satisfy Condition (M, ). Then the function series ZZ’;’% RFq)
point-wise converges and is bounded on X. More precisely we have

+00
0< v(lx) Y RFp=1x — hy < 1x. (24)
k=0

Moreover we have pg(1) = 3320 v(R*) € [0,1], and the following equivalences hold
pr() =1 <= v(h3) =0 <= pn(hi) =0, (25)

Note that the property uz(¢)) < 1 implies that there exists A € X'* such that pg(14) < oc.

Proof. Tt follows from (23) that the series of non-negative functions > /25 R*¢ point-wise
converges. When n growths to +o0o in (23), we get the equality in (24) from the definition (20)
of hyy.

Next integrate w.r.t. the measure v in (24) and apply the monotone convergence theorem to
get 0 < v(lx)pr(v) = v(lx) —v(hy) < v(lx). Since v(1x) > 0, it follows that pg(¢)) € [0, 1]
and the first equivalence in (25) holds. Since Rh$y = h$, we have from (21) that v(h3) =0
implies that pug(h3y) = 0. Finally, we have ug(h3y) > v(h3y) > 0 from the definition (21) of
L so that pg(h$y) = 0 implies that v(hSy) = 0. The proof of the second equivalence in (25)
is complete. O

Theorem 3.5 (P—invariant positive measure) Assume that P satisfies Condition (M, y).
Then the following assertions hold.

1. If pp(yp) =1 (or equivalently v(hyy) =0), then pg is a P—invariant positive measure.
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2. If there exists ( € BY such that v(¢) > 0 and pr(P¢) = pr(¢) < oo, then we have
pr() = 1.

In particular, if v(¢) > 0, then
pr is P—invariant <= up(yp) =1 <= v(hyy) =0 <= ur(hyy) = 0.

Recall that the condition v(¢)) > 0 is the so-called strong aperiodicity property.
Proof. From the definitions (13) of R and (21) of ug, the following equalities hold in [0, +o0]:

VA€ X, pp(Pla)= pr(Rla) +v(1a)pn(¥) = pr(la) +v(1a)(na(¥) — 1)

since we have pugr(R14) = pr(la) —v(1a) in [0, +o0]. Consequently, if pz(1)) = 1, then ug
is a P—invariant positive measure and Assertion 1. is proved. Next, if ( € B’ satisfies the
assumptions in Assertion 2., then we deduce from 1 (¢) = pr(P¢) = pr(¢) +v(C) (pr(v) —1)
that pgr(1) = 1. In the last assertion, that pg(¢)) = 1 implies the P—invariance of up is just
Assertion 1. Next, if v(¢) > 0 and uy is P—invariant, then Assertion 2. can be applied to
¢ := 9 since we know that pz (1)) < oo from Proposition 3.4, so that we have pz(10) = 1. The
two last equivalences are (25). O

Theorem 3.6 (P—invariant probability measure) If P satisfies Condition (M, ), then
the following assertions are equivalent.

1. There exists a P—invariant probability measure n on (X, X) such that n(yp) > 0.
2. pr(lx) = z:“g) v(RF1x) < oc.

3. There ezists a probability measure o on (X, X) such that liminf o(P") > 0.
—

n— +00
Under any of these three conditions, the following probability measure on (X, X)

+oo
Tp 1= /,(,R(lx)il MR with KR ‘= Z VRk S M:b (26)
k=0

is P—inwvariant with pp() =1 and 7x(¢) = pr(lx) ™ > 0.

Proof. We prove the implications: 2. = 1. =3. =2. If Assertion 2. holds, then Assertion 2. of
Theorem 3.5 can be applied with ¢ := 1x. Indeed, v(1x) > 0 and pugr(Plx) = pr(lx) < oo
since P is Markov. Hence we have uy(¢) = 1, so that ug is P—invariant from Assertion 1. of
Theorem 3.5. Thus 7, := uR(lx)_l e is a P—invariant probability measure such that
Tr(¥) = pr(lx) "' > 0. The implication 2. = 1. is proved. Next, if Assertion 1. is fulfilled,
then Assertion 3. obviously holds with ¢ := 7. Finally assume that Assertion 3. holds. Then
apply Formula (17) to 1x and integrate w.r.t. the probability measure o to get

+o0
Vn>1, > v(RFMx)on(k) < o(lx) =1 with on(k) = o(P" ") 1py (k)
k=1

from o(R"1x) > 0. Since for every k > 1 we have m := liminf; o(P/%) = liminf, o, (k)
and m > 0 by hypothesis, we deduce from Fatou’s lemma w.r.t. discrete measure that
m > 2 v(RFx) < 1. Thus pg(lx) < 1/m < oo, i.e. Assertion 2. holds true. O
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The following standard example of uniform ergodicity illustrates Theorem 3.6. More-
over, the well-known rate of convergence below of ||P"(z, ) — mx(:)||7v is obtained from
Formula (17).

Example 3.7 (Uniform ergodicity) Let P satisfy Condition (M, 1,), that is there exists
v E Mfmb such that P > 1x ® v. In other words the whole state space X is a first-order
small-set for P. Then Condition 2. of Theorem 3.6 holds and we have

Vn1, Vo eX, [PMa,) —ma()llrv < 2(1—v(1x)"

where w is the P—invariant probability measure given by (26). Indeed the residual kernel
R = R,1, is here R =P — 1x ® v so that we have Rlx = (1 — v(1x))1x. Consequently we
obtain that

n > 1, Rnlx = (1 — l/(lx))nlx.

Thus pr(lx) = S 20 v(RF1x) = 1, and it follows from Theorem 3.6 that the probability
measure T given in (26) is P—invariant (mp = g here). Moreover Formula (17) gives

n
Yn>1, P'=R"+1x® u, with ,un::ZVkal.
k=1

Consequently we have

+oo
¥n>1, P'-lx®m,=R"-1x® Y wvR!
k=n+1

from which we derive that

vn>1, Ve eX, |P*(z,)—mgllrv < Rz, )|lrv +

2{: bJ{k 1

k=n+1 TV
“+00

=R"(z,1x)+ Y v(RF'1x)
k=n+1

= 2(1 — v(1x))".

3.3 Recurrence/Transience

If P satisfies Condition (M, ), then P is said to be recurrent if the following condition
holds:

+o0 oo
VA€ X: pp(la) >0=)Y Pily=+ocoonX (ie Vo eX, Y Pk(z A)=+00), (27)
k=0 k=0

where pp is the positive measure on (X, X') defined in (21). Note that if A € X is such that
v(14) > 0 then pg(14) > 0. Moreover observe that Equality (18) reads as

+oo +oo +oo
ZP”:ZR”+<Z P”w>®uR. (28)
n=0 n=0

n=0
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This potential-type formula is here the key point to obtain the Recurrence/Transience di-
chotomy. It also shows that pyr may be thought of as the ideal measure for studying this issue
under the minorization condition (M, ;). To get a complete picture of recurrence/transience
property for P satisfying Condition (M, ) in the next statement, let us introduce the fol-
lowing definition. The Markov kernel P is said to be irreducible if

+oo
Y Pp>0onX, ieVoeX, Jg=q(z) > 1, (PW)(x) > 0. (29)

n=1

Recall that under (M, ), we have pug(¢) € [0,1] from Proposition 3.4, and that uz is a
P—invariant positive measure when uz(¢)) = 1, or equivalently v(h3y) = 0 (see (25)), from
Theorem 3.5. Finally, recall that || - |1, denotes the supremum norm on B (i.e. |g|iy ==

supex |9(x)])-

Theorem 3.8 Let P satisfy Condition (M, ). Then the following assertions hold.

1. Case pr(yp) = 1 (or equivalently v(hyy) = 0). The Markov kernel P is recurrent if and
only if P is irreducible (see (29)). When P is recurrent, pugy is the unique P—invariant
positive measure 1 (up to a multiplicative positive constant) such that n(¢) < oo, and pg
is o— finite.

2. Case pp(¥) < 1 (or equivalently v(h3) > 0). The non-negative function series > 325 PFy)
is bounded from above by v(h?)~! on X. If P is irreducible, then P is not recurrent, more
precisely P is said to be transient in the following sense: Defining for every integer k > 1

the set A = {z € X: Z?ZO(ij)(x) > 1/k} we have
+00
X=U24 and VE>1, cg:=|> P'la,|y < oo
n=0
Actually we have: Yk > 1, ¢, < k(k+1)(v(1x)~ ' +v(h2)™1).
When P is irreducible, we have the following characterization of recurrence.
Corollary 3.9 Assume that P satisfies Conditions (M, ) and is irreducible. Then

P is recurrent <= pur(¢) =1 <= v(hy) =0 <= ugx(hy) =0.

Proof. Assume that ug(¢)) € [0,1). Then P is not recurrent from the second assertion of
Theorem 3.8. This proves the first direct implication. The converse one follows from the first
assertion of Theorem 3.8. The two last equivalences are (25). O

The proof of Theorem 3.8 is based on the the two following lemmas.

Lemma 3.10 Let P satisfy Condition (M, ). If P is irreducible then the following state-
ments hold:

1. PO Ry >0 on X and pp(¥) > 0.
2. If pr(¥) = 1 (or equivalently v(h3) = 0) then 320 P™p = +00 on X.
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Proof. We prove Assertion 1. by contradiction. Assume that there exists € X such that
+° (R™p)(x) = 0. Then we have h(x) = 1 from (24). From the definition of A% (x) and
R™1x <1, it then follows that: Vn > 1, (R"1x)(z) = 1. Hence we deduce from Formula (17)
and (P"1x)(z) =1 that
n
Vn>1, > (P"F)(x) v(RF ) = 0.
k=1
In particular the first term of this sum of non-negative real numbers is zero, that is we
have: Vn > 1, (P" 14)(z)v(1x) = 0. Since P is irreducible (see (29)), we know that there
exists ¢ = q(x) > 1 such that (P%))(x) > 0. Then the previous equality with n = ¢ + 1
implies that v(1x) = 0: Contradiction. This proves the first part of Assertion 1. Next,

since pp(1) = S0 v(R™Mp) = v(3229 R™y) from monotone convergence theorem, we have
tr(t) > 0. Assertion 1. is proved. Next, if ur(1)) = 1, then Equality (28) applied to 1 and
Assertion 1. imply that Z:i% P = 400 on X. O

Lemma 3.11 Let P satisfy Condition (M) with pr(y) > 0. If P is recurrent, then
S 20 PR = +00 on X.

Proof. Since pg(¢) > 0, there exists ¢ > 0 such that the set F. := {z € X : ¢(z) > ¢}
satisfies pr(1r. ) > 0 (otherwise we would have pz({x € X : ¢(x) > 0}) = 0, thus ur(¢) = 0).
From recurrence and 1r. < /e, we obtain that Z:i% P™) = +o00 on X. g

Now, let us provide a proof of Theorem 3.8.

Proof of Theorem 3.8. Assume that pug(¢)) = 1. If P is irreducible, then ZZ:O?) PFe) = +00 on
X from Assertion 2. of Lemma 3.10. Tt follows from (28) applied to 14 that ;25 P*14 = +oo
for every A € X such that pgr(14) > 0, i.e. P is recurrent. Conversely, if P is recurrent, then
it follows from f15(1)) = 1 and Lemma 3.11 that >0 P™) = +oo0 on X. Thus P satisfies
(29), i.e. P is irreducible. Now assume that P is recurrent, thus irreducible. Let 1 be a
P—invariant positive measure on (X, X') such that 1(¢)) < co. Then 7 is o—finite due to the
following well-known argument. Let @ := Z:{i‘a 2~("+1) P be the Markov resolvent kernel
associated with P. Then Qv > 0 on X from (29). Hence we have X = {Qv¢ > 0} = Up>1E}
with Ey, := {Qv > 1/k}, and n(1g,) < kn(QvY) = kn(y) < oo from Markov’s inequality.
Thus 7 is o—finite. Next prove by contradiction that n(¢)) > 0. Assume that 7()) = 0. Then
we obtain that n(1lg, ) = 0 for any £ > 1 from the last inequality above, so that n(lx) = 0
since X = Uy>1 Ey: This is impossible since 7 is a positive measure on (X, X'). Now recall that
lir is P—invariant under the assumption pz(1) = 1 due to Theorem 3.5, and prove that n =
n(¥)pr. From (17) and the P—invariance of  we obtain that: ¥n > 1, n > n(v) Y.p_; vRF L.
Thus 7 > n(¢)pur from the definition (21) of pg. Next, since both n and py are o—finite
from the above, it follows from the Radon-Nikodym theorem that there exists a measurable
function v on X such that n(¢)ur = v-n with 0 < v < 1x n—a.e.. Let A be the non-negative
measure on (X, X) defined by: A := (1x — v) - . Since n(Qv¢) = n(v)) < oo by hypothesis
with @ defined above, we obtain that the function v x (Qv) is n—integrable too, so that

N@0) = [ (Qu)@)ntdn) — [ (Qu)a)vla) ds) = (@) — (sl @) =0
X X
from the P—invariance of both n and p and from the assumption pz(10) = 1. It follows that

A =0 since Q¢ > 0 on X. Thus we have v = 1x n—a.e., so that n(¢¥))ur = 7. Assertion 1. of
Theorem 3.8 is proved.
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Now assume that pz(¢) < 1. Thus we have v(h3) > 0 from (25). Recall that Rhy = h3y.
Then, Formula (17) applied to %y and the equality RhSy = h$ give

n—1
Vn>1, Prhy =hy +v(hy)> Py,
k=0

from which we deduce that: Vn > 1, ZZ;& Pk < w(h) My since hy > 0 and P"hy < 1x
from hy < 1x. Consequently we have the following inequality on X:

+o0o
0<> Phy <w(hy) '1x.
k=0

Now assume that P is irreducible. Recall that pz(¢)) > 0 from Lemma 3.10. Thus, as
in the proof of Lemma 3.11, there exists ¢ > 0 and a set F. such that pgr(1g) > 0 and
1p <1 /e. We deduce that Z:i% P"1F, is bounded on X. Consequently P is not recurrent.
Next let us prove that P is transient as defined in Theorem 3.8. We have X = UzjiAk.
Indeed, otherwise there would exist z € X such that: Vk > 1, Z;?:O(Rjﬁb)(az) < 1/k, so

that jiog(Rj ¥)(z) = 0: This contradicts Lemma 3.10. Finally let £ > 1. Observing that
14, < kZ?ZO RJ4), we obtain that (see (7))

+00 400 k ‘ k ) +o00
> Ry, < kZR”(ZRﬂw) = kZRJ<ZR"1/)>
n=0 n=0

k .
<kv(lx)™' )  Rilx < k(k+ 1)v(1x) '1x (using (24) and Rlx < Ix).
=0

Moreover, integrating the previous inequality w.r.t the positive measure v, it follows from the
monotone convergence theorem that p1z(14,) < k(k+1). Then the last inequalities combined
with Formula (28) applied to 14, provide

—+00
> Pa, < k(k+1)[v(1x) "+ v(hg) "1k
n=0
The proof of Theorem 3.8 is complete. O

Recall that P is irreducible (see (29)) if, and only if, the function series Y ;5 P*y takes
its values in (0, +oc]. Thus, when P is irreducible, the recurrence/transience dichotomy can
also be addressed focusing solely on this function series.

Corollary 3.12 Assume that P satisfies Condition (M) and is irreducible. Then the
following alternative holds:

1. There exists some x € X such that Y ;25(P*y)(z) = +oo: In this case P is recurrent, and
Wr 1S the unique P—invariant positive measure n (up to a multiplicative positive constant)
such that n(v) < co. Moreover we actually have Zz:é Pkap = 400 on X. This corresponds
to the case ur(v) =1 of Theorem 3.8.
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2. There exists ¥ € X such that ;20 (P*)(x) < oo: In this case the non-negative function
series Z;:O?) P*q) is bounded from above on X, and P is transient in the sense given in
Assertion 2. of Theorem 3.8.

Proof. Recall that pr(¢)) € (0,1] from Proposition 3.4 and Lemma 3.10. In Case 1., the
function series Zﬁiﬁ PF¥4) is not bounded on X, so that P satisfies Case 1. of Theorem 3.8.
It follows from Lemma 3.11 that 3720 P*1) = +00 on X. In Case 2., P is not recurrent from
Lemma 3.11, so that Case 2. of Theorem 3.8 applies. U

When the positive measure puy is finite (i.e. pz(lx) < 00), then we have pug(¢)) = 1 from
Theorem 3.6. Moreover any P—invariant probability measure 7 is such that 7 (1)) < oo since
1 is bounded. Therefore, the following statement is a direct consequence of Assertion 1. of
Theorem 3.8.

Corollary 3.13 Assume that P satisfies Condition (M, ;) with pr(lx) < oo and is irre-
ducible. Then P is recurrent, and the probability measure wp given in (26) is the unique
P—invariant probability measure.

In conclusion, we can now present a statement synthesizing the results of Theorem 3.6 and
Corollary 3.13. It provides a classical recurrence criterion that involves neither the positive
measure (i nor the function h3y. To this end, recall that, depending on the nature of the state
space X and the particular form of the Markov kernel P, many classical results guarantee
the existence of a P—invariant probability measure (see Subsection 3.5). This is even the
starting point in Markov chain Monte Carlo algorithms. Formula (17) again plays a crucial
role in the proof of the following theorem.

Theorem 3.14 Assume that P satisfies Condition (M, ) and is irreducible. If P admits
an invariant probability measure 1, then n(v) > 0. Moreover n is the unique P— invariant
probability measure, it is equal to T given in (26), and P is recurrent.

Proof. Let n be a P—invariant probability measure. If n(¢)) = 0 then for every n > 1 we
have n(R"1x) = 1 using (17) applied to 1x and integrating w.r.t. the P—invariant probability
measure 7). Hence it follows from Lebesgue’s theorem w.r.t. n that n(hsy) = 1 with ASY given
in (20). Thus n(hyy) = n(1lx), from which we deduce that hyy = 1x n—a.s. since hyy < 1x.
Hence there exists © € X such that h3(z) = 1. This provides > ;25 (RFy)(z) = 0 from
(24), which contradicts Assertion 1. of Lemma 3.10. We have proved that 7(z)) > 0, so that
tr(lx) < oo from Theorem 3.6. Then the recurrence of P and Equality n = 75 follow from
Corollary 3.13. g

3.4 Further statements

The first proposition concerns the P—absorbing sets and is used in the next section, as well
as in the proof of Propositions 5.11 and 5.12 related to discussion on drift conditions. The
second one concerns the condition p15(14) > 0 and is used in the bibliographic discussions of
Subsection 3.5. The last proposition facilitates the transition to the next section, where the
central assumption is hy = 0.

Proposition 3.15 If P satisfies Condition (M, ) and is irreducible, then every non-empty
P—absorbing set is pr—full.
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Proof. Let B € X* be a P—absorbing set, i.e.: Vn > 1, Vo € B, P"(xz,B¢) =0. Let x € B.
Then it follows from (28) applied to 1gc and from P°(x, B¢) = R%(z, B) that pug(1p:) =0
since 720 (P™)(z) > 0 from the irreducibility condition (29). O

Proposition 3.16 Let P satisfy Condition (M, ;). Then we have

+oo
VAe X: pup(la)=0 = ZP"1A20 v—a.s. on X. (30)
n=0

Moreover the Markov kernel P is irreducible (see (29)) if, and only if, pr(¢) > 0 and
+o0
VA€ X: pp(la)>0 = > P"l4>0 onX (31)

n=1

From this proposition, it follows that, if P satisfies Condition (M, ;) and is irreducible, then
the following property holds

+o00
VA€ X: pa(la)>0 < > P"14>0 onX, (32)

n=1

Proof. Let A € X besuch that uz(14) =0, i.e. v(R*14) = 0 for any k > 0 from the definition
of pg. From (17) we have: Vn >0, P"14 = R"14. Thus

+oo
V(ZP”lA) =pr(la) =0

n=0

from the monotone convergence theorem and the definition of pg. This proves (30). Now
assume that P is irreducible (see (29)). Then we have pz(v0) > 0 from Lemma 3.10. Moreover
Equality (28) reads also as 31> P" = > R? + (Z:i% P™)) @ pg since PY = R°. Thus,
we have

+oo +oo
VAe X, Vo eX, Y P'(x,4) > pa(la) ) (P™)(x),
n=1 n=0

from which we deduce that (31) holds true. Conversely assume that pg(1)) > 0 and Condi-
tion (31) is satisfied. Since there exists ¢ > 0 such that pr(1gy>c)) > 0 from pg() > 0, it
follows from (31) that 1% Py > &3 2] P15 > 0 on X, ie. (29) holds. O

The main assumption in the next Section 4 is hy = 0, which obviously implies that
each of the equivalent conditions in (25) holds. Simple arguments can be used for specific
Markov models to check Condition h% = 0. This is illustrated in the following proposition
for discrete state space case. Recall that in this case the minorization Condition (M, ) is
natural considering each state s € X as an atom: ¢ := 1g with S := {s} and v := P(s,).
Another simple illustration of Property h%y = 0 is given in Subsection 10.2.1 for random walk
Metropolis-Hastings Markov kernels on a non-discrete state space X.

Proposition 3.17 Let P be a Markov kernel on a discrete state space X. If P admits a
unique invariant probability measure ® which is positive on X (i.e. Vo € X, w(1{,) > 0),
then the function hyy in (20) is zero on X, whatever the minorization Condition (M, )
constidered for P.
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Proof. From Condition (M, ) and Theorem 3.6 we deduce that pz(1)) = 1 since (1) > 0
using the positivity of 7. Thus pr(hs) = 0 from (25). Since 7 = pr(1x) ‘ugr (ie. ™ = 7z)
from Theorem 3.6 and uniqueness of 7, we have 7(hyy) = 0, so that h}y = 0 using again the
positivity of . O

3.5 Further comments and bibliographic discussion

Here we discuss point by point the definitions and results concerning the classical concepts
of this section, i.e. irreducibility, recurrence/transience properties and invariant measures, in

link with the books [ , , |. A detailed historical background on these
properties can be found in | , pp. 141-144], | , Sec. 4.5, 8.6,10.6] and | )
Sec. 9.6,10.4,11.6]. In discrete state space, we refer for example to | , , | (see
also [ , App. A] for an overview on Markov chains in modern terms).

A) Small-set and small-functions. Let £ > 1. Recall that a set Sy € X* is said to be a
¢—order small-set for P in the standard literature on the topic of Markov chains (e.g. see
[ , , ]), if the following condition holds

Jvp € My P!> 1s, @ (e Vo eX, Pz, dy) > 1gs,(x) ve(dy)). (33)

The existence of small-sets under the irreducibility condition (see Item C)) was proved in
[ |. The extension to /—order small-functions writes as (see | , Def. 2.3, p. 15])

3o ) € My x B P2y (e Vo € X, Pz, dy) > de(w) ve(dy)).  (34)

Our minorization condition (M, ) is nothing other than [ , Def. 2.3] with order
one. Finally recall that S € X" is said to be petite (e.g. see [ |) if it is a small-
set of order one for the Markov resolvent kernel "1 a,, P" for some (ay), € [0, +00)N
such that :er(’] an, = 1. The notion of petite sets is not used in this work. The specific
resolvent kernel Z;:i% 2~ (+1) pn s only used to prove that juz is o—finite in Assertion 1.
of Theorem 3.8 and in Corollary 4.20 to provide a sufficient condition for having h% = 0.

B) Residual kernels and invariant measure. The representation (21) of P—invariant measure

via the residual kernel was introduced in | , Th. 3] under the Harris recurrence
condition and extended to the recurrent case in [ , Th. 5.2, Cor. 5.2], so that
the positive measure pp necessarily satisfies pz(1)) = 1 there. The P—invariance of
pr under the sole Condition (M, ) was proved in [ | in the specific case when

tr(lx) < co: This corresponds to Theorem 3.6. This result is extended to the general case
in Theorem 3.5, that is: under the sole minorization Condition (M, ), the P—invariance
of pg is actually guaranteed when pz(1)) = 1, and is even equivalent to this condition
under the additional strong aperiodicity assumption v(1)) > 0. Consequently, contrary
to the statement [ , Th. 5.2, Cor. 5.2, p. 73-74], the P—invariance of py is here
related directly to the condition pz(10) = 1, which makes it possible to carry out this study
independently of the recurrence property, and even independently of any irreducibility
condition on P. Recall that the key point in the proof of Theorem 3.5 is the kernel
identity (17).

C) Accessibility and irreducibility conditions. Recall that if P satisfies Condition (M, 1)
then the set S is said to be a first-order small set. Let us comment Condition (29)

23



in case ¥ := 1lg. This condition then means that the set S is accessible according to
[ , Def. 3.5.1, Lem. 3.5.2]. On the other hand recall that a Markov kernel P
is said to be irreducible according to | , Def. 9.2.1] if it admits an accessible
small set. Thus our definition (29) of irreducibility for a Markov kernel P satisfying
Condition (M, 1) coincides with that of [ ] in case of a first-order small set.
Now, thanks to Proposition 3.16, let us recall the link with the irreducibility notion
used in | , ]. First, in connection with the condition up(lg) = 0 which is
not addressed in Proposition 3.16, observe that this condition implies the transience of
P from Theorem 3.8. Moreover this condition cannot hold under Condition (29) from
Assertion 1. of Lemma 3.10. Finally, nor can this condition be satisfied under the strong
aperiodicity condition v(1g) > 0 since pur > v. Thus the discussion may be conducted
assuming that P satisfies Condition (M, 1) with p5(1s) > 0 (i.e. 3k > 0, v(RF1g) # 0).
Then it follows from Proposition 3.16 that our definition of P irreducible (see (29))
is equivalent to the pugr—irreducibility of P as defined in | , p- 11] and | ,
p. 82], that is (31). Finally, if P satisfies Condition (M, ;) and is irreducible (see (29)),
then Equivalence (32) reads as follows for every A € X: A is accessible if, and only if,
r(la) > 0.

Mazximal irreducibility measures. Although the notion of maximal irreducibility measures
is not explicitly addressed in this work, it has to be discussed since it plays an important
role in | , , |. First note that, if P satisfies Conditions (M, 1)
and (29), then up is an irreducibility measure using the classical terminology in | )

| (see Item C)). Actually, from the above remark on accessible sets, py is a
maximal irreducibility measure according to the definition | , Def. 9.2.2], that is:
Every accessible set A € X' is such that puz(14) > 0. Of course Conditions (M, 1) and
(29) also ensure that the minorizing measure v is an irreducibility measure since v(14) > 0
implies that pgr(14) > 0. However v is not maximal a priori. As is well known, any
irreducibility measure 7 is absolutely continuous w.r.t. the maximal irreducibility measure
tr. Indeed the condition n(14) > 0 implies that Z:g P"14 > 0 on X from the definition
of n—irreducibility, so that ur(14) > 0 from (32) (thus: pg(1a) =0 = n(1la) =0).

Recurrence/transience and uniqueness of invariant measure in recurrence case. Our def-
inition (27) of recurrence corresponds to that in | , Pp. 27-28] and | , p. 180]
with pr as maximal irreducibility measure. From the discussion in Item C), this also
corresponds to the recurrence definition | , Def. 10.1.1]. The transience prop-
erty used in Theorem 3.8 is that provided in [ , p- 171 and 180] and | ,
Def. 10.1.3]. The Recurrence/Transience dichotomy stated in Theorem 3.8 is a well-
known result for irreducible Markov chains, e.g. see [ , Th. 3.2, p. 28], | ,
Th. 8.0.1] and | , Th. 10.1.5]. The novelty in Theorem 3.8 is that this dichotomy
can be simply declined according to whether pg(¢)) = 1 or pugr(1p) € [0,1) under the
minorization condition (M, ). Under the minorization condition (M, ) and the irre-
ducibility assumption, the equivalence between recurrence and Condition pz(1)) = 1 (or
v(hy) = 0) was already highlighted in | , Prop. 9.2].

As indicated in Item B), the existence of P—invariant positive measures is obtained in our
work under the minorization Condition (M, ;) and independently of any irreducibility
condition on P (Theorem 3.5). Existence of P—invariant positive measures is classically
proved under the recurrence assumption. In fact this is usually done together with the
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uniqueness issue. Under the recurrence assumption the existence and uniqueness (up
to a positive multiplicative constant) of a P—invariant positive measure is obtained in
[ , Th. 5.2, Cor. 5.2, p. 73-74] using the representation (21). This result is proved
in [ , Th. 10.4.9] and [ , Th. 11.2.5] via splitting techniques, providing the
classical regeneration-type representation of P—invariant positive measures.

Note that Theorem 3.14 does not extend to infinite invariant measures, as illustrated in
[ , Ex. 9.2.17] where the irreducible Markov kernel of a random walk on X := Z
(the set of integers) is shown to admit at least two infinite and not proportional invariant
positive measures. Such a Markov kernel is transient: Otherwise, Case 1 of Theorem 3.8
would apply, and irreducibility property would imply uniqueness for invariant measures
(up to a multiplicative positive constant).

On Condition 3. of Theorem 3.6. Under Condition (M, ) the following equivalence
is proved in Theorem 3.6: There exists a P—invariant probability measure n such that
n(y) > 0 if, and only if, liminf, o(P™)) > 0 for some probability measure o. To the
best of our knowledge, this result is new. Similar but stronger conditions were intro-
duced in | , Th. 2.1] under further topological assumptions on X and P, also see
[ , ]. In | , Th. 10.5.1] the condition liminf,(P"fy)(x) > 0 for some
x € X and function fp : X—(0,+00) is prove to be a necessary and sufficient condition
for the existence of an invariant probability measure: There, P is a weak-feller Markov
kernel on a locally compact separable space X, and the function fj is not a small-function
but some strictly positive continuous function vanishing at infinity. Note that the con-
dition liminf,, o(P™y) > 0 implies that ) ., o(P")) = +00, so that the series function
Y n>0 P cannot be bounded. This brings us back to the well-known fact that the ex-
istence of a P—invariant probability measure implies recurrence. In case ¢ := 1g, i.e. P
satisfies (M, 1), Condition 3. of Theorem 3.6 is equivalent to the existence of a proba-
bility measure o such that limsup,, o(P"1lgc) < 1. From Markov’s inequality it can be
easily checked that this condition holds if M := sup,,~; o(P"W) < oo for some measur-
able function W : X —[0, +-00) and if there exists some a > M such that S, := {W < a}
is a first-order small-set for P. When X is a separable metric space, recall that the con-
dition sup,,~; o(P"W) < oo for some probability measure o, or refinements with o = ¢,
for some = € X as liminfy,(P*W)(z) < oo in | , Th. 12.1.3], are classically used to
obtain the tightness of the family (0,,),>1 of probability measures defined by

—1
Vn>1, VAe X, o,(la):= a(P*1y),
k=0

3

and then to extract a subsequence (o, )r>1 weakly converging to some probability mea-
sure 0. Further topological assumptions on P, as Feller property, are however necessary
to conclude that o is P—invariant, e.g. see | , , Chap. 12]. Refinements
on this topic can be found in | |, where a necessary and sufficient condition of ex-
istence of an invariant probability measure for weak Feller Markov kernels is provided,
and similarly in [ | concerning the existence of a bounded invariant probability
density function. In Theorem 3.6 the minorization condition (M, ) is assumed, but no
topological conditions on X and P are required.

Strong aperiodicity condition v(¢)) > 0. This condition is a particular case of the aperi-
odicity condition introduced in Subsection 4.3.
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H) The splitting construction. To conclude this bibliographic discussion, it is worth re-
membering that the concept of small-set has a natural and crucial probabilistic inter-
est in splitting or coupling techniques: This is the thread and backbone of the books
[ , , ]. Here this probabilistic aspect is not addressed. More pre-
cisely, the minorization condition (M, ;) allows us to write the Markov kernel P as the
sum of two non-negative kernels: the residual kernel R := P — ¢ ® v and the rank-one
kernel ¥ ®v. That R is non-negative is the crucial point to define all the quantities related
to R in this section, especially the positive measure py (see (21)) and the function hg
(see (20)). Actually one of the key points of the present section and of the next ones is
the kernel identity (17). This formula is already present in Nummelin’s book | ,
Eq. (4.12)]. It seems that the sole way to obtain a probabilistic sense of this formula is to
use the split Markov chain introduced in | | and | ]. The idea is to introduce
an appropriate enlargement of the state space of the original Markov chain in order to
obtain a new Markov chain - the split chain - which has an atom. Then most of state-
ments on the original chain are derived from applying results (obtained for example by
the regeneration method) on atomic chains to this split chain. Thus, using the splitting
construction requires switching from the original chain to the split chain for assump-
tions, and vice versa for results. The enlargement of the state space consists roughly in
tagging the transitions of the original chain according to the occurrence of a ¥—based
tossing coin in order to reflect the decomposition R + ¢ ® v of P in two submarkovian

kernels. We refer to | , Sec. 4.4], | , Sec. 14.2], | , Chap. 5] for details.
See also | ] for a readable survey on this topic in the case of Markov chain Monte
Carlo (MCMC) kernels. Finally mention the recent work [ | (also see | ,

Chap. 23]), where the splitting construction is used to obtain subgaussian concentration
inequalities for geometrically ergodic Markov chains. Here, the kernel-based point of view
allows us to study the general Markov chains in a single step. There is no need to resort
to an intermediate class of Markov chains, e.g. atomic chains, before dealing with the
general case via what may appear to be a technical device, e.g. the split chain. To turn
back to our key formula (17), | , Eq. (4.24)] provides a probabilistic interpretation
from the splitting construction. What is new here is that we are exploiting Formula (17)
solely as a kernel identity, from which we derive in particular Equality (28) which is the
key potential-type formula in this section. The price to pay for this presentation is that
we only consider Markov kernels satisfying a first-order minorization condition.

Appendix A gives the probabilistic interpretation of the main quantities used in this
document. This should facilitate the comparative reading with the statements in reference
probabilistic works as | , ) ]. And, as for formula (17), all these
probabilistic formulas are obtained from the split chain.

To conclude this section, recall that all the results of this work can be translated or
combined in order to obtain probabilistic statements on Markov chains. As an instance,
observing that Condition (M, ) with ¢ := 1g and the irreducibility condition (29) read
as (%) below, Theorem 3.14 provides the following statement:

Theorem A. Let (X,,)n>0 be a Markov chain on (X, X). Assume that there exist a non-
empty set S € X and a finite positive measure v on (X, X) such that

Ve e S, Ppy(X1 € A) >v(la) and VreX, In>1, Py(X, €95) >0. (%)

If (Xyn)n>0 admits a stationary distribution m, then it is the unique one, and the following
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recurrence property holds: for every set A € X with m—positive measure, the total number of
visits to A, Ny = Z;ﬁ% 14(X%), is a random variable with infinite expected value, i.e.:

71'(1,4) >0 = EI[NA} = +00.

4 Harris recurrence and convergence of the iterates

Assume that the Markov kernel P satisfies the first-order minorization condition (M, )
and recall that hyy := lim, R"1x (point-wise convergence, see (20)), where R = R, is the
residual kernel given in (13). Condition hy = 0, which is stronger than v(hy) = 0 (see
(25)), is central throughout this section. Under this condition, the results of the previous
section are revisited in Theorem 4.1 below with an additional result on the P—harmonic
functions. Next, the Markov kernel P is shown to be Harris-recurrent, and the convergence
in total variation norm of the iterates of P to its unique invariant probability measure is
obtained when px(1x) < oo and P satisfies an aperiodicity condition. Still under condition
tr(1x) < oo the periodic case is addressed in Subsection 4.4. If Condition A% = 0 is dropped,
then all these results remain true for the restriction of P to the set H := {hy = 0}: This
is relevant because this set is proved to be pur—full and P—absorbing in Lemma 4.6. Thus,
for the above-mentioned statements to hold on the whole state space X, Condition Ay = 0
is indeed required. Introducing a drift inequality on P, a sufficient condition for A}y = 0 is
presented in Subsection 4.5. For specific Markov models, simpler arguments can be used to
check the condition hyy = 0, as illustrated in Proposition 3.17 in discrete state space case
and in Subsection 10.2 in the context of Markov chain Monte Carlo methods. Finally recall
that the condition pg(1x) < oo, which is required in the convergence results of this section,
is satisfied if, and only if, there exists a P—invariant probability measure w.r.t. which the
small function 1 has a positive integral (see Theorem 3.6).

4.1 Preliminaries on Condition Ay =

Theorem 4.1 Let P satisfy Condition (M, ). If hyy = 0, then the following assertions hold.

1. The P—harmonic functions are constant on X.
2. P 1is irreducible and recurrent.

3. The positive measure jip := Y 7ogVRF (see (21)) satisfies pr(¢)) = 1, and is the unique
P—invariant positive measure 1 (up to a multiplicative constant) such that n(v) < oo.
If pr(lx) < oo, then mg := pr(lx) tur (see (26)) is the unique P—invariant probability
measure on (X, X).

From Theorem 4.1 it can be seen that Condition hy = 0 provides relevant properties on
the Markov kernel P. The converse holds too. Indeed, if P satisfies Condition (M, ) with
tr(lx) < oo and if lim, P™) = mx(¢)) (point-wise convergence), then h = 0. This directly
follows from Formula (17) applied to the function 1k, using Lebesgue’s theorem for discrete
measure and finally formula 75 (¢)pur(1x) = 1 derived from Theorem 3.6. This is implemented
in Corollary 4.8.
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Proof. 1t follows from (24) and hy = 0 that

+o0
> Ry =w(lx) k. (35)

k=0

Let g € B be such that Pg = g. Recall that, for every n > 0, we have v(g) > }_, RFqp =
g— R""lg from (22). Moreover we have lim,, R"g = 0 (point-wise convergence) since |R"g| <
R"g| < |lglixR™1x and hy = 0. Thus g = v(g) 3325 R*. We have proved that g is
proportional to 1x. This proves Assertion 1.

For Assertion 2., apply the kernel identity (28) to 1 to get

+oo +oo +oo
Y P = R"+ pa(eh) Yy P
n=0 n=0 n=0

We have pp(1) = 1 since hyy = 0 (see (25)). Then, we deduce from (35) and the previous
equality that Zz;xé Pk = +00. Thus the irreducibility property (29) holds, as well as the
recurrence property from Theorem 3.8.

The first part of Assertion 3. is a direct consequence of Assertion 1. of Theorem 3.8 using
that v(h$y) =0 (i.e. pr(v)) =1) and that P is recurrent. The second part of Assertion 3. is
Corollary 3.13. The proof of Theorem 4.1 is complete. O

To conclude this preliminary discussion about Condition hj = 0, let us present some
properties on the restriction of the function hj to a P—absorbing set. The notations con-
cerning restriction to a set £ € X of functions, measures ans kernels are provided in Section 2.
Lemma 4.2 is repeatedly used in this section.

Lemma 4.2 Assume that P satisfies Condition (M, ) with ug(¢)) > 0, where R is the
residual kernel given in (13). Let E € X be any pur—full P—absorbing set. Then the Markov
kernel Pg on (E, Xg) satisfies Condition (M, ., ). Moreover the associated residual kernel
Py — Yp ® vE is the restriction Rg to E of R, and the following equalities hold

Ve € E, hg (v) :=limRp(z, E) = hy(z) and Yn >0, vg(REpye) = v(R"Y).

Proof. Since pgr(v¥) > 0 and F is pur—full, we have ur(1pv) = pr(y) > 0, thus ¢¥p is
non-zero. Moreover we have v(1g) = v(1x) > 0 since pr(1ge) = 0 implies that v(1gc) = 0
from the definition of pz. Then Condition (M, 4, ) for the Markov kernel Pg on (E, X )
is deduced from the minorization condition (M) for P since for every A’ € Xg and any
A € X such that A = AN E we have

Vz € E, Pg(x,A")=Px,ANE)>v(ANE))(z)=ve(A)r(z).
That P — ¥g ® vg is the restriction of R to the set E is obvious. It follows that
Ve e E, Vn>1, Rp(x,FE)=R"(z,F)=R"(z,X)
since R"(z, E¢) = 0 from 0 < R"(x, E¢) < P"(x, E°) = 0. Consequently we have for every

z € E: lim, R} (z, E) = hy(x). Finally we have: Vn > 0,Vx € E, (RpvE)(zr) = (R™))(x).
Thus vg(REYE) = v(R™Y) since v(1ge) = 0. ]
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4.2 Harris-recurrence

Let us present a first application of Theorem 4.1 to the so-called Harris-recurrence property.
Let (X,)n>0 be a Markov chain with transition kernel P. If P satisfies Condition (M, )
and if A%y = 0, we know that P is recurrent from Theorem 4.1, that is (see (27))

+0o0o
VAe X : pup(la) >0=VvzeX, E, [Z l{XkeA}] = +00.
k=0

This recurrence property for P is proved below to be reinforced in

+oo
VAe X : ugr(ly) >0= VzeX PI{Zl{XneA}:—l-OO}:l. (36)

Such a transition kernel P is said to be Harris-recurrent.

Theorem 4.3 Let P satisfy Conditions (M, ) and hy = 0. Then the Markov chain
(Xn)n>0 with transition kernel P is Harris-recurrent.

First prove the following lemma.

Lemma 4.4 Let P satisfy Conditions (M, ) and pr(v) = 1. If g € B is such that Pg < g,
then the non-negative function g — Pg is pr-integrable and we have pr(g — Pg) = 0.

Lemma 4.4, which is used below in the proof of Theorem 4.3, has its own interest. Indeed,
from the P—invariance of uyp the conclusion of Lemma 4.4 is straightforward under the
assumption ug(lx) < oo since, for every g € B, the functions g and Pg are pg-integrable
and pr(Pg) = ur(g). However, if up is not finite, the conclusion of Lemma 4.4 is no longer
obvious.

Proof of Lemma 4.4. For every n > 1, it follows from Pg = Rg + v(g)t that

n n

STu(RMg—Pg)) = S u(Rg) - v(RMg) —v(g) Y v(RMY)
k=0

k=0 k=0 k=0

= vlo) (1= D)) - v ) (37)
k=0
< 2lglhyr(1x) < oo

using 0 < 37 v(RFY) < pr(¥) = 1 and |g| < ||g|li;1x. Thus the series S0 v(RF(g —
Pg)) of non-negative terms converges, that is ¢ — Pg is pg-integrable. Since pg(v) = 1
(ie. lim, > p_o v(R*) = 1 from the definition of uz), we know that v(h3) = 0 from (25).
Moreover we have |v(R""tg)| < ||lg|li v (R x) with lim, v(R"1x) = v(h$) = 0 from the
definition of h$y and Lebesgue’s theorem. Thus the property pug(g — Pg) = 0 follows from
(37). The proof of Lemma 4.4 is complete. O
Proof of Theorem 4.3. Let A € X be such that pz(14) > 0. Recall that the function
defined by ¢ (z) := Pm{ Z;:g Lix,eay = —l—oo} for any x € X is a P—harmonic function, see
Appendix A for details. Thus, under Condition hjy = 0, we know that g is constant on X
from Theorem 4.1. We have to prove that g% = 1x, namely that g% (z) = 1 for at least one
rzeX
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Let ga be defined by: Vx € X, ga(z) := P;{T4 < 0o} where T4 :=inf{n > 0: X,, € A}
is the hitting time of the set A. Recall that g4 is superharmonic, i.e. Pg4 < ga, and that
g% = lim, N\, P"ga, see Appendix A for details. Let n > 0. It follows from P(P"ga) < P"ga
and Lemma 4.4 applies to P"g4 that the non-negative function P"g4 — P"tlg, is such
that pr(P"ga — P"'ga) = 0. Thus there exists E, € X such that pg(lge) = 0 and
Prgq = P"lg4 on E,. Now let E := Mn>0Ey. Then we have pg(1ge) = 0 and

Ve € E, Vn >0, galz)=(P"gq)(x).

Passing to the limit when n— 400 we obtain that every z € E satisfies g% (z) = ga(x).
Finally we get from pg(1ge) = 0 that pur(lang) = pr(l4) > 0, and we know that g4 = 1
on A from the definition of g4. Therefore there exists a « € X such that ¢%(z) = 1. Thus
g% = lx since g% is constant on X. The proof of Theorem 4.3 is complete. O

Corollary 4.5 If P satisfies Condition (M, ), is irreducible and recurrent, then the re-
striction Py of P to the uz—full P—absorbing set H := {h$y = 0} is Harris-recurrent.

The proof of Corollary 4.5 is based on Lemma 4.2 and on the following lemma.

Lemma 4.6 Assume that P satisfies Condition (M, ) and is irreducible. If v(hyy) = 0,
then the set H := {h3 = 0} is P—absorbing and pr—full.

Proof. Since v(h$y) = 0 the set H is non-empty. Moreover it follows from v(h3) = 0 and
Rh% = h$y that Phy = h$y. Then we have

Ve H, 0=h=(z)=(Phz)( / b ()P, dy) = | h=(y)P(x, dy)
HC
hence P(x, H®) =0, i.e. P(x,H) = 1, for any * € H. Thus H is P—absorbing. That H is
ur—full follows from Proposition 3.15. O
Proof of Corollary 4.5. We have v(hy) = 0 and pg(¢)) = 1 from Corollary 3.9. It follows
from Lemma 4.6 that H := {h}y = 0} is P—absorbing and pz—full. From Lemma 4.2 applied
to the set H, we know that Py satisfies Condition (M, y,) and that hg, =0 on H from

the definition of H. Consequently the last assertion of Corollary 4.5 follows from Theorem 4.3
applied to the Markov kernel Py on (H, Xf). O

4.3 Convergence of iterates: the aperiodic case

Set D :={z € C: |z| < 1}. If P satisfies Condition (M, ), then the following power series

“+oo

p(z) =Y V(R 'y) 2" (38)
n=1
absolutely converges for every z € D since ug()) = ;28 v(R)) < oo from Proposition 3.4.

If moreover P is irreducible, then this power series p is non-zero since p(1) = pp(1)) > 0 from
Assertion 1. of Lemma 3.10.

If P satisfies Condition (M, ) and is irreducible, then P is said to be aperiodic if p(z)
defined in (38) is not a power series in z¢ for any integer ¢ > 2. From above the set
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{n >1:v(R" %) > 0} is non-empty. Then, using the notation g.c.d. for greatest common
divisor, this aperiodicity condition is equivalent to

ged. {n>1:v(R" ) >0} =1. (39)

This condition obviously holds when P is strongly aperiodic, i.e. v(3) > 0. In Subsection 4.4,
under Conditions (M, ) and hy = 0, various equivalent conditions for aperiodicity are pro-
vided by Theorem 4.14. Actually, Assertion (b) of Theorem 4.14 shows that the aperiodicity
condition does not depend on the choice of the couple (v,%) in Condition (M, ). More-
over, Assertion (¢) of Theorem 4.14 shows that aperiodicity condition is equivalent to the
non-existence of d-cycle sets for P with d > 2.

When P satisfies Condition (M, ) with puz(1x) < oo, is irreducible and aperiodic, the
convergence of probability distributions (0, P"),>¢ to w5 in total variation norm is shown
to be equivalent to the property hyy = 0 in the following theorem. As a corollary, the
convergence of the probability distributions (d,P"),>0 to my holds for mz—almost every
xz € X. Recall that under these assumptions, 7 is the unique P—invariant probability
measure from Assertion 3. of Theorem 4.1.

Theorem 4.7 Let P satisfy Condition (M, ) with pr(1x) < oco. If P is irreducible and
aperiodic, then the following equivalence holds:

hR =0 < VreX, ngr-li-looH(SxP —7TRHT\/:O.

Corollary 4.8 Let P satisfy Condition (M, ) with pg(1x) < oco. If P is irreducible and
aperiodic, then

lim [|0,P" — mrll7v =0 for mg—almost every x € X.
n — 400

More precisely the P—absorbing and mg—full set H := {h3 = 0} satisfies

Pp— . o n _— pr—
H:={zeX: ngriloo 10 P" — mrllrv = 0}.

As expected, Corollary 4.8 follows from Theorem 4.7 applied to the restriction of P to the
P—absorbing and pz—full set H := {h}y = 0} (Lemma 4.6). The proof of Corollary 4.8 is
detailed at the end of this subsection. Just observe here that, from the end of this proof, the
following fact holds under the sole assumption (M, ;) with pz(1x) < co: The convergence
lim,, (P"¢)(x) = mr(¢)) for some = € X implies that h$y(z) = 0.

Proof of Theorem 4.7. The proof follows from the two next lemmas. Indeed assume that
hy = 0. Then lim, P") = mz(¢)1x (point-wise convergence) from Lemma 4.9, thus the
desired convergence in total variation norm holds from Lemma 4.11. Conversely assume
that, for every x € X, we have lim,, [0, P™ — 7g|l7y = 0. Then it follows from the
definition of || - |7y that lim,, 4 o0 (P™)(x) = mx(¢)) since ¢ is bounded. Thus Ay = 0 from
Lemma 4.9. O

Lemma 4.9 Let P satisfy Condition (M, ) with pr(lx) < oco. If P is irreducible and
aperiodic, then

hyy =0 <= lim P") =mx(¢)1lx (point-wise convergence on X).
) n — +00
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Proof. Let D ={z € C: |z| < 1}. The following power series

—+o00 —+00

P(z) = Z Z"P™)p and R(z):= Z 2"R") (40)

are well-defined on D since 1 is bounded. Note that P(z) and R(z) are function series. From
the kernel identity (17) applied to 1) it follows that

Ve D, P(z prw, — ZananFZ Z (RE=1y) Pr—hyp
n=1

R( )+ p(2)P(2)-

where p(z) is the power series defined in (38). Using ux(¢) = 33725 v(RF14) = 1 from
Theorem 3.6, we have: Yz € D, |p(z)| < 1. Thus

_ 1
1—p(z)

Next, for any k > 1, we have v(RF1x) = v(R* Mx)—v(1x)v(RF 1) from Rlx = 1x—v(1x).
Thus,

Vze D, P(z)=R(z)U(z) with U(z):= (41)

VE>1, v(lx)v(RF 1) = v(RF1yx) — v(R*1x)

and
Vn>1, v(lx)) kv(RFMY) = k[v(RF'1x) — v(RF1x)]
= k:I n+1
= > kv(Rx) = (k- 1)v(R )
k=1 k=2

v(RF1x) — nv(R"1x).

I
NE

>
Il

1

Hence m = Y ;2 kv(RF 1) < pr(lx)v(lx) ™! < oo. Now recall that > /2 v(RF1¢) =1
and that p(z) is not a power series in 27 for any integer ¢ > 2 since P is assumed to
be aperiodic. Consequently the Erdds-Feller-Pollard renewal theorem | | provides the
following property for the power series U(z) = _,:08 ugpz® in (41):

. 1
lim wup = —.
k — 400 m

Let x € X. Identifying the coefficients of the power series in Equation (41) (Cauchy product),
we obtain that for every n > 0

(P™)(x Zun w(RFy) ( Zvn k)(RF)(z) with Yk >0, va(k) = wp—kli, (k).

For every k > 1, we have lim, v,(k) = 1/m, and |v,(k)| < sup; |u;| < co. Moreover recall
that /0 (R*)(x) < oo from Proposition 3.4. Then it follows from Lebesgue theorem
w.r.t. discrete measure that

—+00

Vo€ X, lm(P")(z) = %Z(R%)@). (42)

k=0
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Now we can prove Lemma 4.9. If h%y = 0, then we have Z 2 (RFp) () = v(1x) ™t from (35).
Hence (42) provides: Vx € X, hmn(P”w)( ) = (mr(1x))~! Actually the constant (mv(1x))~*
equals to mg(¢) from Lebesgue theorem w.r.t. the P—invariant probability measure 7. The
direct implication in Lemma 4.9 is proved. Conversely, assume that lim, P") = 7z(¢)1x
(point-wise convergence). Then we deduce from (42) that 3720 RFy) = clx with ¢ =
mmg(y). Thus hyy = d1x with d = 1 — cv(1x) from (24). Finally recall that pug(1) = 1, thus
v(hy) = 0 from (25). Hence dv(1x) = 0, from which we deduce that hy = 0. O

Remark 4.10 From the proof of Lemma 4.9 we deduce the following facts. If P satisfies
Condition (M, ) with ur(1lx) < co, then m = 3 725 kv(RF 1) < co. If moreover P is
irreducible and aperiodic and if h3y = 0, then m = (mr()v(1x)) !

Lemma 4.11 Assume that P satisfies Condition (M, ) and pr(1x) < oo. If hy = 0 and
lim,, P" = mx(¢)1x (point-wise convergence on X), then lim,, ||0,P™ — 7g||lrv = 0 for every

z e X.

Proof. Using (17) and 7p = 7x(¢0) S5 vRF~! (see (26)), we have for every n > 1 and g € B

n +00
P'g—mr(g9)lx = R"g + Z v(RM1g) (P*F ) — mr(1h)1x) — ma(¥) < Z V(Rk_lg)> Ix.

k=1 k=n+1

Thus
n +oo

16 P =mrllry < (R™Mx)(2)+ Y v(RF M x) (P ) (@) —ma (@) |[+7a() D v(RF 'x).
k=1 k=n+1

We have lim,(R"1x)(z) = 0 from A% = 0. The term > /> > 11 V(R"1x) also converges to
zero when n — 400 since 20 v(RF1x) = pp(1x) < co. Next note that

n

ST u(RF )| (PP R (@) — maly) \_Z (RF1x) fa(k)
k=1

k=1

with f,,(k) := [(P" %) (x) — 7r(Y)[ 11,5 (k). Then, using S v(RFx) < oo, the above
sum converges to zero when n — 400 from Lebesgue’s theorem w.r.t. discrete measure since,
for every k > 1, we have f, (k) < 2||¢||1, and lim,, f,(k) = 0 by hypothesis. Lemma 4.11 is
proved. O

Proof of Corollary 4.8. From Theorem 3.6 we have pz()) = 1, so that v(h3) = 0 from (25).
Then we know from Lemma 4.6 that the set H := {h}y = 0} is P—absorbing and pz—full.
From Lemma 4.2 applied to F := H, it follows that P satisfies Condition (M, y, ) with
hg, = 0 from the definition of H, and that g.c.d.{n > 1: v (RAYg) > 0} = 1 since
v (R py) = v(R*14). Thus Py is irreducible from Theorem 4.1 applied to Py, and
Py is aperiodic too. Finally note that the positive measure Z,j:o?] v RE is the restriction
g Of pir to the set H, so that pugp(vm) = 1 since pup(¢0) = 1 and H is pp—full. Moreover
the restriction 7g g of 7 to H is a Py—invariant probability measure on (H, X ). Hence
Theorem 4.7 applied to Py shows that, for every x € H, we have limy, |0, Pf; — 7r g ||7v = 0.
Finally, since we have for every x € H and A € X

P"(z,A) —mr(1a) = P"(z, ANH) — mr(lann) = P (z, ANH) — 7r g (Lann)

33



we obtain that: Vo € H, lim, ||0,P™ — mg||ry = 0. This provides the first assertion of
Corollary 4.8 since mx(1g) = 1 from pg(lge) = 0.

It follows from this first assertion that, to obtain the last equality of Corollary 4.8, we just
have to prove that, if x € X is such that lim,, |0, P" — 7z|lrv = 0, then x € H, i.e. hy(x) = 0.
Let = € X satisfy the previous condition. Then we have lim,, (P")(z) = 7x(¢) since 1 is
bounded. Then, passing to the limit when n — +o0 in (17) applied to the function 1x at this
point z, we have

—+00

1= h3y (@) +ma(v) Y v(RMx) = his (@) + ma(e) pa(1x).
k=1

The first equality follows from the definition (20) of h% and from lim,, (P"¢)(z) = mz()) using
Lebesgue’s theorem for discrete measure; The second equality follows from the definition (21)
of jur. Next, since mx(1)) = pur(1x)~" from Theorem 3.6, we obtain that h(z) = 0. The
proof of Corollary 4.8 is complete. O

4.4 Convergence of iterates: the periodic case

Assume that P satisfies Condition (M, ) and is irreducible. Recall that the power series
p(z) given in (38), namely
+o0

p(z) =Y v(R" ) 2"
n=1
is defined on D = {2z € C : |2|] < 1} and is non-zero (see the beginning of Subsection 4.3).
Define
d:=gcd {n>1:vR"") >0} (43)

where g.c.d. stands for greatest common divisor computed on a non-empty set.

Under the assumptions of Theorem 4.12 below, i.e. P satisfies (M, ), hy = 0 and
pr(lx) < oo, it follows from Theorem 4.1 that P is irreducible, and that 75 is the unique
P—invariant probability measure. The convergence in total variation norm of the probability
measures (1/d) Zf;(l) 5P+ to 74 is obtained in Theorem 4.12. Under the assumptions of
Corollary 4.13 below, i.e. P satisfies (M, ) with pr(1x) < oo and is irreducible, it follows
from Corollary 3.13 that 7y is the unique P—invariant probability measure. Under these con-
ditions, the above-mentioned convergence in total variation norm is proved to hold wz—a.s. in
Corollary 4.13. In fact these two statements are the natural extensions to the periodic case
of Theorem 4.7 and Corollary 4.8.

In the context of this section, various equivalent characterizations of Integer d in (43)
are presented in Theorem 4.14 below. It turns out that, under the assumptions of both
Theorem 4.12 and Corollary 4.13, the value of d does not depend on the choice of the couple
(v,%): This is proved in Remark 4.18 at the end of this subsection. Therefore, Integer d
in (43) can be called the period of P without any ambiguity. If d = 1, then P is aperiodic
according to the definition of Subsection 4.3. If d > 2, then P is said to be periodic.

Theorem 4.12 Let P satisfy Condition (M, ;) with pg(lx) < oo and hy = 0. If P is
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periodic with period d > 2 (see (43)), then the following convergence holds:

d 1
VzeX, lim ||mp— Za pratr|| =

n — 400

The proof of Theorem 4.12 is similar to that of the direct implication of Theorem 4.7 (where
d =1). When d > 2, the proof is just a little more technical, since we have to work with the
sums (1/d) Zf;(l) 8, P ™7 This proof is postponed in Appendix B.

Corollary 4.13 Assume that P satisfies Condition (M, ;) with pr(1x) < oo, and is irre-
ducible. If P is periodic with d > 2 in (43), then the following convergence holds :

d—1
lim H?TR 1 Zé P”d‘”HTV =0 for mzp—almost every x € X.

n — +o0o
r=0

Proof. Using the restriction Py of P to the uz—full P—absorbing set H := {h}y = 0} from
Lemma 4.6, Corollary 4.13 is deduced from Theorem 4.12 proceeding as for Corollary 4.8:
Use gcd. {n > 1: UH(RI;“W)H) > 0} = d from Z/H(Rl?*lz/)H) = v(R" 1), and apply
Theorem 4.12 to obtain that

Vo e H, |mm-— 25 pratr| =

g

In the next statement the space B = By, is extended to complex-valued functions, i.e.:

B(C) := {g : X— C, measurable such that ||g||1, := sup|g(z)| < oo}
zeX

where | -| stands here for the modulus in C. Recall that z € C is said to be an eigenvalue of P
on B(C) if there exists a non-zero function g € B(C) such that Pg = zg. Finally recall that,
under Conditions (M, ;) and h% = 0, the positive integer d = g.c.d. {n > 1: v(R" 1) > 0}
n (43) is well-defined in the next statement.

Theorem 4.14 Assume that P satisfies Condition (M, ) and hy = 0. Let p(z) be the
power series given in (38), and let d := g.c.d.{n > 1: v(R" 1) > 0}. Then the following
assertions are satisfied:

(a) The complex numbers z of modulus one satisfying p(z) =1 are the d—th roots of unity.
(b) The eigenvalues of modulus one of P on B(C) are the d—th roots of unity.

(¢) There exist a pr—full P—absorbing set E € X and d disjoints sets Cy,...,Cq_1 in X
such that

d—1
E=||C with Ve=0,...,d—1, Vo € Cy, P(z,Cp41) =1 (44)
/=0

using the convention Cq = Cy. Moreover d is the greatest positive integer for which such
a cycle property holds.
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Any of these three conditions characterizes the integer d := g.c.d. {n > 1: v(R" '¢) > 0}.
The proof of Theorem 4.14 is based on the following three lemmas.

Lemma 4.15 Let P satisfy Condition (M, y) and hy = 0. Let d := g.c.d.{n > 1 :
v(R"" 1) > 0}. Let z € C be such that |z| = 1. Then we have p(z) = 1 if, and only
if, z is a d—th root of unity.

Proof. Recall that pug(1) = 327 v(R"14) = 1 from Theorem 4.1. Let z € C be such that
|z| =1 and p(z) = 1. Then

+o00 +

S uR) A =1=> v(R" ).

n=1

g

3
Il
—_

Writing z = € with 6 € [0,27) we obtain that >/ (1 — cos(nf))v(R"!4) = 0. Define
the set N := {n > 1 : v(R" 1) > 0}. Then n € N implies that cos(nf) = 1. Thus
we have: Vn € N,z" = 1. Next from the definition of d, for p large enough there exists
{n;}i_; € NP such that d = 3°%_, kjn; for some {k;}}_, € ZP (Bézout identity). Thus we
have 2% = H§:1 2Fimi =1 since 2™ = 1. Hence z is a d—th root of unity.

Conversely, let z be a d—th root of unity, i.e. 2¢ = 1. From the definition of d it then
follows that p(z) = >/ 20 v(RFI1) 2k = 1, (y) = 1. O

Lemma 4.16 Let P satisfy Condition (M, ) and hyy = 0. Let z € C be such that |z| = 1.
Then z is an eigenvalue of P on B(C) if, and only if, we have p(z) = 1. Moreover, if any of
these two equivalent conditions holds, then

+oo
E.:={geB(C): Pg=zg} =C-v, with 1, := Zz*(kH)Rkw.
k=0

Proof. First note that, for any z € C such that |z| = 1, the above function @Zz is well-defined
and belongs to B(C) from Proposition 3.4. Moreover observe that

—+00

v(t) =y 2 FHu(RRy) = p(=7), (45)

k=0

the exchange between series and v—integral being valid since 22:08 v(R*)) < oo from Propo-
sition 3.4. Now, let z € C, |z| = 1, and let g € B(C), g # 0, be such that Pg = zg. Thus we
have v(g)y = (21 — R)g from P = R+ 1 ® v. Then we have for every n > 0

V(g) Z z—(k-ﬁ-l)Rkw — <Z z—(k+1)Rk> (ZI o R)g Z z—k‘Rk’g _ Z Z—(k+1)Rk+lg
k=0 k=0 k=0 k=0
— g _ Z_(n+1)Rn+1g. (46)

Moreover we have |R"g| < ||g|15,R"1x, so lim, R"g = 0 (point-wise convergence) from Con-

dition Ay = 0. Hence g = v(g)¢,, with v(g) # 0 since g # 0 by hypothesis. From (45)

it follows that v(g) = v(g)p(z~1), thus p(z~!) = 1, or equivalently p(z) = 1 from 27! =

W

36



(the conjugate of z) since |z| = 1 and the coefficients of the power series p(-) are real (even
non-negative).
Conversely let z € C, |z| = 1, be such that p(z) = 1, thus p(z~!) = 1. From (45) we have

v(y,) = 1. Using P = R+ ¢ ® v and Lebesgue’s theorem w.r.t. R(z,dy) for each z € X we
obtain that

“+o00

P{/\){z = ZZ Zﬁ(k+2)Rk+1w + V(Jz)w = Z({Ez - 2711/)) + ¢ = Z@Zz' (47)

k=0

Thus z is an eigenvalue of P on B(C) since 1, # 0 from v(1),) = 1. The claimed equivalence
in Lemma 4.16 is proved. The last assertion follows from the first part of the proof, where
we obtained that any g € B(C) such that Pg = zg with |z| = 1 satisfies g = v(g)1).. O

Lemma 4.17 Let P satisfy Condition (M, ) and hy = 0. Assume that, for some integer
dy > 1, there exist a pr—full P—absorbing set E € X and d; disjoints sets Cy,...,Cq,—1 in
X such that

di1—1
E= || Co with VE€A{0,...,dy—1}, Yz € Cp, Pla,Cryy) =1
=0
using the convention Cgq, = Co. Then every di—th root of unity is solution to equation

p(2) = 1. Moreover dy divides d with d := g.c.d.{n > 1: v(R" 1¢) > 0}.

Proof. Let z be any d;—th root of unity and define g : E— C by
vee{0,...,d —1}, Ve e Cy, gp(z) = 2°

Then we have for every ¢ € {0,...,d; — 1}, and z € Cy

(Prgr)(z) = /E 95(y)P(z, dy) = /C 95(y) Pz, dy) = 2 = 2 gp(z)

since P(x,Cyy1) = 1 and gp(r) = 2%, recalling moreover for the case £ = d; — 1 that

Cq4, = Cp by convention and that 1 = 2%, Thus Ppgp = zgp. Next recall that puz(y) = 1
from Theorem 4.1. It then follows from Lemma 4.2 that Pg satisfies Condition (M, ) on
(E,Xg), that h . =0 on E from the assumption hj = 0, and finally that

+oo
Vze D, pp(z):= Z ve(Ry 'vp) 2" = p(2).
n=1

We can now conclude. Since z is an eigenvalue of Pgr, Lemma 4.16 applied to Pg ensures
that pg(z) = 1, so p(z) = 1. This proves the first assertion. That d; divides d follows from
Lemma 4.15. U

Now we prove Theorem 4.14.

Proof. Assertion (a) holds with d given in (43) from Lemma 4.15. Thus so is for Assertion (b)
from Lemma 4.16. Now prove that Assertion (c) holds with d given in (43). Let zq = ¢*™/4,
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Jd = ,;H:)B zg(kH)Rk?/), and let @Zd70 (resp. Jd,l) denote the real (resp. imaginary) part of

the function 4. Then it follows from (35) that

+oo
a0 < lhal < RFp = w(1x) '1x.
k=0
We have p(z;') = 1 from Assertion (a), thus v(1hg) = 1 from (45). Then we have V(deo) =
1 = v(v(1x) !1x), so that the following equalities hold v—a.e. on X: g9 = v(1x) 1x and

1’/;61,1 = 0. Now define g4 := V(lx){/;d. From the above we know that |g4| < 1x and that the set
Co := {gq = 1} is non-empty. Moreover we have Pgy = 2494 from Lemma 4.16. Let = € Cj.

Then
Zd X “d

with |ga(y)/z4] < 1 for every y € X since |z4| = 1. It follows that P(x,C1) = 1 where
Cy = {z € X : g4(z) = z3}. Replacing the set Cy with C1, we can similarly prove that,
for every x € Cy, we have P(x,C3) = 1 where Cy := {z € X : g4(z) = 24°}. Repeating

this arguments provides the existence of sets Cp,...,Cy_1 in X satisfying the desired cycle
property: V¢ = 0,...,d — 1, Yz € Cy, P(xz,Cpi1) = 1. These sets are obviously disjoint.
Finally define F := zi;é Cy. This set is P—absorbing since, for every x € F, there exists

a (unique) ¢ € {0,...,d — 1} such that z € Cy, so that 1 = P(z,Cp1) < P(z,E) < 1,
thus P(x,E) = 1. Since P is irreducible from Theorem 4.1, the set F is pzr—full from
Proposition 3.15. We have proved that P satisfies the d—cycle property (44) with d defined
in (43). The fact that d is the greatest integer for which such a cycle property holds then
follows from Lemma 4.17. O

Remark 4.18 The fact that, under the assumptions of Theorem 4.12, the value d in (43)
does not depend on the choice of the couple (v,v) directly follows from Assertion (b) of
Theorem 4.14. Now let us prove that the same conclusion holds under the assumptions of
Corollary 4.13. That is, assume that P satisfies the conditions of Corollary 4.13 w.r.t. two
couples (v,¢)) € M, x B and (V',¢") € M7, x B, and prove that the respective integers d
and d' given by (43) are equal. Recall that P admits a unique invariant probability measure,
say m, from Corollary 3.13. In particular we have g = Tr = 7. Moreover we have (1) =1
and pgp (V') = 1, equivalently v(hy) = 0 and V'(h3) = 0, from Theorem 3.6 (see (25)). It
then follows from Lemma 4.6 that the sets H := {hy = 0} and H' := {h3;, = 0} are n—full
and P—absorbing.

Now let us consider any d—cycle partition E given by Assertion c) of Theorem 4.14 when
applied to the restriction P of P to H. Note that E is then a m—full and P—absorbing subset
of H. Restricting this d—cycle partition to the set E' := E N H' provides a d—cycle partition
for Py since E' := EN H' is a m—full and P—absorbing subset of H'. Then Lemma 4.17
applied to Py shows that d divides d'. Exchanging the role of (v,v) and (V',4') we obtain
that d' divides d. Thus d =d'.

4.5 Drift criteria for i3y =0

Now, we introduce a drift condition to have the property h3 := lim, R"1x = 0, the relevance
of which has been highlighted in Theorems 4.1, 4.3, 4.7, 4.12 and 4.14. Actually, under a
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drift inequality w.r.t. some measurable function W : X —[0, +00), the property hyy = 0 is
characterized in Proposition 4.19 by a control of A} or ELOB R¥4 on any level set W, := {x €
X: W(x) <r} of W. Finally, a condition ensuring this control is provided by Corollary 4.20.

Proposition 4.19 Let P satisfy Condition (M) and the following drift condition for some
measurable function W : X —[0, 400):

IBb>0, PW<W +bib. (48)

For any r > 0 let W, denote the level set of order r defined by: W, = {x € X: W(x) <r}.
Then we have the following equivalences

+o0
hy =0 <= Vr>0, sup hi(z) <1 <= ¥r>0, inf > (RFy)(z)> 0. (49)
zeEW; zEW, =0

Proof. The second equivalence in (49) follows from (24). That hy = 0 implies the sec-
ond condition in (49) is obvious. It remains to prove that the second condition in (49), or
equivalently the third one, implies that hg = 0.

In the sequel, the third condition in (49) is assumed to hold. First prove that we have the
following point-wise convergence on X

Yp >0, limR"1y, = 0. (50)

Let p > 0 and define a = a, := infiep, 120 (RE) (). By hypothesis we have a > 0 and
Ly, < a~! Z::“(’) RF4), from which we deduce that

+0o0
Vn>1, 0< Ry, <a ') R
k=n

from the monotone convergence theorem w.r.t. R"(z,dy) for each x € X. Property (50) then
holds since the series Ziﬁg RF1) converges point-wise from Proposition 3.4.

Next note that v(W )y < PW everywhere on X from (M, ), so that v(W) < oo and RW
is well-defined. Let d := max(0, (b —v(W))/v(1x)) and prove that

RWy <W,; where Wy := W +dlx. (51)

Note that v(Wy) = v(W) + dv(1x) < oo and that PW; = PW + dlx. It then follows from
RWy = PWy —v(Wy)y and from the drift inequality (48) that

RWy<W +bp+dlx — (v(W) +dv(lx))y < Wa+ (b—v(W) —dv(lx))y

so that RWy < W, from the definition of d.

Now let us deduce from (50) and (51) that hyy = 0. Let r > d with d given by (51). We
have

Wy
Ix = 1{:1:€X:Wd(x)>7“} + 1{x€X:Wd(x)§r} < r + 1WT_d-
Thus we get

Vn>1, R'x< R"Wa

W,
+ R"yy, , < Td + Ry,
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from the non-negativity of R and from R"W; < W using (51) and an immediate induction.
Let z € X, ¢ > 0, and fix r > d large enough so that Wy(x)/r < £/2. From (50) applied to
p =r —d, there exists N > 1 such that, for every n > N, we have 0 < (R"1yy,_,)(z) < /2.
Thus: Vn > N, 0 < (R"1x)(x) < e. This proves that hy = 0.

O

We conclude this section providing an alternative sufficient condition for A}y = 0. Let us
consider the Markov resolvent kernel ) defined by

+oo
Q=Y 2-mripn
n=0

Corollary 4.20 Let P satisfy Condition (M, ) and the drift condition (48) for some mea-
surable function W : X —[0, +00). If the following condition holds

Vr > 0, 1nf (Q@D)( ) > (52)
then hyy = 0.

Proof. Below we prove that the third condition in (49) is fulfilled. The claimed conclu-
sion then follows from Proposition 4.19. Recall that ¢ € B, so that Qi and the series
S o0 2= (1) Ry are well-defined. From (17) we obtain that

Q¢ _ 22 (n+1) Rn¢+z2 (n+1) Z Rk 1¢)Pn—k,¢
k=1
+o0o
_ 22 (n+1) Rnw_i_ <Z2 Rk 11/} ) (Zz—(n—kl)in)
n=0

= Z 2= ("I R + a QY

n=0

where a = >/ % 27Fy(RF14)). Note that, either o = 0, or o < pp(1) < 1 from Proposi-
tion 3.4, so that

—+o00
Zz—(nH)Rw =(1-a)Q¢y withl—a>0.

Now let > 0 and a = a, := inf e, (QY)(x). We have a > 0 from (52), and

+o0o +oo
Ve e W, Y (R')(@) 2 Y2 V(RN () = (1 - @) (Qu)(@) 2 (1 - a)a >0,
k=0
The third condition in (49) is proved. O
Condition (52) on @ is obviously satisfied under the following stronger condition
Vr >0, 3g=q(r) > 1, i% (P%)(x) > 0. (53)
[AS 4%

Note that requiring Condition (53) means requiring that the irreducibility property for P (see
(29)) holds uniformly on each level set W,. This condition is relevant only for unbounded
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function W. Indeed, otherwise, the set W, is the whole space X for r large enough, and in this
case Condition (53) is restrictive since it requires that inf,ex(P%)(x) > 0 for some g > 1.
If X is discrete (say X = N) and W = (W(n))nen is an unbounded increasing sequence, then
the sets W, are finite: In this case, Condition (53) holds if, and only if,

VseN, dg=q(s) > 1, Vie{0,...,s}, (P%)(i) > 0.

If X is a non-discrete topological space, then a natural assumption for Condition (53) to be
fulfilled is that, for every r > 0, the set W,. is compact. However this is not sufficient. An
additional natural assumption is that P is weakly Feller (i.e. if ¢ € B is continuous on X,
then so is Pg). Under these two assumptions, Condition (53) actually holds provided that
there exists a bounded and continuous function gy such that 0 < ¢y < and

Vr >0, 3g=q(r) > 1, Ve e W,, (Plg)(x) > 0.

Indeed the continuous function P%i)y then reaches its lower bound on the compact set W,.,
and this lower bound is thus positive under the previous condition.

4.6 Further comments and bibliographic discussion

In the present bibliographic discussion we assume that P is irreducible. The uniqueness
of 1x (up to a multiplicative constant) as P—harmonic functions is classically studied in
link with the Harris-recurrence property, the concept of which was introduced in | ].
A nice and comprehensive account of what is Harris recurrence in probabilistic terms is
presented in | ]. The study of P—harmonic functions is done in [ , Th. 3.8, p. 44],
[ , Th. 17.1.5] and | , Th. 10.2.11], essentially using the fact that, for a Markov
chain (X,)n>0 on X and for every A € X, the function g% : z — P,{X} € Aio.} is a
P—harmonic function, where i.o. stands for infinitely often. Similarly, under the aperiodicity
condition, the Harris-recurrence assumption is classically used to prove the convergence in
total variation of the iterates of P to its (unique) invariant probability measure 7 (i.e. Va €
X, lim, ||, P™ — 7||7v = 0). This is proved in | , Ths. 13.0.1, 13.3.5] and | )
Th. 11.3.1] via renewal theory and splitting construction, also see | ] for a proof based on
the random renewal time approach and | , Th. 4] for a proof based on coupling method.

In this section, assuming that P satisfies the minorization condition (M, ), we choose a
different approach, first focusing on function A% := lim,, R 1x introduced in the previous sec-
tion. Indeed the condition hjy = 0 enables us to prove the above conclusion on P—harmonic
functions (Theorem 4.1), from which the Harris-recurrent property can be derived in Theo-
rem 4.3 using the fact that for every A € X the function x — P,{X} € Ai.0.} is P—harmonic
(no surprise there). In the case when measure pp is finite and P is aperiodic, the condition
hyy = 0 is proved to be equivalent to the above mentioned iterate convergence in total vari-
ation (Theorem 4.7). So, to put it simply, the presentation in this section and the resulting
statements focus on the condition A% = 0 depending on the residual kernel R, rather than
on the Harris-recurrence property. However note that the proof of Theorem 4.7 is original:
Actually Property (24) and the power series formula (41) simply derived from the key equal-
ity (17) allow us to directly apply the renewal theorem proved in the seminal paper | ]
by Erdos, Feller and Pollard, to the power series p(z) in (38) used to define the aperiodicity
condition. Finally mention that, for the direct implication in the equivalence of Lemma 4.9,
the renewal theorem in | , Th 1, p. 330] can be directly applied too.
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If P is recurrent, then the P—harmonic functions are still constant, but up to a negligible
set w.r.t. to some maximal irreducibility measure, e.g. see [ , Prop. 3.13, p. 44]. In
the same way, if P admits an invariant probability measure 7, so that P is recurrent from a
classical result (e.g. see | , Th. 10.1.6]), then the property lim,, ||0;P" — mz|l7v = 0 is
known to hold for 7—almost every = € X, e.g. see | , Th. 11.3.1] and | , Pp- 32-
33]. This is here highlighted using the explicit set H := {h$y = 0} which is P—absorbing and
pr—full under the recurrence condition (see Corollary 4.5 and the proof of Corollary 4.8).
Complements using splitting construction can be found in | , Cor. 5.1, p. 71].

Under the irreducibility condition, the d-cycle property for P stated in Assertion (c¢) of
Theorem 4.14 is the standard definition of the period of P, see | , p- 114] and | ,
Def. 9.3.5]. In our work, under the minorization Condition (M, ) and irreducibility con-
dition, Integer d is defined by d := g.c.d.{n > 1 : v(R" !¢) > 0}. Then the alternative
characterizations of this integer d, in particular the d-cycle property for P, are proved under
the condition Ay = 0 in Theorem 4.14. The convergence in total variation norm stated in
Theorem 4.12 corresponds to the standard statements [ , Th. 13.3.4] and | )
Cor. 11.3.2], except that the condition hY = 0 is used here in Theorem 4.12 instead of the
Harris-recurrence condition in | , |. In the same way the 7z —a.e. convergence in
total variation norm obtained in Corollary 4.13 corresponds to the standard results in | ,
Th. 13.3.4] and | , Cor. 11.3.2]. Again the direct use of the pz—full P—absorbing set
H := {hyy = 0} provides a short proof of Corollary 4.13. The proofs in | , Th. 13.3.4]
and | , Cor. 11.3.2] are based on the d—cyclic decomposition. The proof given in
Appendix B does not rely on the d—cycles property: it adapts the arguments of the di-
rect implication of Theorem 4.7 to the periodic case, thus directly giving the conclusion of
Theorem 4.14.

The sufficient condition provided in Proposition 4.19 for the condition h% = 0 to hold
is the analogue of the standard statements ensuring that P is recurrent or Harris-recurrent
under drift condition, e.g. see | , Prop. 5.10, p. 77], | , Th. 8.4.3, Th. 9.1.8],
[ , Th. 10.2.13]. As recently proved in | | under ¢—irreducibility condition,
such a drift condition (up to a ¢—null set) is even a necessary and sufficient condition for
recurrence. The drift inequality (48) in Proposition 4.19 is the same as in the previously cited
works. Moreover Condition (49) in Proposition 4.19 replaces the classical assumption that
W is unbounded off petite set (i.e. each level set W, := {W < r} is a petite set). This last
condition means that, for every r > 0, there exists a := (a,)n>0 € [0, 1]N with >0 a, =1
and a positive measure v, , such that Q. > 1y, ® v, where @, := ;:f(’] an P™. Expressed
with a, := 27"+ this assumption is clearly stronger than Condition (52) in Corollary 4.20,
which only focusses on the lower bound of the function Qi on W, (no minorizing measure
is involved in (52)).

The notion of modulated drift condition is introduced in the next section, where additional
bibliographic discussion is provided (see Subsection 5.5). Before diving into the details of
these modulated drift conditions, let us present some comment on the probabilistic meaning
of the simpler drift condition (48). Let (X,),>0 be a Markov chain with state space X
and transition kernel P. Let W : X—[0,+00) be measurable. For any r > 0 the set
W, = {zx € X: W(z) < r} must be thought of as the level set of order r in X w.r.t. the
function W. Since (PW)(z) = E,[W(X1)] for any = € X, the Markov kernel P satisfies
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Condition (48) with v := 1y, for some s > 0 if, and only if,

sup B, [W(X1)] <oo and Vo eX\W,, E[W(X;)]<W(a). (54)

rEWs

The second condition in (54) means that, for any r > s, each point x € X such that W (z) =r

transits in mean into W,.. If X := R? is equipped with some norm || - ||, then W may be of the
form W = v(|| - ||) with unbounded increasing function v : [0, +00) —[0, +00). In particular,
if W = || - ||, then the second condition in (54) means that, starting from = € R? far enough

from the origin, the state visited after a first transition of the Markov chain admits in mean
a norm less than ||z||, namely is closer to the origin. For a random walk on N, it means
that, for 7 large enough, the steps of the walker starting from ¢ are in mean more to the left
than to the right, namely it tends to go back towards 0. In case X := Z and W (z) := |z|, a
typical illustration of the explicit computations needed for obtaining the drift inequality (48)
can be found in [ , Sect. 8.4.3 ] for random walks with bounded range and zero mean
increment. If (X, d) is a metric space and W (x) := d(z, z), level sets are the balls centred at
xg. However the possibility of considering other level functions more suited to the transition
kernel (i.e. possibly considering level sets other than balls) offers flexibility for the validity of
Conditions (54) or of the modulated drift condition involved in the next sections.

To illustrate what can be deduced for Markov chains from this section, let us complete the
probabilistic Theorem A stated at the end of Section 3. The following statement follows from
Corollary 4.8 and Theorem 4.14 restricted to the absorbing and pz—full set H := {h3y = 0}:

Theorem B. Let (X,)n>0 be a Markov chain on (X, X) with stationary distribution .
Assume that Assumption (x) of Theorem A holds, and that (X, )n>0 is aperiodic, i.e.: There
do not exist an integer d > 2, a m—full absorbing set E € X and sets Cy,...,Cy_1 in X such
that (with the convention Cq = Cp)

d—1
E=||C with vt=0,....d=1, Yz € Cp, Pp(X1€ Cpp) =1
/=0

Then the following convergence in total-variation distance holds for m—almost every x € X:

ngliloojlelg ‘IP’:E(X,L €A — W(lA)‘ = 0.

5 Modulated drift condition and Poisson’s equation

Throughout this section, the Markov kernel P is assumed to satisfy the first-order minoriza-
tion condition (M, ). Then, the following Vi—modulated drift condition is introduced:
PVy <V — Vi + by with some measurable function Vj : X —[1, +00) and the so-called mod-
ulated measurable function V; : X —[1, 400). The minorization condition is the first pillar in
this work, this modulated drift condition is the second one. Note that the modulated drift
condition is a re-enforcement of the drift inequality (48) of Proposition 4.19.

Under the minorization Condition (M, ) and the V;—modulated drift condition, the
convergence of the series E;ﬁ% RFV; is proved in Theorem 5.3. Then the series E;ﬁ% RF1x
converges point-wise since 1x < Vi, so that the function A% := lim, R"1x (see (20)) is zero
on X. Under the same assumptions it is also shown in Theorem 5.3 that the positive measure
pr given in (21) is finite, i.e. pr(lx) < oco. Accordingly, when Condition (M, ) and the
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Vi-modulated drift condition are assumed to hold, all the conclusions of Theorems 4.1, 4.3,
and Theorem 4.7 or 4.12 hold true, that is:

(i) The P—harmonic functions are constant on X.
(ii) P is irreducible (see (29)) and recurrent (see (27)).

(iii) The positive measure pig (see (21)) is finite (i.e. pr(lx) < oo) and satisfies pgr(1) = 1.
Moreover it is the unique (up to a positive multiplicative constant) P—invariant positive
measure 1 such that n(y) < oco.

(iv) g = pr(lx)"Lug (see (26)) is the unique P—invariant probability measure on (X, X),
we have () > 0, and P is Harris-recurrent (see (36)).

(v) The convergence in total variation of Theorem 4.7 or Theorem 4.12, depending on
whether P is aperiodic or periodic, holds.

Actually the convergence of the series ZZ‘;’? RFV; gives more, in particular it naturally
provides solutions to the so-called Poisson’s equation (Theorem 5.4). This is the main moti-
vation of this section.

5.1 Modulated drift condition D (V;, V1)

Let us introduce the following condition for any couple (Vp, V1) of measurable functions from
X to [1, 400):

I e B, Tbg =bo(Vp, Vi,¥) >0: PVy < Vo — Vi + boeb. (Dy(Vo, V1))

This condition is said to be a Vi —modulated drift condition for P, and Vy and Vy in Dy (Vo, Vi)
are called Lyapunov functions for P. The functions Vp, V1,1 are assumed to be everywhere
finite, so the function PVj is too. It is worth noticing that the modulated function V;
must be larger than one for the results of this section to hold. In fact, it is only required
that V4 is non-negative and V; is uniformly bounded from below by a positive constant.
Indeed, if PV§ < Vj — V{ + /4 for some positive constant ' and some measurable functions
Vo > 0 and V| > clx with ¢ > 0, then Condition Dy (Vp, V1) holds with Vi := V{/c > 1x,
Vo = 1x+ Vj/c > 1x and by := V' /c > 0. Moreover observe that if Conditions Dg(Vj, V1) for
some ¢ € B is satisfied then Dy (Vp, V1) holds for any ¢ € B such that 1) > ¢ (using any
constant by (Vp, V1, 1) larger than by(Vp, Vi, ¢)).

In the special case 1 := 1g for some S € X'*, the above condition writes as
35 € X%, Iby = bo(Vo, Vi,15) >0: PVy < Vo — Vi +bpls. (D14(Vo, V1))

Note that Condition D1 (Vp, V1) implies that Vy > V; on S¢. In fact Condition D4 (Vp, Vi) is
equivalent to : There exists S € ™ such that sup,cge I'(x) < 0 and sup,cg () < oo with the
measurable finite function I'(z) := (PVp)(x) — Vo(z) + Vi(x). Thus, if Condition D14 (Vo, V1)
holds, then any constant by(Vp, V1,1g) > sup,cgI'(z) may be chosen. Finally recall that
Conditions (M 1) and D14(Vp, Vi) are the most classical minorization/drift assumptions
in the literature.

Let us return to Markov kernel P satisfying the assumptions of Proposition 3.1. Then both
Conditions (M 14 ) and (M, 4) hold with v € MY, and ¢ > 15 given in (15). Moreover, if
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P satisfies D14(Vo, V1), then Condition Dy, (Vp, V1) holds since ¢g > 1g. The next statement
ensures that the constant bo(Vp, V1,1s) may be chosen smaller than by (Vp, Vi, 1g).

Proposition 5.1 Let P satisfy the assumptions of Proposition 3.1 and Condition D4 (Vp, V1)
for some couple (Vyy, V1) of Lyapunov functions on X. Then P satisfies Condition Dy, (Vy, V1)
with ¥g > 1g given in (15), and we can choose

bo(Vo, Vi, ¥s) < bo(Vo, Vi, 1s). (55)

Proof. Since 1g defined in (15) is such that ¥g > 1g we already quoted that P also satisfies
Condition Dy, (Vp, V1). Next, set

bo (Vo Vi, 1) = sup L with T(x) 1= (PVe)(x) — Va(a) + Vi (z).
x€eS 1;[}5’(1")

Since 1/}5 > ]-S) we have bO(‘/Ou ‘/1)1/}5) < supxesf(a:) < bO(‘/Oa V17 15) O

Example 5.2 (Geometric drift condition) Let us introduce the following so-called V — geo-
metric drift condition (to be discussed in Section 6):

Fp € BL, 36 € (0,1), Fb € (0,+00): PV <6V +bip (Gy(5,V))

where V : X—[1,+00) is a measurable function. Again recall that the most classical case is
when ¢ := 1g for some S € X*, that is

AS € x*, 35 € (0,1), I € (0,400): PV <5V +blg. (G14(5,V))

Observe that Gy(0,V) implies that PV < V — (1 = §)V + b, so that P satisfies the
Vi—modulated drift Condition D,(Vo, V1) with Vo :=V/(1=6), Vi :=V and by :=b/(1 —9).

5.2 Series of the residual kernel iterates

Under Conditions (M, )-Dy(Vo, V1) the following theorem provides relevant properties on
the non-negative kernel Z;:O?) RF involving the residual kernel R, from which further state-
ments on P and 7y are obtained. Moreover the bounds (57a)-(57b) below are crucial for
the study of Poisson’s equation in the next subsection. The constant used under Condi-
tions (M, )-Dy(Vo, V1) in Theorems 5.3 and 5.4 is the following one:

do = max <0, W) (56)

Theorem 5.3 Let P satisfy Conditions (M, y)-Dy(Vo, V1). Then the following non-negative
function series and their integral w.r.t. the measure v satisfy

“+00 “+o00

0 < Y RPIx <) R <Vo+dolx < (1+do)V (57a)
k=0 k=0
—+o00 “+o00

0 < > v(R1x) <) v(RW) <) +dov(lx) < (1+4do)v(Vy) <oo.  (57b)
k=0 k=0

Moreover the conclusions (1)-(v) provided at the beginning of this section hold true, as well
as the following additional assertions:
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(vi) The unique P—invariant probability measure 7y is such that mz(V1) < oco.
(vil) If mr(Vo) < oo, then mr(V1) < by mr(1)) < by where by is the constant in D, (Vo, V7).

(viii) if PVi/Vi is bounded on X, i.e. PBy, C By,, then the P—harmonic functions in By,
(i.e. g € By, such that Pg = g) are constant on X.

Inequalities (57a)-(57b), thus the non-negative constant dp in (56), will play a crucial role for
the bounds of solutions to Poisson equation in Subsection 5.3 and for the rates of convergence
in Section 8. Recall that the constant dy depends on the minorizing measure v in (M, )
and on the constant by(Vo, V1,7) in Dy (Vo, V7).

Proof. From Condition Dy (Vp, V1) we obtain that
RVy = PVy —v(Vo)v < Vo — Vi + (bo — v(Vo)) ¥,

equivalently Vi < Vo — RVp + (bg — v(V))7),

from which we derive that

n n n+1 n
Vn>1, 0 < Y R RMG-D Ro+ (bo—v(W) Y RFy (58
k=0 k=0 k=1 k=0
< Vo +dolx

using the definition and the non-negativity of dy and finally (24). This provides Inequalities
(57a) observing that V' < (1 + dp)Vp, and (57b) is then obtained using the monotone con-
vergence theorem. Next, the point-wise convergence of the first series in (57a) proves that
hy = lim, R"1x = 0 (see (20)), while the convergence of the first series in (57b) reads as
pr(lx) = 3720 v(RF1x) < oo (see (21)). Recall that the conclusions (i)-(v) provided at the
beginning of this section then follows from Theorems 4.1, 4.3, 4.7 and 4.12. Now prove the
additional assertions (vi)-(viii). That 7z(V}) < oo follows from the definition of 7z and from
the second inequality in (57b) which provides pz(V1) < co. To prove (vii), note that

71'R(PVO) = 7TR(V0) < 7TR(VO) - 7TR(V1) + bOWR(¢)

from the P—invariance of mz and Dy (Vp,Vi). Finally the proof of (viii) follows the same
lines as for Assertion 1. of Theorem 4.1, replacing the function 1x with Vi and observing
that P(By,) C By, thus R(By,) C By;, when PV;/V; is bounded on X. Indeed, first

recall that ¢ := F20 REp = v(1x) "ty from (35) since hy = 0. Now let g € By, be
such that Pg = ¢g. Using R(By,) C By, and proceeding as in Lemma 3.3, we obtained
that v(g) > p_, Rk = g — R"1g for every n > 1. Moreover we have lim, R"g = 0 since
|R"g| < R™|g| < ||gllv; B"Vi and lim,, R"Vi = 0 from (57a). Thus g = v(g)¢, from which it
follows that ¢ is constant. O

5.3 Poisson’s equation

When P satisfies Conditions (M, ) and Dy, (Vy, V1), recall that 7 given in (26) is the unique
P—invariant probability measure on (X, X).

Theorem 5.4 Let P satisfy Conditions (M, )-Dy(Vo, V1) and let R = R, be the associ-
ated residual kernel given in (13). Then the following assertions hold.
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1. For any g € By,, the function series g := Z;ﬁ% RFg absolutely point-wise converges on X.
Moreover we have g € By, more precisely we have

gl < llglvi (Vo + dolx) (59a)
and |[gllv, < (1+do)lglwni- (59b)

where the non-negative constant dy is defined in (56).

2. For any g € By, such that mr(g) = 0, the function g satisfies Poisson’s equation
(I1-Pj=g (60)

Let h € By, and let hg := h — mz(h)1x be the associated mz—centred function. Then the
function hg = ZZEB RFhg belongs to By, and satisfies Poisson’s equation (I — P)hg = ho.
Moreover the following bounds hold

ho| < |hllv; (1 + 7R(V2)) (Vo + dolx) < [|Allvy (1 + 72(V2)) (1 + do) Vo.

This follows from Theorem 5.4 applied to g := hg, observing that we have from the triangular
inequality

[hollvy, < [Rllvy (1 4+ 7mr(V1)).

Proof. Let g € By,. Using |g| < [lgllVi and |RFg| < R¥|g| < ||gllv, RFW; for k > 1,
Assertion 1. follows from (57a). Next, note that mz(]g|) < oo since mx(Vi) < oo from
Assertion (vi) of Theorem 5.3. Now define

n
Vn>1, .= Rfg.
k=0

Then, using P = R+ ¥ ® v we have
Gn — Pgn = gn — Rgn — V(gn)@b =g— Rn+lg - V@nW (61)

We know that lim, R"*'g = 0 (pointwise convergence) from the convergence of the se-
ries Y720 R*g. Moreover, using v(g,) = > p_ov(R¥g) and pr(Vi) < oo, we obtain that
limy, 100 ¥(gn) = pr(g) from Lebesgue’s theorem w.r.t. the measure v. Finally, for every
z € X, we have lim, (Pgy)(z) = (Pg)(z) from Lebesgue’s theorem applied to the sequence
(gn)n w.r.t. the probability measure P(z,dy) since lim, g, = ¢, |gn| < ||glly, Vo (from As-
sertion 1.) and (PVp)(x) < oo. Taking the limit when n goes to infinity in (61), we get
that

(I = P)g=g— pr(g)¥. (62)

Next, if we assume that mz(¢9) = 0, then Equality (62) rewrites as (I — P)g = ¢ since
wr(g) = mr(g)/mr(¥) = 0 from (26). Theorem 5.4 is proved. O
For g € By, such that mz(g) = 0, the solution g := ;;’8 R¥g in By, to Poisson’s equation

(I — P)g = g in Theorem 5.4 is not mp—centred a priori, i.e. Tz(g) # 0. The natural way to
get a mp—centred solution is to define § = g — mx(9)1x, but we then need to assume that g is
mr—integrable. Accordingly, to obtain such a mz—centred solution to Poisson’s equation in
general terms, the assumption 7(Vy) < oo must be made.
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Corollary 5.5 Let P satisfy Conditions (M, )-Dy(Vo, Vi) with mx(Vy) < oo. For any
g € By, such that mr(g) = 0, set g := > ;20 R¥g. Then the function § = § — 7x(9)1x is a
mr—centered solution on By, to Poisson’s equation (I — P)g = g. Moreover we have

19llve < (1 + do) (1+ 7=(Vo)) llgllva (63)

where the non-negative constant dy is given in (56).

Proof. Let g € By, be such that mz(g) = 0. Obviously we have g € By, and 7z(g) = 0.
Moreover we obtain that (I — P)g = (I — P)g = g from Theorem 5.4 and (I — P)1x = 0.
Finally we have

191ve < (L + 7= (Vo) [11xllve ) 19l1ve < (1 + do) (1 + 7=(Vo)) lgllva (64)

using the definition of g, the triangular inequality and |g| < ||g||v;, Vo for the first inequality,
and the bound (59b) applied to g for the second one. O

Let g € By, be such that mz(¢g) = 0. Under the assumptions of Corollary 5.5, when a
mr—centred solution g € By, to Poisson’s equation (I — P)g = ¢ is known, and when two
solutions to Poisson’s equation in By, differ from an additive constant, then we have g = g, so
that the bound (63) applies to g. Of course such a solution g may be obtained independently
of the function g. For instance it can be given by g = Z:;X(’) P¥g provided that this series
point-wise converges and defines a function of By;. Note that the choice of the minorizing
measure v and of the function ¢ used in Conditions (M, ;) and D (Vp, Vi) of Corollary 5.5
naturally has an impact on the constant dp in (63).

Remark 5.6 Recall that, under Conditions (M, y)-Dy,(Vo, V1), the function hgy = lim, R™1x
(see (20)) is zero from the convergence of the first series in (57a), so that ) := S o0 RFqp =
v(1x)~x from (35). So the presence of the term v(1x)~! in the general bound (59b) is quite
natural (it is not due to the proof of Theorem 5.4). This does not mean that the bound of
the Vo— norm of solutions to Poisson’s equation could not be improved. But in fact this last
question is not well formulated since solutions to Poisson’s equation are not unique, and the
solutions given in Theorem 5.4 are very specific: they are defined from the residual kernel R,
in particular they are not wp—centred (see Corollary 5.5).

Remark 5.7 Assume that P satisfies Conditions (M, 14)-D14(Vo, V1) with Vo > Vi and
inf Vo = 1. Then we have dy = 0 in the bound (59b) of Theorem 5.4 if, and only if, S is an
atom, i.e. Va € S, v(dy) = P(a,dy). Indeed, if S is an atom, then P satisfies D14(Vo, V1)
with by = v(Vp) since Vo > Vi. Thus dy = 0. To prove the converse implication, note that

v(1x) 7' = v(1x) Hixllv £ 1+ do)llLsllv, < (1 + do)

from (59b) applied to g :== 1g and (35) with here v := 1g. Hence, if dg =0, then v(1x) > 1.
Thus S is an atom since, for every a € S, the non-negative measure n,(dy) = P(a,dy)—v(dy)
satisfies nq(1x) < 0, so that n, = 0.

5.4 Further statements

Under Conditions (M, ) and for any couple (V,W) of measurable functions from X to
[1,400) such that v(V) < oo, let us introduce the following residual-type modulated drift
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condition involving the residual kernel R = R, given in (13):
RV <V —-W. (Ry(V, V)

Note that Condition R, ,;(V, W) rewrites as PV < V—W +v(V)y, which is a specific instance
of Condition Dy (V,W) with by = v(V). The next simple lemma shows that D, (Vp, V1)
generates a residual-type modulated drift condition up to slightly modify V4. This has been
already observed under the weaker drift condition (48) in the proof of Proposition 4.19.

Lemma 5.8 If P satisfies Conditions (M, y) and Dy (Vy, V1), then we have v(Vy) < oo, and
the residual kernel R = R, given in (13) satisfies Condition Ry, (Vo 4., V1) with Vo 4, :=
Vo + dolx > Vi where do :=max (0, (bo — v(Vp))/v(1x)).

Note that dy in Lemma 5.8 and also in Lemma 5.9 below is the non-negative constant already
given in (56).

Proof. We already quoted that PV} is everywhere finite under Condition Dy, (Vy, V1), so that
0 < v(W)y(x) < (PVy)(x) for every o € X from (M, ). Then it follows that the function
RV} is well-defined and is everywhere finite. Note that v(V) 4,) = (Vo) + dov(1x) < oo and
that PVy 4, = PVo + dolx. We get from the definitions of R and Vj 4,

RVody = PVoa, —v(Vode) = PVo + dolx — (v(Vo) + dov(1x)) e

< Vo —Vi+4+boyp +dolx — ( (Vo) +dov(1 )) (from Assumption D (Vo, V1))
= Vodo — Vi + (bo — v(Vo) — do v(1x)) ¥
< Voa—Vi (from the definitions of d).
Hence the proof is complete. g
Under Conditions (M, ;)-Dy(Vo, V1) and the additional condition 7x(Vh) < oo, the se-
quence (P"Vp)p>1 is shown to be bounded in (By, || - ||v;) in the following lemma.

Lemma 5.9 Let P satisfy Conditions (M, )-Dy(Vo, Vi) with (Vo) < co. Then we have
for everyn > 1:

[9]1 (72 (Vo) + do)
Tr(Y)

Proof. 1t follows from Lemma 5.8 that RV 4, < Vpa, with Vp g, := Vo +dolx and R = R,

n (13). Using the non-negativity of R and iterz;cing this inequality gives: Vn > 1, R"Vj 4, <
Vo.do- From Formula (17) and 0 < Pkt < ||[¢)]|14 1x, we obtain that

P"Vo < Vo +

by —
Ik with [¢lly = supe(), do ::max<o,ov<vo>>,
reX

v(1x)

Vn>1, P"Woa, =R"Voa, + Y (R Woa) PP < Voa, + 16l e(Vo,ao) 1x
k=1

with pp = mz/mr(¥) given in (26). This provides the desired inequality using the definition
of Vo4y, Plx = 1x and mx(Vp) < oo. O

Now, given any measurable function V; : X —[1, +00), we present a necessary and sufficient
condition for P to satisfy a V;—modulated drift condition.
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Proposition 5.10 Assume that P satisfies Condition (M, ). Let Vi : X—=[1,400) be any
measurable function. Then there exists a measurable function Vy : X —[1,400) such that P
satisfies Dy (Vo, V1) if and only if

“+oo
Vo € X, /I}I(az) = Z(Rle)(az) < oo and I/(/‘}I) < 0 (65)
k=0

where R = R,y is the residual kernel in (13).

Proof. If P satisfies Condition D, (Vp, V1) for some Lyapunov function Vp, then (65) holds
true from Theorem 5.3 (in fact we know that ?1 < ¢V for some positive constant ¢). Con-
versely, if Vi satisfies (65) with R = R,y in (13), then we have (R/Vvl)( ) = Vi(z ) — Vi(z)
for every x € X from the monotone convergence theorem w.r.t. the measure R(a: dy). Hence
Condition Ry¢(1/1, V1) holds. Then Condition D¢(V1, V1) holds with by := 1/(V1) O

The next statement completes Theorem 3.6.

Proposition 5.11 Assume that P satisfies Condition (M, ) and is irreducible. Then the
three equivalent conditions 1., 2. and 3. of Theorem 3.6 are also equivalent to the following
one: There exists a P—absorbing and pr—full set A € X such that the restriction of P to
A satisfies the modulated drift condition Dy ,(Va,14) for some measurable function Vj :
A —[1,400), where 14 is the restriction of 1 to A.

If P satisfies the minorization condition (M, ), is irreducible and admits an invariant prob-
ability measure 7, then we have n = mx from Theorem 3.14, and all the conclusions of
Theorem 5.3 then hold on some P—absorbing and m;—full set thanks to Proposition 5.11.

Proof. Under Condition (M, ), let R = R, gr be the residual kernel defined in (13). Assume
that Condition 2. of Theorem 3.6 holds, i.e. pz(lx) < oco. Define on X the function V :=
120 RF1x taking its value in [0, +oc] a priori. Since v(V) = ugr(lx) < 0o, the set

A:={zeX:V(z) <oo}

is non-empty. Moreover, if x € A, then we have (RV)(z) < oo since (RV)(z) = V(z) — 1
from the monotone convergence theorem w.r.t. the measure R(x,dy). We then obtain that
(PV)(z) = (RV)(z) + v(V)¢Y(x) = V(z) — 1+ v(V)p(x) < oco. This proves that A is
P—absorbing. Since P is irreducible, A is pp—full from Proposition 3.15. Furthermore,
the previous equality proves that the restriction of P to A satisfies the modulated drift
condition Dy, (Va,14) where V4 is the restriction of V' to the set A.

Conversely assume that the condition provided in Proposition 5.11 holds. Using the fact
that A is P—absorbing and proceeding as in the proof of Corollary 4.5, it can be proved that
the restriction P4 of P to A satisfies on A the minorization condition (M, ,) with small-
function 14 and minorizing measure v4 defined as the restriction of v to A. Then it follows
from Theorem 5.3 applied to the Markov kernel P4 that there exists a unique P4-invariant
probability measure 4 on A and that 94(¢4) > 0 (apply Assertion (iv) to P4). Next let
us define the following positive measure on (X, X): VB € X, n(1p) := n4a(lanp). Since A
is P—absorbing, 7 is a P-invariant probability measure, and we have n(¢)) = na(a) > 0
Consequently Condition 1. of Theorem 3.6 holds for P and Proposition 5.11 is proved. [
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Under Conditions (M, )-Dy(Vo, V1), the next statement provides a necessary and suffi-
cient condition for the (unique) P—invariant probability measure 75 given in (26) to satisfy
mr(Vo) < 0.

Proposition 5.12 Let P satisfy Conditions (M, )-Dy(Vo,V1). Then the two following
conditions are equivalent:

1. mr(Vo) < 0.

2. There exists a P—absorbing and mr—full set A € X and a measurable function L > Vy on A
such that the restriction Pa of P to A satisfies the modulated drift condition Dy, (L, VOlA),
where Vy, , (resp. 1 4) is the restriction of Vi (resp. of ) to A.

Proof. The proof follows the same limes as for Proposition 5.11. Let R = R, r be the
residual kernel given in (13). Assume that m4(Vp) < oo and define on X the [0, +oo]—valued
function Vg := ;ﬁ% R*Vy. Then Vy > Vo, and the following equality holds in [0, 4+o0]:
R% = % — V4. Note that there exists x € X such that %(x) < 00 since V(%) = pnr(Vo) < o0
from 74(Vy) < oo, where up := Y /20 vRF (see (26)). Now define the non-empty set A :=
{r e X: Volz) < oo} € X. Let x € A. Then we have (RVp)(z) < oo from (RVp)(z) =
Vo(z) — Vi(z), so that (PVp)(z) = (RVp)(z) + v(Vo)ib(z) < co. Thus P(x, A) = 1. This
proves that A is P—absorbing. Since P is irreducible from Theorem 5.3, A is mg—full from
Proposition 3.15. Moreover the restriction L := VO\ 4 of Vj to A is a measurable function on
A satisfying RL = L — Vi on A, so that the restriction P4 of P to A satisfies the modulated
drift condition Dy, (L, Vp,,) as stated in Assertion 2. of Proposition 5.12.

Conversely assume that P satisfies Assertion 2. Then, proceeding as in the proof of
Corollary 4.5, we know that P4 satisfies on A the minorization condition (M, ,,) where
v4 is the restriction of the minorizing measure v to A. Thus it follows from Assertion (vi)
of Theorem 5.3 applied to P4 under Condition (M, y,) and Dy, (L,Vp ,) that the unique
P4—invariant probability measure, say w4, is such that = A(VO‘ ) < 00. Using the fact that 75
is the unique P— invariant probability measure, we then obtained that w4 is the restriction
of 7z to A and that mx(Vp) = ma(Vp,) < oo since A is P—absorbing and 7p—full. O

We conclude this subsection proving that the bound 7x(V1) < bg mx (1)) in Assertion (vii)
of Theorem 5.3 holds even when Vj is not m—integrable.

Proposition 5.13 Let P satisfy Conditions (M, ;)-Dy(Vo, Vi). Then mr(Vi) < by mgr(v).

Proof. Let Wy := Vy — PVy + bpyp. Note that W7 > Vj. Since P obviously satisfies Condi-
tion D, (Vo, W1) we know from Assertion (vi) of Theorem 5.3 that mz(W1) < co. Thus the
function Vy — PVp is mp—integrable. Since Vp — RVy = Vp — PVy + v(Vp)1, we obtain that
Vo — RV} is mp—integrable too. Moreover we know from Lemma 5.8 that RV} 4, < Vp 4, with
Vo.do = Vo + dolx and dp := max(0, (bp — v(Vp))/v(1x)). Iterating this inequality provides:
Vk > 1, RkVQdO < Vo,4,, thus R*Vy < Vi + dolx. This shows that V(RkVO) < oo for every
k > 0. Next note that Vj — PV and V) — RV} are also pz—integrable since pg := pup(1x)mx
(see (26)). Therefore it follows from the definition of i that the series 3,0 v(R* (Vo — RVp))
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converges, so that

pa(Vo— RVo) := lim » v(R*(Vo—RW)) = lim 3 [v(R*V5) —v(R*'Vp)]
k=0 k=0
= v(W) = lim v(R")

from which we deduce that

pr(Vo = PVo) = pup(Vo — RVo) — v(Vo)ua(¥) = = lim v(R"Vp) <0

n — 400

since pr(1) =1 and v(R"Vp) > 0. Finally we obtain from the definition of W; that
Tr(V1) < mr(Wh) = ma(Vo — PVo) + bomr(¢) < boma(¢)

since mx(Vo — PVo) = pr(1x) ' ur(Vo — PVp) <0. O

5.5 Further comments and bibliographic discussion

Condition D1 4(Vp, V1), extended here to Dy, (Vy, V1), is the so-called Vi-modulated drift con-
dition, e.g. see Condition (V3) in | , p- 343]. Although the functions Vp, Vi in Dy (Vy, V1)
satisfy Vo > Vj in general, this condition is not useful in this section. Such drift conditions
was first introduced for infinite stochastic matrices in [ ] to study the return times to a
set. Still in discrete case, further developments based on drift conditions were proposed in
[ ) ) | with the aim of studying ergodicity or recurrence properties. The use

of modulated drift conditions was extended to general state space in | ]. An historical
background on this subject is provided in | , p. 198] and [ , p- 96, 164, 337]. The
main results of this section have been presented in [ ]: Here the proof of Theorem 5.3 is

slightly simplified using (24), moreover an intermediate bound is added in (59a) to facilitate
bibliographic comments of Section 11. Again note that the non-negativity of the residual
kernel R plays a crucial role in Theorem 5.3 since the point-wise convergence of the series in
(57a) is simply obtained bounding the partial sums (see (58)).

Under the Vi—modulated drift condition Di4(Vp, V1) w.r.t. some petite set S € X, the
existence of a solution & € By, to Poisson’s equation (I — P){ = g was proved in | )
Th. 2.3] for every mp—centred function g € By,, together with the bound |||y, < colg]lvs
for some positive constant ¢y (independent of g). When S is an atom, the solution £ in
[ , Th. 2.3] can be expressed in terms of the first hitting time in S, and the non-
atomic case is solved in | | via the splitting method. Under the irreducibility and
aperiodicity conditions, Glynn-Meyn’s theorem is related to point-wise convergence of the
series ZZ’;’% Py, see [ , Th. 14.0.1]. With regard to the above two representations of
solutions to Poisson’s equation, the reader may consult the recent article | ]. To the
best of our knowledge the constant c¢g in | , Th. 2.3] was unknown. In [ ] the
link between solutions to Poisson’s equation (I — P)¢ = g and the residual potential series

Zj’) RFg was highlighted in an abstract framework involving harmonic functions for both
R and P. No modulated drift condition is used in [ ], so that the convergence of the
previous series must be assumed to hold and no bound for this series is provided there. The
study of Poisson’s equation via taboo potential theory has been developed in an even more
abstract context in [ , ]. In our work this potential approach is restricted to
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the residual kernel under the first-order minorization condition (M, ) and the modulated
condition Dy (Vo, V1).

The works | | and more recently | | seem to be the first ones providing an
explicit bound in Poisson’s equation, which was previously known only in the atomic case:
see [ , Prop. 1] for a discrete state-space X. Thus, the novelty of Theorem 5.4 and Corol-
lary 5.5 already proved in | | is to provide a simple and explicit bound in Poisson’s
equation in the non-atomic case. Under the first-order minorization condition, the constants
in the analogue of Bound (59a) in | | are very close to ours, and even possibly slightly
tighter in particular cases, see | , Sec. 4] where the bounds are compared for the random
walks on the half line. The paper | | based on a randomized stopping time also provides
an explicit and simple bound of solutions to Poisson’s equation under higher-order minoriza-
tion condition (in place of Condition (M, )). Such an extension is proved in Subsection 11.2
(see Theorem 11.12) using again the series of the iterates of a residual kernel. However the
bound obtained in Theorem 11.12 is not as simple and accurate as in | |, see Subsec-
tion 11.3. Still with the aim of studying Poisson’s equation, an alternative approach based
on the use of several first-order small-functions is proposed in Subsection 11.1.

Let us briefly discuss the Central Limit Theorem (C.L.T.), which is a standard topic
where Poisson’s equation is useful. If (X,,),en is a Markov chain with state space X and
invariant distribution 7, then a measurable m—centred real-valued function g on X is said to
satisfy the C.L.T. under P, for some initial probability measure n (i.e. n is the probablhty
distribution of Xy) when the asymptotlc distribution of n=/28,,(g) Wlth Sn(9) =120 Lo(Xn)
is the Gaussian distribution N (0, o ) for some positive constant 0' , called the asymptotic
variance of g. We refer to | ] for a general overview on the Markov1an C.L.T. and its
relationship with drift and mixing conditions. In our context, | , Chap. 21] is a nice
and comprehensive account on the C.L.T. and the classical approach via Poisson’s equation.
Here, in link with Corollary 5.5, we just recall the following classical C.L.T. proved in | ]
for Markov chains satisfying a modulated drift condition:

Glynn-Meyn’s C.L.T. | |- If the transition kernel P of the Markov chain
(Xn)nen satisfies Conditions (M,)-Dy(Vo, Vi) with Vi < Vo, ma(VE) < oo, and
if n is any initial probability measure, then every mr—centred function g € By, satisfies
the C.L.T. under P, with asymptotic variance given by 03 = 271r(g9) — mr(g?), where
g € By, is the solution to Poisson’s equation (I — P)g = g provided by Corollary 5.5.

The condition (V) < oo is required for the function g to be square mz—integrable in
order to apply the Markovian C.L.T. | , Th. 21.2.5] under P, where 73 is the
unique P—invariant probability measure from Theorem 5.3. The extension to any initial
probability measure follows from | , Cor. 21.1.6] since P is Harris recurrent under
the assumptions of Corollary 5.5 from Theorem 5.3. A fairly comprehensive overview on
the asymptotic variance in Markov chain C.L.T. is provided in | . Moreover recall
that the finiteness of the asymptotic variance may be relevant beyond the C.L.T., e.g. see
[ ]. Note that the asymptotic variance 03 can be upper bounded using the bound (63)
(see | , Cor. 2.7]).

To conclude this section let us make a few additional comments on the modulated drift
condition, which is the main assumption of this work together with the minorization condition.
If (X,,)n>0 is a Markov chain with state space X and transition kernel P, then the modulated
drift condition has the following form when the modulated function V; is constant and ¢ = 1y,
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for some s > 0 where Vs = {z € X : Vy(z) < s} is the level set of order s w.r.t. the function Vj:

sug E.[Vo(X1)] <oo and 3Ja >0, Vo e X\ V,, E,[Vo(X1)] < Vo(z) — a. (66)
reVs

The second condition in (66) means that, for any r > s, each point € X such that Vy(z) =r
transits in mean to a point of the level set V,_,. For a random walk on N, it means that, for
i large enough, the steps of the walker starting from ¢ are in mean strictly more to the left
than to the right, the gap being controlled by a fixed additive constant a > 0. Recall that
the weaker drift condition (54) was introduced in Proposition 4.19 to obtain limy R*1x = 0.
The additive reduction by the positive constant a in (66) is the sole difference with (54),
but it is crucial for obtaining the convergence of the series Z;ﬁ‘é RF1x in Theorem 5.3. The
general modulated drift condition D, (Vp, V1) corresponds to (66) with a positive term Vi (z)
depending on z instead of the positive constant a.

Under the minorization condition (M, ), Theorem 3.14 and Proposition 5.11 show that, if
P is irreducible and admits an invariant probability measure 7, then P satisfies a modulated
drift condition with Vj(z) = 1 on some absorbing and m—full set. Hence modulated drift
condition is a natural assumption. In the discrete state space, any Markov kernel P satisfying
the standard communication property [ , p. 78] and admitting an invariant probability
measure 7 satisfies all the conclusions of Theorems 5.3, 5.4 and Corollary 5.5. Indeed S = {z}
for some state x may be chosen such that 7(1¢;)) > 0, and S = {z} is obviously a first-order
small-set. We have m = 7 from Theorem 3.14. Next, it follows from Proposition 5.11 that P
satisfies all the conclusions of Theorem 5.3 on a P—absorbing and m—full set A € X. In fact
we have A = X here: Indeed, otherwise any x € A would satisfy P"(z, A°) = 0 for every n > 1
with A€ # (), which contradicts the communication property between any two states. Various
examples of discrete Markov models are presented in | , , ]. In fact, many
of the above conclusions are milestones in Markov theory. In particular, Forster’s criterion
as a necessary and sufficient condition of existence of a P—invariant probability measure (or
for positive recurrence) for irreducible Markov kernels, is nothing else that a 1—modulated
drift condition. This explains why the minorization and drift conditions are so popular for
studying Markov models.

Note, however, that Proposition 5.11, as well as Proposition 5.10, are only of theoretical
interest. In practice the form of the Markov kernel P is directly taken into account to find
explicit functions Vp and Vi satisfying Condition D, (Vo, V1). Finally, as shown for instance
for random walks on the half line in | ], recall that the condition 7z(Vp) < oo is not
automatically fulfilled under Condition D (Vp, V1). In fact, as proved in Proposition 5.12,
this additional condition 7z(Vp) < oo is closely related to an extra Vp—modulated drift
condition. Finally recall that, under the sole condition PVy < Vy — Vi + bg 1x for some

Lyapunov functions Vp, V1 and positive constant by, we have 7wz (V;) < by from | , Cor. 4].
This bound is proved in Proposition 5.13 under the stronger Conditions (M, y)-Dy(Vo, V).
Also see | , Prop. 1.4] which provides, under the same assumptions as in | |, a simple

proof of the property mz(V1) < oo (without bound).

To conclude this section let us just illustrate properties (iv) and (v) stated at the beginning
of this section, by simply converting them into a probabilistic version:

Theorem C. Let (Xy,)n>0 be a Markov chain on (X, X). Assume that there exists a non-
empty set S € X such that

Ve e S, Py(X1 € A) >v(ly) and Ve S E [Vo(X1)] < Vol(z) — Vi(x)
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for some finite positive measure v and measurable functions Vo, Vi : X =1, 4+00) such that
Vi and x — E4[Vo(X1)] are bounded from above on S. Then (X,)n>0 is Harris-recurrent
with unique stationary distribution w. Moreover, if (Xy)n>0 is aperiodic, then the following
convergence in total-variation distance holds:

Vo € X, lim sup |Py(X, € A) —m(14)| = 0.
n—+00 pcy

6 V —geometric ergodicity

Let V' : X —[1, 400) be measurable. Recall that the V —geometric drift condition for P is
Jp e B, 36 €(0,1), b€ (0,+00) : PV <6V +b2 (Gy(0,V))
and that this condition provides the modulated drift Condition D, (Vp, V1) with
Vo:=V/(1-96), Vi:=V and by:=b/(1-9) (67)

(see Example 5.2). Now in this section, let us assume that P satisfies the first-order mi-
norization condition (M, ) and the geometric drift condition Gy (6,V). It follows from
Theorem 5.3 and Condition D (Vo, V1) with Vp, V1 and by given in (67) that the residual
kernel R = R, given in (13) fulfils the following properties

+oo +o0
1+d , b—uv(V
0 < ;OR’“IX < ZRkvgli;V with  dp := max <0,1/()> (684)

P - (1x)(1 = d)
+o00 +oo
0< > v(RF1x) < wamg“ﬂ@?”<m, (68b)
k=0 k=0

so that h® = 0 and 75 := pr(lx) ‘ur (see (26)) is the unique P—invariant probability
measure on (X, X'). Moreover we have from Conclusions (iii) and (vi) of Theorem 5.3 that

pr() =1 and wg(V) = (V1) < 0. (69)

Below a direct application of Theorem 5.4 and Corollary 5.5 for Poisson’s equation pro-
vides Corollary 6.1. Then, assuming further the aperiodicity condition (39), the so-called
V —geometric ergodicity is obtained in Subsection 6.2 using elementary spectral theory.

6.1 Poisson’s equation under the geometric drift condition

Corollary 6.1 Let P satisfy Conditions (M, )Gy (6,V) and let R = R, be the associated
residual kernel given in (13). Then:

1. For any g € By, the function series g := 2;08 RFg absolutely converges on X (point-wise
convergence). Moreover we have g € By and

1 +do
1-6

- . b—v(V
llgllv < lgllv  with dy := max <0, 1/()) (70)

(1x)(1 =)

where 6,b are the constants given in Gy (0, V).
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2. For every g € By such that wp(g) = 0, the function g := g — wx(9)1x is the unique
mr—centered function in By solution to Poisson’s equation (I — P)g = g, and we have

(1+do) (1 +7s(V))
1-90

Ilgllv < llgllv- (71)
For the sake of simplicity this statement is directly deduced below from Theorem 5.4 and
Corollary 5.5. A self-contained proof of Corollary 6.1 could be also developed starting from
(68a) and mimicking the proofs of Theorem 5.4 and Corollary 5.5.

Proof. Using the modulated drift condition D, (Vy, V1) with Vo, Vi, by given in (67), it follows
from Assertion 1. of Theorem 5.4 that

Vg € By, |9llvy < (1 +do)llglly with do:= max <0

b—v(V) )
"v(1x)(1 - 9)

from which we deduce (70) since || - |y, = (1 = d)]| - ||v. Now, apply Corollary 5.5 to prove
Assertion 2. First note that 7z (V) < oo since Vo = V/(1—6) and mx (V') < oo (see (69)). Next
we know from Corollary 5.5 that § = g — mz(g)1x is a mz—centered function in By solution
to Poisson’s equation (I — P)g = g. Moreover observe that 7z (V0) ||1x|lv, = m=(V) [|[1x]|v <
mr(V). From the first inequality in (64) and again || - ||y, = (1 —0)|| - ||, we obtained that

Igllv < (1+7=(V)) Igllv

from which we deduce (71) using (70).

Finally it follows from Condition G (9, V') that PV/V is bounded on X, i.e. PBy C By,
since the small-function ¢ is bounded and 1x < V. Then Assertion (viii) of Theorem 5.3
ensures that By := {g € By : Pg = g} =R 1x. Hence two solutions to Poisson’s equation in
By differ from an additive constant. Consequently ¢ is the unique 7z—centered function in
By solution to Poisson’s equation (I — P)g = g. O

6.2 V—geometric ergodicity

Recall that, under Conditions (M, )Gy (9,V), we have hyy = 0, so that the aperiodic-
ity condition (39) corresponds to the case d = 1 in Theorem 4.14. Now, under Condi-
tions (M, )-Gy(9,V) and (39), the so-called V —geometric ergodicity of P is proved below.
The proof is based on Inequalities (68a)—(68b), Corollary 6.1 and elementary spectral theory.
This requires to extend the definition of By to complex-valued functions, that is: For every
measurable function g : X — C, set ||g||lv = sup,cx [9(2)|/V (x) € [0, +00] where |- | stands
here for the modulus in C, and let us define

By (C) := {g : X— C, measurable such that [|g|ly < oo}.

Note that, under Condition Gy (6,V), P defines a bounded linear operator on By . Since
every function g in By (C) writes as g = g1 + ig2 with ¢1,92 € By, Pg is simply defined by
Pg = Pg1+1iPgs, so that P obviously defines a bounded linear operator on the Banach space
By (C), || - [lv) too.

Theorem 6.2 Assume that P satisfies Conditions (M, ;)-Gy(6,V) and is aperiodic (see
(39)). Then P is V—geometrically ergodic, that is

dp€(0,1), 3¢, >0, Vg € By(C), Vn>1, [[P"g—7r(9)lx|lv < cpp™llgllv. (72)
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Note that the geometric rate of convergence in the case of uniform ergodicity (see Exam-
ple 3.7) corresponds to the 1x—geometric ergodicity.

Let g € By be such that 7z(g) = 0. It follows from Property (72) that
+o00
Y IP gl < et —p)Hgllv < oo
k=0
Consequently the function series g := 3720 P*g absolutely converges in (By, || - |v) and
lallv < (1= p)"Hlgllv-

Note that g is mz—centred and satisfies Poisson’s equation (I — P)g = g, so that g equals to
the function g of Corollary 6.1. Inequality (71) then provides the following alternative bound:

lallv <

Now, the needed prerequisites in spectral theory are listed. Let L be a bounded linear
operator on a Banach space (L, || - ||):

(S1) The spectrum o (L) of L: o(L) := {z € C: zI — L is not invertible} where I denotes
the identity map on £. Recall that o(L) is a compact subset of C.

(S2) The operator-norm of L, still denoted by ||L||: ||L| :=sup{||Lf]| : f € L, | f]| <1}

(S3) The spectral radius r(L) of L: r(L) := max{|z| : z € o(L)},
and Gelfand’s formula: (L) = lim,, | L™||*/™.

Under the assumptions of Theorem 6.2, Lemmas 6.3-6.4 below show that, for any z € C
such that |z| =1 and z # 1, the bounded linear operator zI — P on By (C) is invertible.

Lemma 6.3 If P satisfies Conditions (M, ,)-G (6, V') and is aperiodic, then for any z € C
such that |z| =1 and z # 1 the bounded linear operator zI — P on By (C) is one-to-one.

Proof. Let z € C be such that |z] = 1 and assume that zI — P on By (C) is not one-to-one,
that is: there exists g € By (C), g # 0, such that (21 — P)g = 0. Below this is proved to be
only possible for z = 1, which provides the desired result. Let g € By (C), g # 0, be such
that (2 — P)g = 0. Since P, thus R, defines a bounded linear operator on the Banach space
(Byv(C), ] - Ilv), Equality (46) of Lemma 4.16 can be proved similarly, that is we have:

Y, > 0, V(g) Z z—(k’-ﬁ-l)Rk’w =g— Z_(n+1)Rn+1g.
k=0

Moreover we know from Assertion 1. of Corollary 6.1 that the series g := zjé RFg point-wise
converges on X, thus: limg RFg =0 (point-wise convergence). Hence we have g = l/(g){/)vz,
with ¢, = Z,JC;O?J z~ (-t Rk Recall that 1, is bounded on X from Proposition 3.4. Thus
g is bounded on X, so that z is an eigenvalue of P on B(C) and p(z) = 1 from Lemma 4.16,
where p(-) is defined (38). Since the aperiodicity condition corresponds to the case d = 1 in
Theorem 4.14, it follows that z = 1 from Assertion (a) of Theorem 4.14. O
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Lemma 6.4 If P satisfies Conditions (M, ;,)-G(6, V) and is aperiodic, then for every z €
C such that |z| =1 and z # 1 the bounded linear operator zI — P on By (C) is surjective.

Proof. Let z € C be such that |z| =1 and g € By. Define
n
V> 1, .= Zz—(k—i—l)ng'
k=0

Using P = R + ¥ ® v we obtain that
2Gne = Pinz = 20z — Rine —v(Gnz) = g — 2 "R —v(Guz)yw. (73)

Moreover we have

n — 400

+o0

lim gp.=0.:= Z 2~ DRk (point-wise convergence) (74)
k=0

with g, € By (C) since

+o0 +oo
Sl FHIRRg < lgllv Y RFV <V with e= (1+do)(1—6)""
k=0 k=0

from the second inequality in (68a). Also note that, for any = € X, we have (PV)(z) < o0
from Condition D (Vp, Vi), and that |g, .| < c¢V. It then follows from Lebesgue’s theorem
w.r.t. the probability measure P(z,dy) that lim,(Pgn .)(x) = (Pg.)(z). Finally we have

n +o00
. ~ N —(k+1) E oy _ - —(k+1) k
Jim v(ga) = lim Y 2T Eu(RYg) = pa(g) =) 2 MHUu(RY)
k=0 k=0
since the last series converges from |z~ *tDy(R¥g)| < ||g|lv ¥(R*V) and (68b). Then, when n
growths to +oo in Equality (73) (point-wise convergence on X), we obtain that (2 — P)g, =

g — pz(g)y. With g := 9 this provides (2 — P)QZZ = (1 — ,uz(w))w with

+00 +oo
o=y 2 FTURMY € By(C) and po() = 2 FTVu(RFp) = p(=7)
k=0 k=0

where p(-) is defined (38). Since z # 1 and d = 1 (aperiodicity condition), we know from
Assertion (a) of Theorem 4.14 that p(z~!) # 1. Thus

=) (5 + 2290 ) =

from which we deduce that 2/ — P is surjective. O
Proof of Theorem 6.2. Recall that (V) < oo under the assumptions of Theorem 6.2 (see
(69)). Thus 7, defines a bounded linear form on By (C), so that By := {g € By (C) : mr(g9) =
0} is a closed subspace of By (C). Note that By is P—stable (i.e. P(By) C Bp) from the
P—invariance of 7. Let Py be the restriction of P to By. Assertion 2. of Corollary 6.1 shows
that I — Py is invertible on By. Next let 2 € C be such that |2| = 1, z # 1. It follows
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from Lemma 6.3 that zI — Py is one-to-one. Now, let g € By. From Lemma 6.4 there exists
h € By (C) such that (2 — P)h = g. We have (z — 1)mz(h) = mr(g) = 0, thus mz(h) = 0
(i.e. h € By) since z # 1. Hence zI — Py is surjective.

We have proved that, for every z € C such that |z| = 1, the bounded linear operator
zI — Py is invertible on By. Let r(P) denote the spectral radius of P on By (C). Recall
that r(P) = lim, (]| P"||v)"/™ from Gelfand’s formula, where || - ||y; denotes here the operator
norm on By (C). We know that r(P) < 1 from Lemma 5.9 (in fact we have r(P) = 1 since
Plx = 1x). Hence the spectral radius 1o = 7(Py) of Py on By is less than one too. In fact
we have ro < 1 since the spectrum o(Fy) of Py is a compact subset of C which, according to
the above, is contained in the unit disk of C and does not contain any complex number of
modulus one.

Let p € (ro,1). Since ro = lim, (|| P}|jo)"/" from Gelfand’s formula where || - ||y denotes
the operator norm on By, there exists a positive constant c, such that: ||Pj[lo < ¢, p". Thus

Vn > 1, Vg € By (C), [|[P"g — mr(9)lx[lv = |P"(g — mr(9)1x)[v (from P"1x = 1x)
= [|Py'(g — mr(9)1x)|lv (since g — mr(g)1x € Bo)
<o p"lg = mr(9)1xv
< cp(L+mr(V)) p" [lgllv (75)

from triangular inequality and 7x(|g|) < mx(V)||g|lv. This proves (72). O

6.3 Further comments and bibliographic discussion

A detailed and comprehensive history of geometric ergodicity, from the pioneering papers
[ , , , | to modern works, can be found in | , Sec. 15.6, 16.6]
and | , Sec. 15.5]. Theorem 6.2 corresponds to the statement | , Th. 16.1.2] and
[ , Th. 15.2.4], except that it is stated here with a first-order small-function instead of
a petite set. We have adopted the modern form of this statement using the weighted-normed
space By, which was first proposed in this context by | , | for discrete Markov
kernels. The proof of Theorem 6.2 is based on Poisson’s equation (Corollary 6.1), combined
with the well-known and elementary prerequisites (S1)-(S3) (p. 57) of spectral theory, which
can be found for example in | , , ]. The V—geometric ergodicity is fully
addressed in | , | using renewal theory and Nummelin’s splitting construction.
Alternative proofs can be found in | | based on coupling arguments, in [ | based
on renewal theory, in | ] based on an elegant idea using Wasserstein distance, in the
recent paper | | based on the dual version of the geometric drift inequality, and finally
in [ , , , , | based on spectral theory (quasi-compactness) whose
first founding ideas are already present in | |. Note that the use of Wasserstein distance
in | ] requires the condition 75(1g) > 1/2 on the set S in (M, ;1) (see Subsection 8.5-F
for details). The link between geometric ergodicity for P (in a less advanced form than the
current version), and the residual potential kernel, was highlighted in | ) |. We refer
to the recent paper | | where 27 conditions for geometric ergodicity are discussed. We
also mention here that, although the statement | , Prop. A.1.] concerning the existence
of a P—invariant probability measure under the geometric drift condition is true, its proof
presented in | , App. A] is only valid for a weak Feller Markov kernel P.

Since the pioneer work [ ] much effort has been made to find explicit constant ¢
and rate of convergence p in Inequality (72). Under Assumptions (M, )Gy (5,V) and
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the strong aperiodicity condition, such an issue is fully addressed in | | via renewal
theory. Alternative computable upper bounds of the rate of convergence p can be found in
[ , , , | using splitting or coupling methods, and in | , | using
spectral theory. We refer to | | for a recent review on various methods for deriving
convergence bounds for MCMC. Recall that any methods based on Hairer and Mattinglsy’s
result | | are faced to the condition mz(1lg) > 1/2 for the small-set S. In fact, extra
conditions on mz(lg) appear in others works related to geometric or polynomial rates of
convergence (see Section 8). For example the first part in the proof of | , Th. 9] provides
a quantitative control on V —geometric rate of convergence under some additional condition
on the data in Assumptions (M, 14)-G14(d,V): this condition actually requires that mz(1g)
is bounded from below by some explicit positive constant. Without this extra condition, the
convergence rate in | , Th. 9] is no longer quantitative. Finally recall that converting
bounds on Wasserstein’s distance into (weighted) total variation bounds are generally based
on [ , Th. 12] which requires that the probability measures P(x, dy) have a density with
respect to some reference measure (see also [ ]). In Section 9 the geometric rate of
convergence of the iterates of P is addressed. A theoretical result for P acting on a general
Banach space B is provided, and then applied to the cases B := By, B := L2(7y) and
B := By« for some suitable a € (0,1], under Conditions (M, ,;)-Gy(d,V). This result
depends on the spectral radius ry of R on 8 and on the possible solutions to Equation
p(z71) = 1 in the complex annulus {z € C : ry < |2| < 1}, where p(-) is the power series
introduced in (38).

Poisson’s equation for V-geometrically ergodic Markov models is classically studied start-
ing from Inequality (72), which ensures that, for every g € By such that mz(g) = 0, the
function g = Z;;’B Pkg in By is the unique mp—centred solution to Poisson’s equation
(I — P)g = g. A quite different development is proposed in this section: Indeed Pois-
son’s equation is first solved in Corollary 6.1 as a by-product of the modulated drift Condi-
tion D,(Vp, Vi) (see (67)). Next this study is used for proving the V —geometric ergodicity:
Indeed note that this prior study of Poisson’s equation plays a crucial role at the beginning
of the proof of Theorem 6.2 and that the convergent series in (68a)-(68b) are repeatedly used
in the proof of Lemmas 6.3-6.4. A standard use of Poisson’s equation is to prove a central
limit theorem (C.L.T.). Let P be a Markov kernel satisfying Conditions (M, ;) and the
V —geometric drift condition G (9, V). Then P satisfies Condition D, (Vp, V1) with Vo, Vi, bo
given in (67). Consequently, if 7(V2) < oo, then the conclusions of Glynn-Meyn’s C.L.T.,
recalled page 53, hold true (note that By, = By here). Mention that the residual kernel
R and its iterates have been considered in | ] to investigate the eigenvectors belonging
to the dominated eigenvalue of the Laplace kernels associated with V' —geometrically ergodic
Markov kernel P. This issue called "multiplicative Poisson equation” in [ | is used to
prove limit theorems for the underlying Markov chain (also see [ ]). This question is
not addressed in our work.

To conclude this section, let us give a probabilistic form of Theorem 6.2, considering the
case Y := 1g to simplify:
Theorem D. Let (X,)n>0 be a Markov chain on (X, X). Assume that there exists a non-
empty set S € X such that

VeelS, Po(X1€ A) >v(la) and 36 €(0,1), Ve e S Ey[V(X1)] <dV(z)

for some finite positive measure v and Lyapunov function V' such that x — E,[V(X1)] is
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bounded from above on S. Then (X,)n>0 admits a unique stationary distribution 7, and
we have (V) < oo. Moreover, if (Xp)p>0 is aperiodic, then there exist p € (0,1) and
¢y € (0,400) such that

Vg € By(C), Vn>1, Vo € X,  |Eq[g(Xn)] = 7(9)] < cpp"llgllv V().

7 Perturbation results

The main objective of this section is the control of the deviation between the invariant
probability measure of a reference Markov kernel and the invariant probability measure of
some Markov kernel which is thought of as a perturbation of the reference one. Thus the
bounds on the gap on the invariant probability measures are expected to be expressed in
function of that on the Markov kernels. To be consistent, such a bound must converge to
0 when the perturbed kernel converges (in some sense) to the reference one. Throughout
this section, the reference Markov kernel is assumed to satisfy the first-order minorization
condition (M, ) and the Vj—modulated drift condition Dy (V, V). The control of the gap
on the invariant probability measures is in norm | - ||}, and || - [[Tv (see (8)). The basic tools
are: First the fact that, for two Markov kernels P and K with respective invariant probability
measures 7 and k, we have

Vg € BV17 K(g) - 71'(9) = K((K - P)f)

where the function £ is any solution to Poisson’s equation (I — P){ = g — m(g)1x; Second
the control of the solution to Poisson’s equation provided by Theorem 5.4. Recall that any
Markov kernel satisfying both minorization and modulated drift conditions has a unique
invariant probability measure (see the introducing part of Section 5 for a list of properties
satisfied by such a Markov kernel).

7.1 Main results

First, let us present a statement based on Theorem 5.4 on Poisson’s equation. It gives an
estimate in norm || - [|1, and || - [|v of the gap between the invariant probability of a Markov
kernel P satisfying Conditions (M, )-Dy(Vp, Vi) and the invariant probability measure x
of any Markov kernel K on (X, X') satisfying ||KVy|y, < oo and x(Vh) < oo.

Proposition 7.1 Assume that P satisfies Conditions (M, )-D.(Vo, V1), with P—invariant
probability measure denoted by w. Let K be a Markov kernel on (X, X') with (any) invariant
probability measure k such that || KVy||v, < 0o and k(Vp) < co. Assume that the non-negative
function Ay, defined on X by

VeeX, Ay(z):=|P(z,-)— K,y
is X —measurable. Then
[k =7y, < (1+do)(1+7(Vi)ll1xllv;) 6(Avp) (76)

where dg := max(0, (bp — v(Vp))/v(1x)) and (V1) < 0o
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The function Ay, on X quantifying the gap between the two Markov kernels is assumed to
be X —measurable in Proposition 7.1. In the other statements of this subsection (Proposi-
tion 7.2, Theorem 7.3), such a measurability assumption on the corresponding “gap function”
is also introduced. It turns out that, when X is countably generated, the “gap function” is
X —measurable. We refer to Subsection 7.4 for some details.
Proof. Recall that ||PVylly, < oo from Dy (Vp, Vi), so that Ayy and x(Ay,) are well-defined
under the assumptions of Proposition 7.1.

Let g € By, be such that ||g|[y; < 1. Since 7(V7) < oo from Assertion (vi) of Theorem 5.3,
m(g) is well-defined. Introduce gy := g — 7(g)1x and the residual kernel R := P — ¢ @ v. Let
go = Z;ﬁ% R¥gg be the function in By, provided by Therorem 5.4. Then we have

K((K = P)go) = £(go) — K(go — g0) = £(g0) = £(g) — 7(g) (77)

using the K —invariance of k, the Poisson equation (I — P)gy = go from Theorem 5.4, and
finally the definition of gg. It follows from the definition of the X —measurable function Ay
that

k(g9) —7(9)| </X\(K%)(:v)—(P§(J)(x)\H(dw) < II%IIVO/XAVO(:B) r(dz) = [|g0llvok(Avp)-

Finally we know from Theorem 5.4 that ||g|lv, < (1 + do)l|go||v; with doy defined in (59b), so
that
Ig0llve < (1+do) llg — 7(g)1xllvy < (14do)(1+7(V1)[I1x[lv:)

from which we deduce (76). O

Now let {Py}gco be a family of transition kernels on (X, X'), where © is an open subset of
some metric space. Let us fix some 6y € ©. The family {Py,0 € © \ {6p}} must be thought
of as a family of transition kernels which are perturbations of P, and which converges (in
a certain sense) to Py, when 6 — 6. To that effect, when P, satisfies Conditions (M, ;)
Dy,(Vp, V1) and || PyVo||v, < oo for any 0 € © \ {6p}, we can define

Voeo, VeeX, Agy(x):=|Py(z, ) — Pz, )||’V0 (78)
As a direct consequence of Proposition 7.1, we obtain the following perturbation result.

Proposition 7.2 Assume that the Markov kernel Py, satisfies Conditions (M, ,)-D(Vo, V1),
and let mp, be the Py,—invariant probability measure. Suppose that, for every 6 € O\ {6y},
we have ||PyVollv, < oo and that there exists a Py—invariant probability measure mg such
that m9(Vy) < oo. Finally assume that the non-negative function Agy, defined in (78) is
X —measurable for any 0 € ©. Then we have the two following bounds

1+ dyp) cg, WQ(AQ,VO) (79a)

o — 7o llvy, < (
< 2(1+do) mp(Apvp) (79b)

7o — g, [TV

with dy := max (0, (by — v(V0))/v(1x)) and cgy := 1 + m, (V1) || 1x vy < o0. If mg, (Vo) < 0
then cgy < 1+ bo||1x|v;.

Proof. Under these assumptions, the bound in (79a) directly follows from Proposition 7.1
applied to (P, K) = (Py,, Py) with 6 # 6y. If m,(Vo) < oo then cg, < 1+ bo||1x]lv, from
Assertion (vii) of Theorem 5.3.
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When Condition Dy, (Vp, V1) is satisfied, so is Condition Dy, (Vp, 1x) since Vi > 1x. Thus,
the bound (79a) also holds with V; := 1x and then provides the control of the total variation
error since ||mg — mg,[lTv = [|mg — 7g, [|7,- Then, using mg,(1x) = 1, |[1x|l1; = 1, so that
cg, = 2, we obtain the estimate for ||y — g, ||Tv in (79b). O
Note that the bounds in (79a)-(79b) are of interest only when the term mg(Ag ;) is com-
putable and can be proved to converge to 0 when 6 — 6y. Now, the objective is to pro-
pose fair assumptions under which the convergence of the deviation between 7y and mg, to
zero can be derived from the following natural condition of closeness between Py and Fp,:
limg _, g, Ap,vp(x) = 0 for any € X. A way is to reinforce the knowledge on the Markov
kernel Py for 6 # 6p. It turns out that, in many perturbation problems, not only does Py,
satisfies minorization and modulated drift conditions, but so all other transition kernels in the
family {Py}gco. Such instances are provided by the standard perturbation schemes of Sub-
section 7.3. Thus, let us introduce the following minorization and modulated drift conditions
w.r.t. the family {Py}gpco: for every 6 € ©

W € B, vy € My, Py > g @y, (Mp)
and there exists a couple (Vp, V1) of Lyapunov functions such that, for every 6 € ©
Jbg >0, PyVo < Vo — V1 + bg 1y. (Dg(Vo, V1))

Under Condition Dg(Vp, V1), we have PyVy < (1 + bg)Vp so that the function Ay, defined
in (78) is well-defined for any § € ©. Finally, under the additional conditions supycg by < 00
and infgco vg(1x) > 0, let us introduce the following positive constant

by — V@(Vo))
d:=max (0,sup —— | . 80
( 968 ve(1x) (80)

In Theorem 7.3 below, each Markov kernel Py is assumed to satisfy Conditions (Mpg)—
Dg(Vy, V1). Thus the Py—invariant probability measure denoted by 7y in these two state-
ments is given by (26) with v := vy and Ry := Py — 1y @ vp.

Theorem 7.3 Assume that, for every 6 € ©, Py satisfies Conditions (Mg)-Dg(Vp, V1) and
that b := supycg by < 00 and infgee vg(1x) > 0. For any § € ©, the Py—invariant probability
measure my is assumed to satisfy mp(Vy) < oo. Finally, the non-negative function Agy,
defined in (78) is assumed to be X —measurable.

Then we have

V9e®O, lmo, —molly; < (1+d)min {cg mo(Dovp), como, (Do)} (81a)
76 — maolrv < 2(1+d) min {7m(Agv;), ma,(Dovy) } (81b)

with d defined in (80) and with
co =1+ mo(V1)[1xllvy <140 |1x]v:- (82)

Moreover, if the following convergence holds

Ve € X, lim Agyo (J?) =0, (AVO)
9*)90

then we have
. / .
915%0 g — moollv, =0 and 915%0 7o — 7o, |ITv = 0.
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Proof. Let 0 € ©. Recall that || PyVp||v, < oo from Dg(Vp, V7). It is assumed that mp(Vp) < 0o
and that the function Agy;, is X'—measurable. Thus Proposition 7.1 can be applied to
(P,K) := (Py,, Pp) and to (P, K) := (Py, Py,), which provides Inequality (81a). The bounds
in (81b) are derived from (81a) as in Proposition 7.2. The assumption 7y(V)) < oo allows us to
obtain as in Proposition 7.2 that cg < 1+4by||1x||v;. Thus (82) holds with b := supycg by < 0.

Next, we have

lim g, (Agy,) = eli_%o /X Ag v, (z)mp, (dz) =0 (83)

9—)90

from Lebesgue’s theorem using Ag v, < 2(1 + b)Vo, 7, (Vo) < oo and Assumption (Avyy).
Then we obtain that limg_, ¢, |9 — m)OH’Vl = 0 and limg_, ¢, |79 — 7, ||Tv = O from the
second bound in (81a)-(81b) and from the inequality (82). O

Let us stress that, in our perturbation context, mg, is (generally) unknown and my is

expected to be known, so my(Agy,) to be computable. Thus, the bounds of interest in
(81a)-(81b) are the following ones

0 — moollv;, < (14 d) co, mo(Qav,) < (1+d)(1+ bl 1xlv;) ma(Aevp)
|76 — ToollTv < 2(1+d) To(Ag,1p)-

The convergence of 7y, (Agy;,) to 0 when § — 6y in (83) is of theoretical interest here. It is
used to prove that limg_, ¢, ||mg — 7, ||§/1 = limg ¢, ||m9 — 7o, ||Tv = 0 in Theorem 7.3.

7.2 Examples

Let us illustrate the results of Theorem 7.3 through the two following examples where the
set of parameters © is assumed to be some open metric space.

7.2.1 Geometric drift conditions

In the perturbation context, under Condition (Mpy) for any # € O, the standard geomet-
ric drift conditions for some Lyapunov function V' are the following ones (see G (d,V) in
Example 5.2):

V0 € ©, 39p € (0,1), ACy) >0, PV < gV + Cpiby. (84)

Moreover suppose that C' := supyce Cp < 00 and § := supgeg 0y € (0,1). Since PV <
0V + Cy for any 6 € ©, we know from Example 5.2 that

VOO, PyVo<Vo—Vi+biy

with Vo :=V/(1-9), Vi :==V and b := C/(1 ), that is Condition Dg(Vp, V1) is satisfied for
any 6 € ©. Thus, we know from Theorem 5.3 that the unique Py—invariant probability my is
such that m9(V1) = mg(V) < oo for any 0 € ©. Let 6y € O be fixed. Assume that the non-
negative function Agy;, is X —measurable for any § € ©. Consequently, if infgcg v5(1x) > 0
where vy € M*Jr’b is given in (Mp), then the familly {Py}gco satisfies the assumptions of
Theorem 7.3 which provides a control of ||mg — 7y, ||}, and |79 — mg,|Tv. Finally, we have
limg _, g, ||m9 — 7, ||5, = 0 and limg_, ¢, |9 — 7g, ||Tv = 0, provided that Condition (Ay) is
satisfied.
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7.2.2 Random walk on the half line

For any 6 € ©, let us consider the random walk {Xff)}neN on the half line X := [0, +00)
given by
X(()e) €X and Vn>1, XT(LG) = max (O’X(g) + 51(19)) (85)

n—1

where {5%6)},21 is a sequence of independent and identically distributed R-valued random
variables assumed to be independent of Xéo) and to have a parametric probability density
function py w.r.t. the Lebesgue measure on R. The transition kernel associated with {X?},,en

is given by

+oo
Ve e X, VA€ X, Pya,A)=14(0) / po(y) dy + / La(z ) po(y) dy.  (86)

— 00 —T

—T

Next define the following Lyapunov functions on X:
veeX, Wi(z)=0+2z)% Vj@x)=14+2z and Vi(z)=1.

Assume that

+o0
my 1= supIEUege)\Q] <oo and dzg >0, Sup/ ypo(y)dy < 0. (87)
0cO 00 J—x

Let g € © be fixed. Here the state space is X := [0,+00) equipped with its Borel
o—algebra X which is countably generated. Therefore for any Lyapunov function on X, say
V, and for any 6 € ©, the non-negative function on X, z — Ag vy (z) := || Py(x, ) — P, (x, ) ||y,
is X —measurable. Next, we have for every = € X

—x +o0
BV)@) - Vi) = [ poly)dy+ / (L4 +y)paly) dy — (1+2)

—x

—x —+00

O / ypo(y) dy

—00 —x

+0o0
< / ypo(y) dy. (8)

—T

Let us introduce from (87)

+oo
cp = —sup/ ypo(y)dy > 0.
0€O J —xg

Then we obtain from (87) and (88)

Vo > xo,  (PpVp)(x) — V() < —cpVa(x)
and Vz € [0,z0], (PaVp)(x) — V§(x) + c4Vi(z) < /ma + Vi(z) = /ma + ¢,

that is
PyVy < Vg — coVi 4 (g + vma2) 1j,2)- (89)
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Next, we get in a similar way that, for any = € X,

(PoW')(z) — W'(x)

—x +oo
- p@<y>dy+/ (142 +9)2poly) dy — (1 + 2)°
- :;3 +o0 400
= (- +2?) [ pey)dy+2(1+2) / ypo(y) dy + / V2 po(y) dy
. —00 . —x —x
< 2(1+2) / ypo(y) dy + / ¥ poly) dy. (90)

Using the above constants mag, ¢, and zy, we obtain
Vo >z, (PyW')(z) — W'(x) < -2, Vi(x) + ma.

Then it follows from this inequality and from (90) that there exists x; > 0, which only
depends on mag, ¢, such that

Vz > s:=max(xg,z1), (PyW')(z)—-W'(z) < —c{Vy(z)
and Vz € [0,s], (PoW')(z) — W'(z) + ¢y Vy(x) < 2¢/m2 V{§(x) + ma + ¢{Vj(x)
< (2y/ma + ) (1 + 5) + ma,

that is
PyW' < W' — cpVg 4 (14 s)(cg + 2¢/ma) +ma) 1 4. (91a)

Since s > xp, we can use in (89) the same compact set [0, s] so that
PpVy < Vg — Vi + (co + vm2) 1o 4. (91b)

It follows from (91b) that Py, for any ¢ € ©, satisfies Condition Dg(Vp, V1) with g := 1o 4,
with Lyapunov functions Vj := 1x and Vp := V{j/c for ¢ := min(1,¢}), and finally with
bo = supgee by < (VM2 + ¢p)/c’. Set S := [0,s]. Next assume that the following non-
negative function

Yy eR, ps(y) = ;Iel(g ;22 po(y — )

is positive on some open interval of R. Then, for every § € O, Py satisfies Condition (Mpy)
with ¢y := 1g and vy := v, where v is the positive measure on R defined by

VAc X, uv(ly) i:/XlA(y) ps(y) dy

(see Proposition 3.1 for details). Note that both 1y and vy do not depend on 6 here. Thus,
for every 6 € ©, Py satisfies Conditions (Mg )-Dg(Vp, V1) w.r.t. the Lyapunov functions Vj
and V; defined above, with by := supycg by < 0o and infpee 19(1x) = v(1x) > 0. Moreover
any Py has a unique invariant probability measure denoted by 7y (see Assertion (iv) at the
beginning of Section 5).

To apply Theorem 7.3, it remains to prove that mp(Vp) < oo, for every 6 € ©. We have
from (91a) that Py satisfies Conditions (Mg)-Dg(W,Vy) with Sp := S and with Lyapunov
functions Vjj(x) = 1+ 2 and W (z) = W'(z)/c. It follows Assertion (vi) of Theorem 5.3 that
mp(Vy) < 00 so that mp(Vp) < oo from Vj = Vj/c.
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Thus, we have proved that Theorem 7.3 applies under Assumptions (87) on the noise

process {6%6)},121. However, for these statements to be relevant, we have to investigate
the function Agy, and the quantity mp(Ag ;). To that effect, recall that pg denotes the
probability density function of the noise. Now fix some 6y € © and define

Vo e 67 Vy S R7 Pe(y) = |p9(y) - peo (y)‘a
g = /Rpe(y) dy and myg:= /R [yl po(y) dy.

Note that 69 < 2. Let g € By, be such that |g| < Vj. Then we have

—x +o0o
WGX\%M@%%@@}SWWMTWMM+/ Volz +) po(y) dy

—0o0 —X

5 1
< ,+,/(1+f€+\yl)pe(y)dy
C C R
g mi,9
< ?4-50‘/0($)+ o

Thus

So(1+ Vo(zx)) +myg

/

Ve eX, Agy(r) < p

Therefore Condition (Ayg ) in Theorem 7.3 holds provided that

911_{%0 (59 + mw) =0.

This is a natural assumption on the noise in our perturbation context, that is: When 6 — 6y,
the distribution of the perturbed noise converges to that of the unperturbed one in total
variation distance, as well as in weighted total variation norm.

Finally we have

(59(1 +c 7T9(V0)) +mig
c '

VO €O, me(Agyy) <

Hence the following bound (see (81b))

bo — v(V,
I~ gl < 2(1-+) mo(Boge)  with = max (0, U)o
X

is of interest, provided that the quantities dy, my g and my(Vp) are computable for 6 # 6y and
that both dp and m; ¢ converge to 0 when 6 — 6.
Note that, for this specific model, it follows from | , Prop. 3.5] that
V€ [2,400), E[(max(0,e?))] < 00 = / 2L y(da) < oo.
R

Therefore, under Conditions (87), the Lyapunov function Vj is expected to be the greatest
possible one providing Condition Dg(Vp, 1x) with mg(Vj) < oo for any 6 € ©.
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7.3 Application to standard perturbation schemes

In the two following perturbation schemes — the truncation of infinite stochastic matrices and
a state space discretization procedure of non-discrete models — the unperturbed Markov kernel
P := Py, satisfies Conditions (M, 14)-D14(Vo, V1), that is the minorization and modulated
drift conditions for vy, := 1g for some S € &X. Then it turns out that Py satisfies Condi-
tions (M ,14)-D14(Vo, Vi) for any 0 € ©. In this case the conditions b := supycg by < 00
and infpco 19(1x) > 0 of Theorem 7.3 are straightforward. Finally, note that the o—algebra
X associated with the state spaces X involved in this subsection is countably generated. As
previously quoted, it follows that for any 6 € O, the function Agy, quantifying the gap
between perturbed and unperturbed Markov kernels in Theorem 7.3, is X —measurable. We
will therefore no longer refer to this hypothesis here.

7.3.1 Application to truncation-augmentation of discrete Markov kernels

Let P := (P(2,Y))(zy)en> be a Markov kernel on the discrete set X := N. Assume that P
satisfies Conditions (M, 1) and D14 (Vo, V1)

P>1s®v and dbg >0, PV <Vy—Vi+bylg
with S, v and V{ such that:

e S is a finite subset of N and the support Supp(v) of v € M7 , is a finite subset of N,

o 1y :=(V(x))zen is an unbounded and non-decreasing sequence with V' (0) > 1.

Thus P has a unique invariant probability measure denoted by .

For any k > 1, let By, := {0,...,k} and By := N\ Bi. Recall that the k-th truncated
and arbitrary augmented matrix Py of the (k+ 1) x (k + 1) north-west corner truncation of
P is defined by

\V/(CL', y) € BkQa Pk(x¢ y) = P(l’, y) + P(l‘, Bkc) ’{m,k({y}) (93)

where k1, is some probability measure on Bj. A linear augmentation corresponds to the case
where r, ), = ki only depends on k. The so-called first or last column linear augmentation
corresponds to the case when ki is the Dirac distribution at 0 and at k respectively. The
goal here is to prove that the P—invariant probability measure m can be approximated by
the Pr—invariant probability measure 7, with an explicit error control in function of the
integer k. Since P is an infinite matrix, first define the following extended Markov kernel ﬁk
of P, on N:

~

V(.iﬂ,y) S N27 Pk(l‘,y) = Pk‘('rvy) 1BkXBk(x7y) + 1Bkcx{0}(x7y)'

Similarly, if m is a Py—invariant probability measure on By, then we define the extended
probability measure 7, on N by

Ve e N, %k(l{x}) = Wk(l{x}) 1Bk (CL') (94)

The next lemma provides the expected results that 7, is a ﬁk—invariant probability measure,
which is the unique one provided that 7 is the unique Pj—invariant probability measure.
The proof is postponed to Appendix C.
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Lemma 7.4 Let P be a Markov kernel on N, and, for any k > 1, let Py be the stochastic
matriz Py given in (93). If 7 is a Py—invariant probability measure on By, then Ty defined
in (94) is a ﬁk—invariant probability measure on X. If Py has a unique invariant probability
measure, then so is for ]3k

Next, let kg € N be the smallest integer such that
S C By, and Supp(v) C B,. (95)
Let us introduce the following family {Py}sco of Markov kernels with 6y := +oo
©:={keN:k>k}U{+oc}, Pio:=P, VOc{keN:k>ky}:P:=D,. (96)

The next proposition provides assumptions under which the family {Py}gco satisfies all the
assumptions of Theorem 7.3, so that all the conclusions of this theorem hold in the present
truncation context.

Proposition 7.5 Let P satisfy Conditions (M ,14)-D14(Vo, V1) with P—invariant probabil-
ity measure m such that w(Vp) < oco. Then, the family {Pp}toco defined in (96) satisfies all
the assumptions of Theorem 7.3 including (Avy).

The proof of Proposition 7.5 is based on the following Lemmas 7.6-7.7.

Lemma 7.6 If P satisfies the conditions (M, 14)-D14(Vo, V1), then for every integer k > ko,
the Markov kernel Py satisfies the same conditions (M, 14)-D14(Vo,V1). Thus, for any
k > ko, P. and Py have a unique invariant probability measure T and .

Proof. Let k > ky. For every x € S and every A C N we have

ﬁk(‘TvA) > Z ﬁk(l’,y) > Z P((L’,y) = P(x7AmBk) > V(lAﬁBk) - V(lA)
yEANDBy yEANDBy

using successively x € S C By, C By and the definitions of ISk and Py, Assumption (M, 1),
and finally Supp(v) C By, C Bj. This proves that Py satisfies Condition (M, 1) with the
same S, v as for P.

Now let us prove that ]3k satisfies Condition Dy (Vp, V1) for any integer £ > 1. From
D, (Vp, V1) for P, it is sufficient to prove that P,Vp < PVj. Recall that Vj := (Vo(2))zen is

~

a non-decreasing sequence with V(0) > 1. Let k > 1. We have from the definition of Py

Vo € B, (BVo)(@) = D Pla,y) Voly) + Pla, Be) Y ke r(y)Vo(y)

YyE By, yEBy,

< Y Pl + P B |) 3 kast)]
yEBy yeBy,
=Y Plx,y)Voly) + > Pla,y) Volk)

yEBy, yEB©

< > Pla,y)Voly) = (PVp)(x) (97)

yeN
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since for any (y,z) € By x B¢, Wo(y) < Vo(k) < Vo(z) and since k() is a probability
measure on Bj. Next, using the definition of Py, we have for any k£ > 1

Vo € ByS,  (PVo)(z) = Vp(0).

Note that V5(0)1x < Vp since Vj is non-decreasing. Then Vo(0)Plx = Vp(0)1x < PV, since
P is a non-negative kernel. Therefore, we have that (P;Vp)(z) = Vo(0) < (PVp)(x) for any
x € By°. This proves that Py satisfies D14 (Vp, V1). O

The next lemma states that Condition (Avy;) holds when P satisfies (M ,,14)-D14(Vo, V1).

Lemma 7.7 If P satisfies Conditions (M, 14)-D14(Vo, V1), then Condition (Av,) holds
true.

Proof. From the definition of Py, and (93), we have for every = € By,

Arpv(z) = > |P(x,y) — Pelz,y)|[Vo(y)

yeN
= P,B) Y kex@Vo(y) + Y P(z,y)Vo(y)
yEBy yEBL®
< Pz, B) Vo(k) + Y Pla,y)Vo(y)
yEB*©
< ZPCCZVO Z (x,y)Vo(y <22 (z,y)Vo(y (98)
zEBy° yEBL® yEBL®

since Vp is non-decreasing and k; ,(By) = 1. Now fix £ € N. Then it follows from (98)
applied to any k > x that limy, Ay v, (2) = 0 since >, .y Pz, y)Vo(y) = (PVo)(z) < oo from
D1, (Vp,V1). Thus Condition (Avys) holds true. O

Finally, for the family {FPy}sco defined in (96), note that the Py—invariant probability
measure mg for any 6 # 6, is finitely supported so that my(Vj) < co. Since the Py, —invariant
probability measure g, is assumed to satisfy mp,(Vp) < oo in Proposition 7.5, it follows
from Lemmas 7.6-7.7 that all the assumptions of Theorem 7.3 hold true. The proof of
Proposition 7.5 is complete.

7.3.2 Application to state space discretization

Assume that (X, d) is a separable metric space equipped with its Borel o-algebra X, and that
P is a Markov kernel on (X, X) of the form

Vz eX, P(z,dy)=p(z,y) \dy), (99)

where p : X? —[0, +00) is a measurable function and ) is a positive measure on X. Typically
X is R? and X is the Lebesgue measure on R%. Let zg € X be fixed, and for every integer
k > 1 consider any Xj € X such that

{z eX : d(z,x0) <k} C X C{zeX:dz) <k}

Now let (61)k>1 € (0, +00)Y be such that limy_, 1 6 = 0, and for any k > 1 consider a finite
family {X;;}jer, of disjoint measurable subsets of X, such that

X, = |_| X;r  with Vj € I, diam(X;z) < 6 (100)
JEly
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where diam (X ;) := sup {d(z,2’) : (z,2) € X;;}. The positive scalar J; must be thought
of as the mesh of the partition {X; 1 };er, of Xj. Define

k> 1, W@ y) € X% il y) = 1x,(y) ) Lx(@) nf p(ty).
icly, ik

Observe that pp < p. Next define the following submarkovian kernel @k on (X, X):
VeeX, VAe X, Qulz,A) = /1A(y)pk(a:,y) A(dy)
X

= 3 ([ 1 gt e N 1o a0

Note that Qp(,) = 0 if z € X;,¢ := X\ Xj.. Define ¢y := 1x — Qxlyx. We have ¢, = 1 on
Xi¢ and 0 < ¢y < 1x since 0 < Qplx < Plx = 1x. Then the kernel Py defined on (X, X)) by

Ve eX, VA€ X, Py(z,A) :=Qunlx, A) + 14(x0) or(x) (102)

is a Markov kernel. Let by := 1x,c and let F} be the finite-dimensional space spanned by
the system of functions Cy := {1Xi,k’ i€ Ik} U {bx} which forms a basis of Fj. For every

measurable function f : X — R such that (P|f|)(z) < oo for any = € X, we have P.f € Fy.
Define the linear map Py : Fj — F) as the restriction of P, to Fj. Let Nj := dim F; =
Card (Ix) + 1, and let By be the Ny x Ny—matrix defined as the matrix of Py with respect
to the basis C of Fi. The next lemmas states that By is a stochastic matrix and that a
ﬁk—invariant probability measure can be derived from any invariant probability measure of
the finite stochastic matrix Bg. Their proofs are postponed in Appendix C.

Lemma 7.8 For any k > 1, the matriz By is a stochastic matriz.
Thus, for any k > 1, there exists a stochastic row-vector 7, € [0, 4-00)V* such that
™, B = 7. (103)

Note that Pyby, = Pylx,c = ﬁklxkc = @klxkc + 1x,¢(x0) ¢r = 0 (see (102)) so that the last
component of 7y is zero. The component of 7 associated with the element 1x, , of the basis
C, is denoted by ; i, so that 7, = ({7 }icr, , 0). For every k > 1, set

T(f) == 7k Fy (104)
where Fy, = Fj(f) is the coordinate vector of ﬁk f in the basis Cy.

Lemma 7.9 For any k > 1, let m be a Bp—invariant probability measure. Then T defined
in (104) is a Py—invariant probability measure and can be written as

Autdy) = ) M) + (1= [ pu(s) M) ) b, (105a)
where 0y, is the Dirac distribution at xo and py, is the non-negative function defined by
VyeX, pr(y) =1x,(y ;Wzk elnf p(t,y). (105b)
1ely
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Next, assume that there exist a positive integer kg and s € (0, 4+00) such that the function

Y Gho.s(Y) == iIelgpko(l’,y) with S:={z eX, d(z,z9) < s} (106a)

is positive on a subset D € X" such that A(1p) > 0. Then, define v € M’ , by

VACX, v(la)i= /X 1a(y) G (1) Adly). (106b)

The Markov kernels P and {ﬁk}kzko satisfy Condition (M, 14) w.r.t. the above set S and
positive measure v, i.e.

P(z,A) > v(14)1g(x)  and Vk > ko, Pe(z, A) > v(14) 1g(z) (107)

since
VE > ko, V(z,y) € S x X, p(z,y) > pr(2,y) = Pro(2,Y) > Gro,s(y).-

Let us introduce the following family of Markov kernels { Py }gco with 6y := +o00 and
©:={keN:k>ky}U{+oo}, Piog:=P, V0 {keN:k >k}, Py:=D,. (108)

The next proposition provides assumptions under which this family {Py}ece satisfies all the
assumptions of Theorem 7.3, so that all the conclusions of this theorem hold true in the
present context of state space discretization.

Proposition 7.10 Let P be the Markov kernel defined in (99) with a function p(-,-) assumed
to be such that x — p(z,y) is continuous on X for every y € X. Assume that P satisfies
Condition D14 (Vo, V1) with respect to S and v given in (106a)-(106b) and to Lyapunov
functions Vi, i = 0,1 on X of the form Vi(-) := v;(d(-, o)) for some non-decreasing function
v; : [0, +00) =[1, +00). Moreover, assume that the P—invariant probability measure m is such
that w(Vp) < oo.

Then the family {Py}oco defined in (108) satisfies all the assumptions of Theorem 7.3 in-
cluding Condition (Av).

Recall that, from (107), the family {Pp}sco satisfies Condition (M, 1) with S and v given
in (106a)—(106b). The proof of Proposition 7.10 is complete using the two following lem-
mas. The first one shows that if the unperturbed Markov kernel Py, := P satisfies Condi-
tion D14 (Vo, V1), then for any § € ©\{6}, Py satisfies the same condition. The second lemma
shows that, under the continuity assumption on p(-,-) in Proposition 7.10, Condition (Avy)
holds true.

Lemma 7.11 If P satisfies Condition D1,(Vy, V1) then, for any integer k > ko, the Markov
kernel Py, satisfies the same Condition D14 (Vy, Vi).

Proof. Since P satisfies Condition D14 (Vp, V1), it is sufficient to show that

PV < PV (109)
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to prove the first statement. If z € X, then (PuVo)(z) = Vi(zo) r(z) < Vi(zo) from (102),
Qr(z,-) = 0 for z € Xi° and ¢, < 1x. Note that vy(0)1x = Vo(zo)lx < Vp since vg is
non-decreasing, so that Vy(zg)lx < PVp since P is a Markov kernel. Now, let = € X.. Then
(PVo)(z) = (QuVo)(z) + Vo(zo) (1 — (Qrlx)(z)) (from (102))
= Volwo) + (Qr(Vo — Vo(zo)1x)) (2)
= Viteo) + 3 ([ (450~ Voleo) inf plt.9) X)) 11, @) (rom(101)
Xk tEXZ"k

i€},

< it + 3 ( [ (%) = Vo)) ol A(dw)lxi,k(x)
< Vilao) + (PVo)(z) — Volzo) (since 3 1x,, (2) = L, (2) = 1).
icly
This proves (109). O

Lemma 7.12 Let p(-,-) in (99) be such that, for every y € X, the function x — p(x,y) is
continuous on X. Then the following assertion holds:

Ve X, lm|P(,) ~ Pz, )i, = 0.
Proof. Let x € X be fixed. Observe that
I1PG) = Qute )l < [ Volo) ptavs) = puder)| A,

From the continuity assumption on the function p(-, ) we have limy pi(z,y) = p(z,y) for any
y € X, and we know that [p(x,y) — pr(z,y)| < 2p(x,y). From Lebesgue’s theorem it follows
that limg [| P(z, ) — Q(z, )|y, = 0 since (PVp)(x) < oo. Finally note that

1P(z,) = Prle, )y, < I1P(2,-) - ?k(x, W, + Vo(zo) e ()
< [1P(z,-) = Qi )y, + Volao) 1Pz, ) = Q. )y

from (102), ¢(z) == 1 — (Qrlx)(z) = (Plx)(z) — (Qklx)(x), 1x < Vp and the definition
of || - [[vy- The proof of the convergence of Py(x,-) to P(z,-) in Vp—norm is complete. O

Finally, for the family {Py}gco defined in (108), note that the Py—invariant probability
measure 7y for any 6 # 6, is finitely supported so that my(Vp) < oo. Thus, since the
Py, —invariant probability measure mg, is assumed to satisfy mg,(Vp) < oo, Theorem 7.3
applies.

7.4 Further comments and bibliographic discussion

A) Markovian perturbation issue. The perturbation theory for Markov chains has been widely
developed in the last decades, see e.g. | , , , , , ,

, , , ) , , , , and references therein|. The
perturbation material in Section 7 is based on [ ]. Moreover here, in Subsection 7.3,
two standard issues are analysed as a perturbation problem: truncation in discrete state
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space case, and discretization of a non-discrete state space. The central Formula (77) was
introduced in | | for finite irreducible stochastic matrices. This formula can be subse-
quently used in any problem which can be thought of as a perturbation problem of Markov
kernels (e.g. see [ , , ] and | , Section 17.7]). The investigation of uni-
formly ergodic perturbed Markov chains is done in | , , , ].
Perturbation of reversible transition kernels is studied in | ) |. These two
specific issues are not addressed here.

On the Conditions (Mpg)-Dg(Vp, V1) w.r.t. the family {Py}oco. As illustrated in Sub-
section 7.3, it turns out that, in standard perturbation problems, the perturbed Markov
kernels {Py}g-q, inherit the minorization and drift conditions of the unperturbed one Py,
(e.g. see also [ 1, [M , Section 4] or | , Section 2.2]). Similarly, if only two
Markov kernels P and P are involved, then both kernels are assumed or are proved to
satisfy the same minorization and drift condition under appropriated conditions, e.g. see
[ , Cor. 4.2], | , Th. 9]. Mention that Conditions (DRI) in | , D-
1589] correspond to (Mg)—Dg(Vph, V1) w.r.t. a family of Markov kernels {Py}pco with
1y := lg for some small-set S, minorizing measure vy = v and constant by = b, and fi-
nally with V; = ¢(Vp), where the function ¢(-) satisfies specific conditions (see [ ]
for details on these modulated drift conditions). Conditions (DRI) are used to study the
convergence of stochastic algorithms where Markov dynamic takes place. This concerns
Metropolis-Hastings algorithms for which some parameters must be estimated, and also
stochastic gradient descent, stochastic Expectation-Maximisation algorithms, or stochas-
tic algorithms in reinforcement learning. Actually Conditions (DRI) are used in | ]

to ensure that the specific Assumption | , (A3)] for convergence of the stochastic
algorithm is satisfied when the underlying Markov dynamic is subgeometrically ergodic.
Similar conditions were introduced in | , (DRI1), Section 6] to deal with geomet-

rically ergodic underlying Markov kernels.

On the condition (V) < co. For a Markov kernel P with invariant probability measure 7,
the condition 7(Vp) < oo is in force in this section. When P satisfies Conditions (M, ;)
D, (Vp, V1), we have m(V1) < oo from Theorem 5.3, but recall that the condition (1)) <
oo does not hold automatically. It is in fact satisfied provided that P satisfies (M, ;) and
any preliminary Vp—modulated drift condition D, (L, Vj) for some Lyapunov function L.
We refer to Proposition 5.12 for a general statement and to the example of Subsection 7.2.2
for a specific situation. Such nested modulated drift conditions Dy,(L, Vp) and Dy, (Vp, V1)
occur in most of the analysis of polynomial or subgeometric convergence rate of Markov
models, e.g. see | , , , , ].

On the measurability of the function Ay . Let P and K be two Markov kernels on (X, X)
and let V' be a Lyapunov function such that ||PV|y < oo and |KV ||y < oo. Assume
that the o—algebra X" is countably generated. Then the function on X, z — Ay (x) :=
|P(z,) — K(z,-)|{,, is X—measurable. Indeed, for every x € X we have ||P(z,-) —
P'(z,9)|lv = [n2|(V') where |n,| is the total variation measure of the finite signed measure
Ny = P(z,-) — K(z,-). Moreover the map = +— |n,|(V) is X —measurable since so is
x = ng(V), see | -

On the Condition (Ay). As introduced in | | for discrete set X, Condition (Ay)

VeeX, lim Agy(z)= lim |[Py,(z, ) — Py(z, )||§/ =0,
60— 0g 06— 6o
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is the expected continuity assumption in order to study the convergence to 0 of the
V —weighted total variation distance between 7y and mg,. Let us discuss Condition (Ay)
and alternative assumptions used in prior works.

e The standard operator-norm continuity assumption introduced in | ] writes as
lim9_>90 ||P9 — PQOHV = 0, namely
Agy(x
lim sup L() =0.
9—>90 reX V($)
This condition is clearly much more restrictive than Condition (Ay ). Such a con-
dition is suitable when Py = Py, + 0D where 6 € R and D is a real-valued kernel
satisfying D(z, 1x) = 0 for every = € X e.g. see [ , ]

e The weak operator-norm continuity assumptions, based on Keller’s approach for

perturbed dynamical systems | |, require that
A P, ) =P, I
lim sup 9717}&(‘%) — lim sup H Q(CL', ) 90(‘7;’ )HTV = 0. (110)
9060 zex V(z) 000 zex V(x)

To understand the difference between Conditions (Ay) and (110), consider the
following simple example derived from perturbed linear autoregressive models (see
[ , Ex. 1] for some details on this perturbed model):

V0 € (0,1), Ve e X:=R, VAe X, Py(z,A):= / 1a(y) p(y — 0x) dy,
R
where X is here the Borel o—algebra on R and where p is some probability den-
sity function with respect to Lebesgue’s measure on R. Let 6y € (0,1) be fixed.
Condition (Ay) writes as follows

Vo eR,  lim | V(y)|ply—62) - ply— or)|dy =0, (111)

9—)00 X

while Condition (110) is:

_ fX|p(z—9x) —p(z—Oox)}dz B
915%0 ilelg Vo) =0. (112)

Conditions (111) and (112) are quite different. In (111) the convergence is simply
point-wise, but the presence of V(y) in the integral may be problematic. In (112)
the absence of the function V in the integral is of course an advantage, but the
uniform convergence in € R may be problematic (even though it can actually only
be proved w.r.t. every compact of R thanks to the division by V(z)).

The weak continuity assumption (110) has been adapted to V-geometrically ergodic
Markov models, either using the Keller-Liverani perturbation theorem from [ ]

(see | , , 1), or using | | based on Wasserstein distance as in
[ | orin | , |. In the next item, the perturbation bound obtained
in [ | and | | under this condition (110) is compared with the bound of
Theorem 7.3.
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F) Geometric ergodicity case. If {Py}gco satisfies the assumptions of the example in Sub-
section 7.2.1, then the bound (81b) of Theorem 7.3 gives

2(1+d ~ 1
|9 — moollTv < 21+d) mo(Qp,v)  with d = —— max (0, Z) (113)

1-96 1-6

where m := infpce 9(1x) > 0. The focus here is on the comparison of the error bound
(113) with that obtained in [ , Prop. 2.1] and | , Eq. (3.19)] (see also | ]
for the iterated function systems), that is

o — mgyllTv < 79 |Inye| with 75 := iggw
where the positive constant ¢ depends on the constants §, C' given in Subsection 7.2.1 and
on the V —geometric rate of convergence of the iterates Fj* to the invariant distribution g
(i.e. Property (72) w.r.t. Py). The interest of the bound (114) may be the use of Ag 1, (z)
rather than Agy (x) in (113). The drawback of (114) is that it involves a logarithm
term, but above all that the constant ¢ in (114) depends on the V—geometric rate of
convergence of Py" to mg, which is unknown in general (or badly estimated).

(114)

G) Approximation by truncation. Here we focus on the approximation by a truncation of
the state space X. Specifically we are interested in the so-called truncation-augmentation
technique and essentially in the study of convergence of the truncated invariant prob-
ability measure 7w, to m. We refer to | , , , , , ,

, , , , , and references therein] for countable set X and
[ , ) | for a continuous state space. Note that the stochastic monotonic-
ity property is widely used in the statements of most of these references. Various points
related to the results of Subsection 7.3.1 are discussed below, keeping in mind that trun-
cation scheme is considered as a perturbation issue.

e Convergence of {7 }n>0 to m. For V-geometrically ergodic discrete Markov chains,
the convergence in V-weighted total variation norm is proved to take place in | ,
Th 3.2] for the first-column linear augmentation (see (93) with k,j is a Dirac dis-
tribution at 0). Using regeneration methods, such a convergence is extended to
V-geometrically or polynomially ergodic Markov chains with continuous state space
in | , Th 2] for a specific linear augmentation. The weak convergence in the case
of general augmentation of continuous state space Markov chains has been recently
addressed in | |]. Note that in such context, the weak convergence does not
provide the convergence in the total variation norm.

e Rate of Convergence of {Ti}n>0 to m. The bound of Theorem 7.3 for a V —geo-
metrically ergodic Markov kernel P and ¢ := 1g for some set S (see also Propo-
sition 7.5) then provides a generalization of the bound (10) in | , Th. 2] to a
general state-space X without assuming the existence of an atom. Similarly the
bound of Theorem 7.3 extends the bound (16) in [ , Th. 3] (with m :=1) to a
general state-space X without assuming that the residual kernel is a contraction on
By, ie. RV < BV for some < 1 (see Condition 3 in [ , Th. 3]).

H) Approximation though numerical computations. The discretization procedure of the
general state-space X in Subsection 7.3.2 can be used to numerically approximate the
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P—invariant probability measure. This has been proposed in [ | in the specific con-
text of a V—geometrically ergodic Markov chain. We refer to | ] for various illus-
trations, in particular for autoregressive models. Here, the procedure has been adapted
to a general context in Proposition 7.10, where the geometric drift condition is replaced
by any modulated drift condition. Fine discretizations of continuous state-space models
used on computers introduce round off errors, and therefore produce bias in the results
of computations. Thus, it is of interest to show that such a bias is negligible under fair
conditions. There, using perturbation techniques may prove relevant, as highlighted for

example in [ , ]. Such an issue was discussed in | | for a more gen-
eral mechanism of round-off than in | , | and for iterated function systems
of Lipschitz maps. It should be noted that the problem addressed in | ] fits natu-

rally into the current discussion on the use of perturbation techniques for analysing the
effect of numerical approximation on the calculation of stationary characteristics. We
refer to [ , ) , and references therein| for such a study in MCMC
computations with respect to weighted total variation, Wasserstein and xy—metrics.

8 Polynomial convergence rates

The definitions of the space By and the V—weighted total variation norm are recalled in
Section 2, see (8). Throughout this section, P is a Markov kernel on (X, X') satisfying the
first-order minorization condition (M, ) for some (v, 1)) € M y x B, as well as the following
well-known nested modulated drift conditions: There exists a collection {V;}!", of Lyapunov
functions with m > 1 such that

Vie{0,....om—1}, Vi1 <V; and 3b; >0, PV, <Vi— Vi +bip. (Dy(Vo: Vi)

Note that V;,, <--- < V; <--- < Vp. Since Condition Dy (Vp, V1) is contained in Dy, (Vp : Vip)
it follows from Theorem 5.3 that 7 given in (26) is the unique P—invariant probability
measure on (X, X') and that

() >0, 7r(V1) < oo, so mx(Vi) < oo forie{1,...,m}. (115)

Note that the condition 7z(Vp) < oo is not guaranteed a priori. When m > 2 the purpose of
the next Subsection 8.1 is to obtain explicit bounds for the following quantities:

+o0o
Vg € By, V2 €X,  Smoa(g,x) = (n+1)"?|(P"g)(x) - 7aly)]
n=0
400
Ve €X,  Spmoa(z):=) (n+1)" | P(x,") - mally,
n=0

and Vk >0, VzeX, HPk(a:, )= 7TRHTV.

To this end the technical condition 7x(|tp — mr(¥)1x|)/7mr(¥) < 1 (see (121)) is assumed.
When it does not hold, replacing this condition by the strong aperiodicity condition v(1g) > 0,
it is proved in Subsection 8.4 that the results of Subsection 8.1 then extend to some iterate
of P.
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8.1 The main statements

Let P satisfy Conditions (M, ) and Dy (Vy : Vp,). Set

Vie{0,...,m—1}, d;:=max <0, W) (117)

with constants b; given in Dy, (Vy : Vi,). Moreover define (Dy);;" € (0 + 00)™ by

~

—1
l
Dy:=1+dy and W€ {1, .. 1} D, = (1 + dg) < >Dj (118)
J
J

I\
o

where (f) = 01/j!1(¢ — j)! denotes the standard binomial coefficient.

Proposition 8.1 Let P satisfy Conditions (M, )-Dy(Vo : Vi) for some collection {V;}7,
of Lyapunov functions with m > 1. Let R = R,y be the residual kernel given in (13). Then

+o0o
Vie{l,...,m}, Y (n+1)7'RYW, < DiaW, (119a)
n=0
+oo '
Y (n+ D) (RYW;) < Diav(Vp) < oc. (119b)
n=0

Proof. Let us prove Inequalities (119a) by an induction on m. For m := 1, Inequality (119a)
corresponds to the second inequality of (57a) in Theorem 5.3. Now suppose that Inequali-
ties (119a) are proved for some m > 1 and that Conditions Dy (Vy : Viuy1) hold. Then it
follows from Lemma 5.8 used under Condition Dy,(Vin, Vint1) that RV, 4., < Vi d,, — Vit
with Vi a,, = Vin + dmlx > Vi, where dp, := max(0,v(1x) (b, — v(Vin))). Equivalently
we have V11 < Vi a,, — RVin g,,, S0 that we obtain for every N > 1

N N N+1
Y+ RV < Y (n+ 1" R"Wing, — > 0" RV,
n=0 n=0 n=0
N
< Y [+ 1™ =n"] R"Vina,, = Z ( ) Zn] R"Von.d,,
n=0 7=0
m—1

IN

(1+dn, Z( )ZnﬂR” (e

J=

s (E (o) -

J=

using the binomial expansion, Vi, 4,, < (14 dp)Vi < (14 dp,)Vjgr for j =0,...,m — 1, the
induction hypothesis, and using finally the definition of D,,. This gives Inequalities (119a)
at order m + 1. Finally (119b) follows from (119a) since, for some x € S, we have from
Assumption (M, 4): v(Vo) < (PVp)(x) < Vo(x) — Vi(x) + by < oo. O
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Now recall that, under Conditions (M, ) and Dy (Vp : Vi), the positive measure iy :=
Z::()) vRF satisfies pr(1x) < oo and pig = m/7r(1)) from Theorem 5.3. Let us introduce the
following functions ®; : X —[0, +-o0] for i € {0,...,m — 2}:

+o0
0= (n+1)'|P"¢| where ¢=dy =1 —ma(¥)lx (120)

n=0

with 1) given in Assumptions (M, ) and Dy (Vy : Viy,), as well as the following condition

mr(|9])
mr(1)

Recall that, for every m > 2, there exists {aj,m}gn:_ll € R™! such that

(1)) = <1 (121)

k m—1
VE>1, L= am =) ajm i, (122)
n=1 j=1

and that the real numbers {ajm};”:_ll can be computed by induction on m using binomial
expansion (e.g. see Subsection 8.3.1 in cases m := 2,3). Next, using D;’s in (118), define the
following positive constants

4
vie{l,...,m—1}, E, ::ZWH D;. (123)
j=1

Theorem 8.2 Let P satisfy Conditions (M, )-Dy (Vo : Vi) for some collection {V;}7, of
Lyapunov functions with m > 2. Then the following inequalities hold in [0, +00]:

Vg € By, V2 €X, Smoalg,x) = Y (n+1)"?|(P"g)(x) - malg)]
n=0
< g = mr(9)1xllv,, Win(2) (124)
“+00
and VreX, Sp_o(r) = Z(n + 1)m_2HP"(ac, )= 7TRH;/m
n=0

IA

where O, =1+ 15 (Vin)|[1x|lv,, and the function W, is
m—2 m — 2
Wi = Do Vo + y(vo)[ > ( ; )Dj Do+ 7Ta(Y) Em_1 1X]. (126)
=0
If Condition (121) holds, then for every i € {0,...,m — 2} we have ®; € By, and
L (i
®; < Cylldl1y (Dz’Vo +v(V) ) (j) Dj®i—; + WR(Tﬁ)V(Vo)EiHlX) (127)

Jj=1

with the convention 2221 = 0 and with Cy := (1—pur(|¢])) ™! where pr(|¢|) is given in (121).
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It follows from (126) that

m—2

m — 2
Winllvy < Dz +v(Vo) Y < i )Dj [Pm—2-jllvy + Tr(¥) v(Vo) Em—1]1xlvy.  (128)
=0

Moreover, if Condition (121) holds, then the norms (||®;||v;)7,? can be recursively bounded
from (127) by

1@l < Co (Dz- [ <J> D; @0 5llvy + () Eiﬂnlxuvo]). (120)

=1

Consequently, for every x € X, Theorem 8.2 provides explicit bounds for S,,—2(g,z) with
g € By,, and for S;,—2(x). In the atomic case (more generally if b; < v(V})), the d;’s in (117)
are zero (see Remark 5.7), so that the constants D; defined in (118) and used in the previous
estimates simply depend on the integer m. Finally note that ||1x|y,, < 1 since V,, > 1x

and that 7z(V;,) < by—17x(v) applying Assertion (vii) of Theorem 5.3 under Condition
Dy, (Vin—1,Vin). Thus the positive constant 6,, of Theorem 8.2 satisfies

As a by-product of Theorem 8.2 we obtain the following statement on the total variation
norm of Pk(z,-) — mp.

Corollary 8.3 Let P satisfy Conditions (M ,)-Dy(Vo : Vi) for some collection {V;}i™ of
Lyapunov functions with m > 2. If Condition (121) holds then

2m

Ve eX, Vk >0, ||[PMx,)—mgllpy < =t

Wi () (130)
with W, given in Theorem 8.2.

Proof. Note that Vp, in Dy (V : V4,) can be replaced with the function 1x since V,, > 1x.
Let € X. Recall that the sequence (||P"(x,-) — mr|Tv)n>0 is non-increasing. Let j > 0.
Then we deduce from (125) that

2j
G+ D)™ PP (@, ) = |y <Y+ D) EP (@, ) = wa|| gy S Om Win(2)

n=j
with 0., :== 1+ 7x (Vi) || 1x||v;,, = 2 since V,,, = 1x here. Thus

2m

|[P? (2,) = @n| gy < @

Next, using the sum Zijjjlﬂ, we obtain the same inequality for | P2+ (z,.)—7p HTV replacing
(2j)™~1 with (25 + 1)™~1. This proves (130). O

In the case ¢ := 1g, Condition (121) is proved to be equivalent to mz(1g) > 1/2 in Proposi-
tion 8.5. This condition 7x(1g) > 1/2 has been used in others works and proved to imply the
aperiodicity condition (see the bibliographic comments in Subsection 8.5). This last fact still
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holds for general first-order small-function v, and this is easily seen via Corollary 8.3 when P
satisfies Conditions (M, )-Dy (Vo : Vi) for some m > 2. Indeed, under these assumptions,
the function A% := lim, R"1x is zero on X from Theorem 5.3. Now, if Condition (121) is
moreover assumed, then it follows from Corollary 8.3 that limyg ||P*(z,-) — mx|/Tv = 0 for
every x € X, so that z := 1 is the only eigenvalue of modulus one for P on B(C) = B, (C):
Theorem 4.14 then implies that P is aperiodic.

8.2 Proof of Theorem 8.2

To prove Theorem 8.2 recall that ¢ := 1) —mx(1)1x and let us introduce the following functions
under Conditions (M, )-Dy (Vo : Vin) -

N
Vie{0,...,m—2}, YN >1, &;y:= Z(n+1)i |Pmg). (131)

n=0

The following lemma plays a crucial role in the proof of Theorem 8.2.

Lemma 8.4 Let P satisfy Conditions (M, .,)-Dy(Vo : Vi) for some collection {V;}t_, of
Lyapunov functions with ¢ > 2. Let (gn)n>0 € Bvlj and ¢ € By, such that |g,| < ( <V, and
Tr(gn) = 0 for every n > 0. Then we have for every N > 1 (with the convention Z?Zl =0)

S+ )PPy < DeaVo+ (Zm‘“o) By o n
n=0 k=1

{—2
+ v(Vp) [Z (5 ; 2) Dj®y 9 jn+mr(¥) By 1x|. (132)
j=1

Let us admit Lemma 8.4 for the moment and prove Theorem 8.2.

Proof of Theorem 8.2. Note that ®; ;v < ®; for every N > 1, with ®; given in (120). If
g € By, is such that ||g||v,, < 1 and 7z(g) = 0, then Inequality (124) in [0, +oo] with W,

given in (126) directly follows from Inequality (132) applied to ¢ := m, g, := g,( := V5, and
from

+o0 +0o0
> u(RMVR) <Y v(RFW) < Dov(Vh) (133)
k=1 k=1

thanks to (119b) applied with 7 := 1. The formulation in (124) given for any g € By;, is then
easily deduced considering the function (¢ — 7z(9)1x)/|lg — 7r(9)1x||v;,-

Next, to prove Inequality (125), recall that 6, = 1 + 7x(Vi)||1x||v;,, and first note that
Vh € By,,, [lh—mr(h)1xlv,, < Omlhllv,-

Now let (hp)n>0 € BVR:” be such that ||hnllyv,, < 1 and set f, := h, — mzr(hy)1x. For any
n > 0, we have || fu|lv,, < 0m, so that g, := f5/0n, is such that |g,| < Vi, and 7wz (g,) = 0.

Then, applying Inequality (132) to ¢ :=m, ¢ := V,,, we obtain that

N
Ve €X, VN >1, Y (n+1)"2|(P"hy)(x) — 7r(hn)| < O Win(2)

n=0
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using again (133). Taking the suppremum bound over the functions hy,...,hy, we obtain

that
N

Ve eX, YN > 1, > (n+1)"2|P"(x,-) = maly, < O Win()
n=0
from which we deduce (125).
Now observe that Assumptions D, (Vp : Vi) obviously imply that, for every i =0,...,m—
2, Assumptions Dy (Vo : Viyo) hold too. Therefore, for any i = 0,...,m — 2, it follows
from Inequality (132) with ¢ := i + 2 applied to g, = ¢/||é[l14, ¢ := |¢|/]|¢]l1; and from
Condition (121) that

1 — pr(|9])
161115

e
®; v < D; Vo +v(Vo) [Z <]> D;®;_;n+mr(v¥) Eir1 1x
=

since 7% v(R*!¢|) = ur(|4|). Note that the above functions g,, and ¢ satisfy the assump-
tions of Lemma 8.4 since |g,| < ¢ < 1x < V4. Recall that Z -, = 0 by convention in (132).
When N — +00, the previous inequality for ¢ = 0 shows that the series ®( is convergent and
satisfies (127) for ¢ := 0. Next this inequality for i € {1,...,m — 2} ensures that the series
®; is convergent from the convergence of the (@j)é;%), and that ®; satisfies Inequality (127).
The proof of Theorem 8.2 is complete, provided that Lemma 8.4 is proved. g
Proof of Lemma 8.4. Let (gn)n>0 € Bvlj and ¢ € By, such that |g,| < { <V, and 7z(g,) =0
for every n > 0. Note that pp(gn) = .45 -1 v(RF1g,) = 0 since 7x(gy) = 0. Then, from
Formula (17) and > _p_, v(R*"lg,) = Zk:nH v(RF1g,) with the convention 22:1 =0,
we obtain that

Vn>0, P'g, = gn—l—z (RF1g,) PP Ky
+o00
— gn+z (RF1g,) P kg — nR(¢)< > V(Rk_lgn)>lx. (134)
k=n+1

First, using the non-negativity of R and |g,| < Vy < Vj_4, it follows from (119a) with i = £—1
that

N +00 +o0
Ay =Y (n+1) 2R, < (n+1) 2 Rga| < (n+1)"2 R"Vp_y < Dy Vo (135)
n=0 n=0 n=0
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Second, using again the convention 22:1 = 0 and the inequality |g,| < (, we have

N n N n
By =Y (n+ 1)) v(RFg) PP gl < > (n+ 1)) w(RFga|) [P R
n=0 k= n=0 k=
1 N 1 R
=Y (B gal) Y (n+ 1) P )
=1 n=k

N
V(RFIO)) (414 k)2 Pl

IN
szv

— K_ZQ <€ B 2) <§N:k:3 V(Rk_lC)> Dy o ;N

k=1
<y (5 - 2) <§k7 V(Rk1<)> Bpg N

where the ®; x’s are defined in (131). Then, separating the term for j = 0 in the last sum
and using ( <V, < Vjiq for j=1,...,0— 2, it follows from (119b) that

400 -2
By < <Z V(Rk_lC)> Do N + (Vo) Z <£ ; 2) Dj®y_5_jn. (136)

k=1 j=1

Third, recall that, for any k£ > 1, Ei‘z = 22:1 nt=2 = Zg; a;jek’ from (122). Then

N 400
Cy = WR(zp)(Z(nH)“ > V(Rklgn)>1x
n=0 k=n+1

+o00 +oo
< m)( 0+ )5 3 R ) )1

n=0 k=n-+1

+oo 400 oo &
<m0 (S0 3 w1 =L wE ) D1

n=0 k=n+1 k=1 n=1
/-1 +o0
< m0)( S aie S0 VR )1
=1 k=1
/—1
< ma(0)r(V) (Zaj,wj) L = 7n() v(Vo) Ber 1 (137)
j=1

using (119b) (note that |g,| < Vi < Vjyq for j = 1,...,¢ — 1) and the definition of Ey_;
in (123).
From the triangular inequality applied to (134), we obtain that

N
S (n+1)72|Pg,| < Ay + By + Cy.

n=0

Therefore Inequality (132) follows from (135)—(137). The proof of Lemma 8.4 is complete.
O

83



8.3 Examples
8.3.1 Case ¢ :=1g

When ¢ := 1g for some S € X", Condition D14 (Vj : V},,) is: There exists a collection {V;}",
of Lyapunov functions with m > 1 such that

Vie{0,...,m—1}, Vi1 <V; and 3Jb; >0, PV; <V; = Viy1 +bils.  (Dig(Vo: Vin))

Proposition 8.5 Let P satisfy Condition (M,14) for some couple (v,S) € M7, x X™.
Then Condition (121) is equivalent to mr(ls) > 1/2. Moreover, under this condition, the
constant Cy := (1 — pr(|¢])) ™" involved in (127) and (129) is given by

C¢ = (2mr(1lg) — 1)_1.

P?"OOf. If Q,b = 15', then gb B 1,5' — WR(ls)lx, so that ‘(;5| = WR(lgc)ls + WR(ls)lgc. Thus
mr(|@|) = 2mr(1ge)mr(1ls). Hence we have pg(|¢|) = mr(|¢])/mr(ls) = 27r(1ge), from which
the desired statements are easily deduced. ]

Using Proposition 8.5, let us detail the conclusions of Theorem 8.2 under Conditions (M, 1)~
D14(Vo : Vi) with (v, S) € M7, x X in the cases m := 2 and m := 3. Recall that the positive
constants d; (see (117)) are

‘ bz'—V(Vi)>
Vie{0,....m—1}, d;:=max|(0, ————=
{ } (0"

with constants b; given in Di4(Vp : V). Moreover note that, in case ¢ := 1g, we have
[l < max(mr(ls),1—mr(ls)) < 1.

Case m := 2
Let P satisfy Condition (M, 1) with 7(1s) > 1/2 and Conditions D1, (Vy : V2) for some
Lyapunov functions Vy, V1, V5. Note that 22 =k, i.e. a;2 = 1 in (122). Moreover we have
Dy :=1+4dy, Dy := (1 +do)(1 4+ dy) from (118) and E; = D; from (123). Consequently it
follows from (124) and (126) applied with m := 2 that

Wy = (14 do) Vo +v(Vo) [ (1 + do) ®o + m(1s) (1 + do)(1 + di) 1x] (138)

and we have the following estimate from (127) with i := 0:

(1 + do) m(Ls)v(Vo)(1 + do)(1 + dv)
S Srlgy 10T 2m(lg) — 1

It follows that Wy < coVp + m(1g)c1lx < ¢V + ¢11x with the constants cg, ¢; defined by

Vz(:i)(ﬁ;r_di)) e1 = v(Vo)(1 + do)(1 + dy) (VQ(:Z)(&;_C?) + 1).

Apply (124) with m := 2 to get

1x.

= (1 —|—d0) (1 +

+oo
Vg € By, Vo €X, Solg,x) =Y [(P"g)(x) - malg)] < llg — 7a(g)1x]lvs Wa(2)
n=0

<llg = mr(g9)1xllvs €2 Vo(z)  (139)

where ¢3 := ¢ + c1||1x||v,. Similarly Inequalities (125), where 02 < 1 4 bymz (), and (130)
hold with W5 defined in (138).
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Case m := 3

Let P satisty Condition (M, 1) with 7mz(1s) > 1/2 and Conditions D;(Vy : V3) for some
Lyapunov functions Vp, V1, Va, V3. Here we have E}C =k(k+1)/2,ie. a13 =as3 =1/2 from
(122). Thus we get from (118) and (123)

! Dy +D
i=0,1, Di=[[(1+d), Da=(1+d2)(Do+2D1), By =Dy, By= .

j=0
As in the Case m := 2, we get from (126) with m :=3

W3 := D1 Vo + v(Vo) [ Do @1 + D1 ®o + 7(1s) F2 1x] (140)
and from (127) with i := 0,1

D(] ’/T(lS)V(VO)El D1 V(‘/()) D1 W(ls)l/(%)EQ
D < 1x, ®1 < Vi i) .
0= s — 1 0 on(lg) =1 0 NS on(le) — 1 2m(lg) — 10 om(lg) —1 ¥

Thus, we obtain W3 < ¢gVy 4+ ¢11x where

v(Vo)Do 17 v(Vo) D12 + DoBEav(Vo) — v(Vo)2Do Dy
=Dy |14 —"70 = v(Vy)| E .
0 1[ T ora(is) — 1] o1 =v(Vo) | Bp + 2mn(lg) — 1 (2ra(lg) — 1)2
Consequently it follows from (124) with m := 3 that
—+o0
Vg € By, Yz € X, Z(n + 1)[(P"g)(x) — mr(9)| < llg — mr(9)1xllvs Ws(x)
n=0

<llg = mr(9)1xllvs e3 Vo(z)  (141)
with ¢3 := ¢g + CIHIXHV()- (142)

Similarly Inequalities (125), where 63 < 14+bomr (1)), and (130) hold with W3 defined in (140).

8.3.2 Jarner-Roberts’s drift conditions

Recall that Jarner-Roberts’s drift condition is the following: There exists a Lyapunov function
V such that
IS e X*, Ja€0,1), Ib,c >0, PV <V —cV*+blg. (143)

This is the most classical one leading to nested modulated drift conditions D4 (Vp : V).
The details are recalled in the next proposition. Let |-| denote the integer part function
on R.

Proposition 8.6 If P satisfies Condition (143), then P satisfies D14(Vy : Vi) with Integer
m=m(a):=|(1—a)~t| > 1 and the following Lyapunov functions

Vin i =1x < Vot == VOt < SV i= gV <V i=agV (144)
with oy :=1—1/m € [0,1) and when m > 2
Vi=2,....m—1, o= —1)i+1,

where the a;’s are explicit constants strictly larger than one.
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Assume that the set S in (143) is a first-order small-set (i.e. P satisfies Condition (M, 1))
and that mz(1g) > 1/2, so that Condition (121) holds from Proposition 8.5. If m(a) > 2
(i.e. > 1/2), then for any measurable and bounded function g : X — R, i.e. g € By, and
for any x € X, Theorem 8.2 combined with Proposition 8.6 provides an explicit bound for

0 (n 4+ 1)™@=2|(Prg)(x) — 7r(g)|. For instance the bounds (139) in case m(a) := 2
(i.e. @ € [1/2,2/3)), or the bounds (141) in case m(«) := 3 (i.e. a € [2/3,3/4)), apply.
Proof. The construction of the Lyapunov functions V; is based on the following fact. If W is
a measurable function from X to [1,4+00) and if 0 < #3 < #; < 1 are such that

b,e >0, PWO <wh —cw? +b1g,

then I,d >0, PW2<wh w111  with 63 := 20, — 6. (145)
Indeed we know from | , Lem. 3.5] that

vn e (0,1], 3b,, ¢y >0, PW™M < W _ ¢ (Wo)0/0Fn=1 L g
Then (145) is obtained with 1 := 62/6; < 1. Next note that ay =1 — 1/m < «, so that
PV <V eV 4blg (146)

from (143). Of course we can replace ¢ with ¢; < 1. Recall that m := [ (1 — a)™!|. Then:
o If oy =0,ie.m=1or ac0,1/2), then D(Vp: V;) holds with V} := CI_IV >V = 1x.

o If y =1/2,i.e. m=2or a € [1/2,2/3), then we deduce from (146) and Property (145)
applied to W :=V,0, = 1,05 = oy that

F1,c5 >0, PV <V — V2 4 bylg (147)

with ag := 27 — 1 = 0. Again note that we can choose co < 1. Then the procedure stops,
and Conditions D(Vj : Vo) hold with Vg := ¢ 'e; 'V > V) := ¢, 1V >V = 1x.

e If a; > 1/2, then Property (145) can be used recursively to provide inequalities of the
form PV®i-1 < V-1 —¢; V¥ 4 b,_11g with ¢; < 1 and o; = 20,1 —vj—o = (a1 — 1) i+ 1.
Actually (145) can only be used until the value i = m since a,,, = 0 and «o; < 0 for i > m.
Then Conditions D(Vp : V;,) hold with V; given in (144), where a; = [[[j, 1 cx] '

g

8.3.3 Application to V—geometric rate of convergence

Assume that P satisfies Condition (M, ) and the V —geometric drift condition Gy (d,V)
(see Example 5.2). Then, for every m > 1, P satisfies Conditions Dy (Vp : Vi) with
Vo=V and Vie {0 1, v 4 b b (148)
= n i cee,m — = b=
m 9 9 9 K3 (1 _ 5)m717 K3 (1 _ 5)m71
Recall that, if P satisfies (M, 14)-G14(,V) and is aperiodic, then P is V—geometically
ergodic from Theorem 6.2. In the next statement, strengthening the aperiodicity assumption
with the condition 7(1g) > 1/2, we present a simpler proof of the V —geometric ergodicity of
P, with moreover an explicit control of the rate of convergence.
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Corollary 8.7 Assume that P satisfies Conditions (M ,,14)-G14(6,V) with mz(1g) > 1/2.
Then P is V —geometrically ergodic and for every T € (0,1), we have

c3(1 1
Vo € By V20, Py = mufo)taly < 2EEEREAN gy with i 71

where ¢3 is provided in (142) using D14(Vp : Vi) and V;’s given in (148) with m := 3, and
no is the smallest positive integer number such that c3(1 + 7 (V)||1x|lv) < (no + 1)7(1 — §)3.

Proof. Using here Condition D14(Vp : V3) and Vp, Vi, Va, V3 given (148), it follows from (141)
that

((P"9)(z) —ma(9)| _ cllgllv . _ e+ r(V)1xllv)
V(z) Sapr M e=Ta g

Vn > 1, Vg € By, Vo € X

Recall that the operator-norm of any bounded linear operator L on (By, || - ||v) is defined by:
|L|lv := sup{||Lg|lv : g € By, |lgllv < 1}. From the above inequality we then obtain that
|P" — 10|y < ¢/(n+ 1) with IT := 1x ® mz. Let 7 € (0,1) and ng = no(7) be the smallest
positive integer such that ¢/(ng+1) < 7. Then, writing n = gno+r with r € {0,...,n9—1},
we deduce that

1/no

Vn>1, |P" =Ty < [P -1y x (I(P—1)™[v)* < Spm with pi=7

EEEs)

since |[(P —II)"||y < ¢ and 777/ < 771, -

8.4 Complements on Condition (121) using some iterate of P

Let P satisfy Conditions (M, y)-Dy(Vo : Vi) with (v,9) € M7, x B}. Recall that Condi-
tion (121) is
_ mallg)
()
When this condition does not hold, Theorem 8.2 and Corollary 8.3 may not be relevant:
Indeed recall that Condition (121) ensures that Inequalities (127) for the ®;’s hold, from
which the Vp—weighted norm of W, can be deduced (see (128) and Cases m := 2,3 in
Subsection 8.3.1). To overcome this problem, considering some iterate P’ instead of P may
be of interest. To that effect recall that the minorization condition of order ¢ for some integer
£ > 1 is the following one:

pr(|ol)

<1 where ¢ = ¢y =1 — mr(¢)1x.

(v, o) € MGy x By, P>y @y (149)

This condition is nothing else but Condition (M, 4,) for the Markov kernel P*, and 1y is
called a —order small function for P. The following statement is then obvious.

Corollary 8.8 Let us assume that, for some ¢ > 1, the Markov kernel P’ satisfies Condi-
tions (M, y,) and Dy, (Vo : Vi) for some (ve,¢0) € M, x BY and for some collection
{Vi}i"y of Lyapunov functions. Then Theorem 8.2 and Corollary 8.3 apply to Pt

Of course, for Corollary 8.8 to be relevant, Condition (121) for P’ must be satisfied. This
requires in particular being able to calculate the iterate P’, which is in any case also nec-
essary to check that P’ satisfies Conditions (M, ,) and Dy, (Vo : V;,). This problem is

87



circumvented in the following statement, in which the minorization and nested modulated
drift conditions are initially assumed for P. More precisely, let P satisfy Conditions (M, ;)
Dy (Vp : Vi) with pr(|¢]) > 1, so that Condition (121) does not hold. The next theorem
states that, under the strong aperiodicity condition v(1)) > 0, there exists an integer ¢ > 2
such that the assumptions of Corollary 8.8 hold with some small-function 1), for P satisfying
Condition (121), so that all the conclusions of Theorem 8.2 and Corollary 8.3 apply to P

Theorem 8.9 Let P satisfy Conditions (M, y)-Dy(Vo : Vi) with m > 2 for some (v,1)) €
M, x By such that v(y) > 0. Then

1. g is the unique P‘—invariant probability measure for each £ > 1.

2. There exists an integer €y > 1 such that the following assertions hold for every £ > {y:
(a) the Markov kernel P¢ satisfies (M ,p,)~Dy, (Vo : Vi) with 1y := P 14;
(b) Condition (121) holds for the small-function 1, := P'~14 and rewrites as

mr(|¢el)
WR(wf)

Using these properties, all the conclusions of Theorem 8.2 and Corollary 8.3 apply to the
Markov kernel P* replacing the constant Cy by (1 — pp(|pe)]) ™"

por(|Pel) := <1 with ¢y := Py — mr(the)1x. (150)

In (150) we have mz(1)¢) = mx(¢)) from the P—invariance of wz. Thus (150) reads as follows

(1P~ " — mr(v)1x])
Tr(¢)
When ¢ := 1, this is nothing else than pg(|¢|) < 1. When ug(|¢|) > 1, Theorem 8.9 states

that the condition ug(|¢¢|) < 1 is fulfilled for ¢ large enough. The proof of Theorem 8.9 is
based on the following lemma.

pa(de) = ([P — ma(h)1x]) = ~2 <1

Lemma 8.10 Let P satisfy Condition (M, ) for some (v,v) € M, x B} such that
v() > 0, and Condition Dy(V,W) for some couple (V,W) of Lyapunov functions on
X. For every £ > 1, set ¢y :== P*"1). Then P* satisfies Conditions (M, y,)-D.y,(V,W),
that is

P > yYyov (151a)
by >0, PV < V—W+bpy. (151b)

Proof. For £ := 1, Inequalities (151a)—(151b) are just (M, )-Dy(V,W). Let £ > 2 be fixed.
Inequality (151a) follows from (M, ;) and the non-negativity of the kernel P*~!. To obtain
(151b), let Vg := V + dlx with d := max(0, (b — v(V))/v(1x)) where b is the constant in
D, (V,W), so that P satisfies R(Vy, W) from Lemma 5.8 used under Condition D (V, W).
Namely we have: RVy < V;— W. Iterating this inequality shows that RV; < V; —W. Then,
under (M, ), it follows from Formula (17) in Lemma 3.2 applied to Vj that

l l
P'Vy=RVy+ ) w(RW) PR < Vi = WY u(RMIV) PRy
k=1 k=1
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which is equivalent to

l
PV SV W+ y(RV) Phy
k=1

since PV = PV + dlx using the definition of V; and P’ is a Markov kernel. It remains to
prove that the last term in the previous inequality is bounded from above by by 1, = by P*~ 19
for some by > 0. To do this, prove that, for any k € {1,...,¢}, P %y < CMPK_WJ for some
cer > 0. In fact, we have P! > v(yp)F =1 Pk for every k € {1,..., £} so that we can set
Ch = Cpp = v(1)~ =1, Indeed, this is trivial for k := 1 and for k € {2,...,¢}, this follows
from the minorization conditions (151a) applied to 1, i.e. the relation P7¢ > v(p)PI~14 for
7 > 1. This proves the desired inequality. O
Proof of Theorem 8.9. We know from Theorem 5.3 that uz(lx) < co and that the function
hy := lim, R"1x is zero on X. Moreover it follows from the strong aperiodicity condition
v(1) > 0 and Theorem 4.7 that lim,, _, ;o [0, P" — 7g||Tv = 0, from which we deduce the
two following facts: first 75 is the unique invariant probability measure for each iterate P¢;
second there exists £5 > 1 such that

mr(|[P ™y — mr(¢)1x])
mr(9)

since Lebesgue’s theorem w.r.t. w5 ensures that lim,, 75 (| P™" —mx(¢)1x|) = 0. As previously
quoted, this condition is nothing else than Property (150) for ¢ := £y, that is pr(|¢g|) < 1.
Let £ > {y. Using Conditions (M, y)-Dy (Vo : Vi) for P we deduce from Lemma 8.10 that
Pt satisfies (M, ,)~Dy,(Vo : Vi) with 1, := P*~14. Moreover Theorem 5.3 applied to P*
and the fact that 75 is the unique P‘—invariant probability measure ensure that

MR(|P€O_IT/} —mr(Y)1x]) = <1

+oo
Tr = T‘-RZ = /"LRE(]‘X)_IMRZ = WR(we)/-’LR[ = ﬂ-R(w)MR[ Wlth MRZ = ZVRg_l & M:_
k=1

where Ry := P’ — 1, ® v is the residual kernel associated with P’ under the minorization
condition (M, y,). In particular note that p1z, = piz. Consequently Condition (121) for P*
under (M, y,)—Dy, (Vo : Vp,) writes as

m
i (0uD) = paln) = U0 <1 nere gy 1= g - a1,

7TR(¢€>
which is exactly (150). O
The proof of Lemma 8.10 ensures that

¢
P'v <V —-—W+bppp with by := ZCUC V(Rk_lvd) (152)
k=1

where V; := V + dlx with d := max(0,v(1x)" (b — v(V))) and where ¢, are any positive
constant such that we have: Vk € {1,...,¢}, PRy < Cg,kpeflw. Such constants ¢y exist,
for instance cgp = v(1))~*=1 (see the proof of Lemma 8.10). If P¢ is computable, then the
constant by in (151b) can be computed using directly the Markov kernel P* rather than using
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formula in (152). Actually the general minorization and nested modulated drift conditions
for P? in Corollary 8.8 are the following ones with 1, := P/~ 1¢:

Jype M, Vo eX, P'>P ey
Vi€ {0,...,m—1}, 3bp; >0, PV; <V;—Vipq + by Py,

Under the assumptions of Theorem 8.9, the two previous conditions are satisfied for every
¢ > 1, and Property (150) holds for ¢ large enough.

8.5 Further comments and bibliographic discussion

Theorem 8.2 and Corollary 8.3 may be relevant whenever explicit modulated drift conditions
are known: for such examples stated with ¢ := 1g, e.g. see | , , ] in
the context of Metropolis algorithm, | , | for queueing systems, [ | for Markov
chains associated with the mean of Dirichlet processes. The main classical results on the
rate of convergence of iterates in the non-geometric case are now recalled. The condition
m(lg) > 1/2 is also discussed at the end of this subsection.

A) On the subgeometric convergence rates. In continuation of the pioneering works | ]
based on recurrence times moments and | , | using spitting techniques, the poly-
nomial rates of convergence were first addressed in | ] under the nested modulated
drift conditions D;4(Vy : Vi) w.r.t. petite sets, of which Jarner-Roberts’s drift condi-
tion (143) is a special case (see Subsection 3.5-A for the definition of a petite set). Then
explicit bounds for ||P"(x,-) — 7THTV have been proposed in [ , ] thanks
to coupling methods under the sub-geometric drift condition PV < V — ¢ oV + blg
(where ¢ is essentially some non-negative concave increasing differentiable function on
[1,400)). This so-called sub-geometric drift condition encompasses Jarner-Roberts’s.
Actually, whatever the form of the starting single drift condition (e.g. the sub-geometric
one or Jarner-Roberts’s), the nested modulated drift conditions D, (Vp : Vi) must be im-
plemented in practice anyway, see | , Rem. 3]. This is recalled for Jarner-Roberts’s
drift condition in Proposition 8.6 based on [ , proof of Th. 3.6]. Readers can also
consult | | for various statements and examples on different rates of convergence,
[ , ] for rates of convergence in Wasserstein distance, and finally | )
Sec. 17.3] for further bibliographical complements. An alternative operator-type ap-

proach is presented in [ | inspired by the work of Yosida-Kakutani | |. The
works [ , | are discussed below.
B) Comments on Jarner-Roberts’s paper | ]. Let P satisfy Conditions (M, 4) and
Dy (Vo : Vi) with m > 1 and some petite set S; in each modulated drift condition. Let
7 denote the P—invariant probability measure. It is proved in | , Th. 3.2] that
: m—1|| pn A
Vo € X, nEIEOO(TH—l) | P™(x,) 7THVm 0, (154)

provided that P also satisfies the standard n—irreducibility and aperiodicity assumptions

w.r.t. some positive measure 7 (also see | , Th. 1]). The polynomial asymptotics
(154) ensures that ||P"(z,-) — 7||tv < c(z)/n™ ! for every € X, but with unknown
constant ¢(x). In particular the explicit bounds of ||P*(z, ) — 7|1y in | , Th. 2] and

[ , Th. 2.1] do not seem to provide any information on the quantitative polynomial

90



rate of convergence in (154) (see also | , Pro. 2.2]). Estimate (130) in Corollary 8.3
provides ¢(z) = ¢Vy(x) with an explicit constant c.

On the results in | | under Jarner-Roberts’s drift condition. Using a coupling con-
struction in the context of subgeometric Markov chains, rates of convergence are ad-
dressed in | , Th. 1] in terms of series of the form 3" *°¢ r(n)|(P"g)(z) — (P"g)(a")|

where (r(n))n>0 is some sequence of positive real numbers related to a subgeometric
drift condition. In particular their results apply to Markov kernels satisfying (M, 1)
and Jarner-Roberts’s drift condition (143). Under these conditions (and some additional
minor assumptions), it is proved in [ , Cor. 1, homogeneous case with £ = 1] that
there exists a constant C' > 0 such that for any (z,2’) € X? and any g € By,

+oo
> (1" (Prg)(x) — (PUg)(a")| < Cllglhy (V(2) + V() — 1)

n=0

with m := [(1 — a)~!, where « is the constant in (143) (as in Proposition 8.6). Thus, if
m(V) < 00, then Sp—1(g9,2) < C|gll1,(V(z)+7(V)—1). The fact that S;,—1(g, z) can be
estimated in [ , Cor. 1], while Theorem 8.2 only provides an estimate for S,,_2(g, =),
is due to the additional condition 7(V') < co which is imposed in [ , Cor. 1], but
not in Theorem 8.2. Indeed recall that the only moment condition guaranteed under
Assumption (143) is (V%) < oo, and that the assumption 7(V') < co actually generates
an additional modulated drift condition (see Proposition 5.12).

Comments on | , Th. 14.0.1]. If P satisfies the assumptions of Theorem 8.2 with
m := 2 (thus requiring two nested modulated drift conditions), then
+00
veeX, Y ||P"(x,) =7y, <@ Vo(x)
n=0

with explicit constant ¢a (see (139)). This statement may be surprising on first reading
compared with the classical result | , Th. 14.0.1]. Indeed, we know from | ,
Th. 14.0.1] that, if P satisfies Condition (M, ) and the single modulated drift condi-
tion D1, (V, W) for some Lyapunov functions V' and W such that 7(V') < oo, then there
exist a P—absorbing set A € X and a (non-explicit) constant ¢ > 0 such that

+00
Voe A, > |[PMx,) =7y, <c Vi) (155)

n=0

provided that P is irreducible and aperiodic. But again, note that the assumption 7(V') <

oo in | , Th. 14.0.1] for Lyapunov function V' in Condition D14(V, W) generates
another modulated drift condition D; (L, V) for some Lyapunov function L > V (see
Proposition 5.12). Hence the assumptions of | , Th. 14.0.1] actually involve two

nested modulated drift conditions too.

On the constant ¢ in (155). Using some refinements on the modulated drift condition,
the authors in [ , Prop. 13] present an explicit bound in | , Th. 14.0.1], i.e. an
explicit constant ¢ in (155) (consider A = 0, and p = 7 in [ , Prop. 13]). These
statements imply that the inequality 7(1p) > 1/2 for some small-set D holds: This
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inequality is nothing else than Condition (121) from Proposition 8.5. Indeed the Lyapunov
function W in the modulated drift condition D4 (V, W) considered in | , Prop. 13]
satisfies W > b/(1 — a) on D¢ for some a € (0,1) and some small-set D € X* containing
the small-set S of D14 (V, W), and where b denotes here the constant in Dy, (V, W). Thus
we have 7(1pe) < m(W)(1 — a)/b. Since the condition (V) < oo is required in [ ,
Prop. 13] for obtaining the bound (155), it follows from Dy (V, W) that 7(W) < br(1g).
Thus we have 7(1pe) < (1 —a)w(lg), from which we deduce that

m(1pe) _ 1-— 7T(1D)'

m(lp) Z m(ls) = 1—a 1—a

Hence we obtain that m(1p) > 1/(2 —a). Thus, as claimed, the condition m(1p) > 1/2 is
assumed in | , Prop. 13].

F) Again on Condition (121). As in [ | (see the previous point), the assumption
m(1p) > 1/2 for some small-set D occurs in the nested modulated drift conditions in
[ , p- 78] introduced for the study of polynomial ergodicity (see | , Eq. (50)]
and apply the arguments of the previous point). Similarly the assumption 7(1g) > 1/2
is present in the geometric rate of convergence obtained in | , Th. 12], see | ]
and | , Prop. 17]. In fact, technical conditions linking the set S to the data V', ¢
and b of Condition G1,(0, V) always lead to impose a restrictive assumption on 7(1g).
Such a technical condition is assumed on P in | |, and the extension to the general
case requires the use of averaged Markov kernels (Ziv:o P*)/(N +1) for N large enough.
Finally, let us mention that conditions on S, V, § and b occur in reversibility case too.
Indeed, considering a reversible Markov kernel P w.r.t. invariant probability measure
7, the authors in | , Prop. 1] provide a LL?(7)—rate of convergence when P satisfies
Conditions (M ,14)-G14(0, V) with a small-set S satisfying the condition of | ], that
is S = {V < s} for s > 2b/(1 — §). This condition actually implies that 7(1g) > 2/3.
Indeed

w(V) _ be(ls) _ w(1s)

s T s(1-9) 2

from Markov inequality and (1 — &)7n(V) < bm(lg) derived from Gi4(d,V) and the
P—invariance of w. Thus 7(lg) > 2/3. Accordingly the discussion in | , ]
concerning the trade-off that must be made in | , Th. 12] between, on the one hand,
the condition 7(1g) > 1/2 requiring a sufficiently large small-set S and, on the other
hand, the total mass v(1x) requiring S not to be too large, generalizes to all the papers
cited above and also to the framework of Theorem 8.2. To overcome this problem in

m(lge) = m(Liysg) <

the geometric case, the authors of | ] have introduced the notion of large-sets and
a generalized geometric drift condition, see in particular [ , Th. 2.6] where a basic
part of the proof is a modification of arguments used in [ ]. In the polynomial case,

Theorem 8.9 provides an alternative, using a {—order small-function with ¢ > 2.

9 Geometric rate of convergence of the iterates
In Subsection 9.1 the geometric rate of convergence of the iterates of P is studied on some

general Banach space 28 by introducing the spectral radius of the residual kernel R on 8. This
general framework is then applied under the first-order minorization condition (M, ) and
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the geometric drift condition G\ (9, V') to obtain the rate of convergence, first for V —weighted
norm in Subsection 9.2 to complete Theorem 6.2, second for L?(7;)—norm in Subsection 9.3
with the specific reversible case in Subsection 9.4, and finally for V*—weighted norm in
Subsection 9.5 for a belonging to some interval A C (0,1]. Further statements on the
reversible and positive reversible cases are provided in Subsection 9.6. The spaces El(ﬂR)
and L£2(7y), as well as the standard Lebesgue spaces (L'(7g),| - [[1), (L2(7x),|| - [|2) and
(L*°(mg), || - lloo) W.r.t. the probability measure 7y, are defined in Section 2. Finally, when
L is a bounded linear operator on a Banach space B, we write L € L(*8) for short. If B
is composed of complex-valued measurable functions on X, or of classes modulo 7y of such
functions, then for any non-negative kernel K on X we simply write K € £(*8) to express that
the functional action of K on B defines a bounded linear operator on 25. The prerequisites
in spectral theory are those given by (S1)-(S3) in Subsection 6.2 (see page 57).

9.1 Geometric rate of convergence on a Banach space

Let P satisfy Condition (M, ), as well as the two conditions hy = 0 and px(lx) < oo
which are satisfied for example under the modulated drift condition Dy (Vp, V1). Under these
conditions, all the conclusions of Theorem 4.1 hold true: The P—harmonic functions are
constant on X; P is irreducible and recurrent; The positive measure up satisfies z(¢)) = 1 and
is the unique P—invariant positive measure 7 (up to a positive multiplicative constant) such
that n() < oo; Finally 7 := pur(1x) 'ug (see (26)) is the unique P—invariant probability
measure on (X, X). Let (%8, || - ||) be a Banach space satisfying the following assumptions:
Assumptions (B). Either the set B is composed of C-valued measurable functions on X and
Bi, C*B C LY(7g); or B is composed of classes modulo wy, of C-valued measurable functions
on X and L>®(nz) C B C LY(ng). Moreover, in both cases, the norm || - || on B is assumed
to satisfy the following condition:

Je>0, VgeB, mx(lgl) < cllgll- (156)
If P € £(B), then P is said to be geometrically ergodic on (B, || - ||) if
dp€(0,1), 3¢, >0, Vg B, Vn>1, ||[P"g—7r(9)lx| < c,p"| 9] (157)
In this case we define the following real number oy € (0,1)
0n = 05 (P) :=inf {p € (0,1) such that Property (157) holds}. (158)

The power series p(z) used below is that introduced to define the aperiodicity condition (see
(38)-(39)). Finally, when the residual kernel R belongs to L(8), we denote by 7y the spectral
radius of R on (B, || - ||)-

Theorem 9.1 Assume that P satisfies (M, ) with hyy =0, pp(lx) < oo, and is aperiodic.
Let (B, || - ||) be a Banach space satisfying Assumptions (B) and assume that P € L(*B).
Then R € L(B). Moreover, if ry < 1, then P is geometrically ergodic on (9B,| - ||). More
precisely the radius of convergence of the power series p(z) = Z:ﬁ V(R %) 2" is larger
than 1/ry, and the following alternative holds:

(a) If Equation p(z~') = 1 has no solution z € C such that ry < |2| < 1, then oy < ry.
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(b) Otherwise, we have ps = max {|z|: 2 € C, p(z71) =1, ry < |2 < 1}.

Based on the definition of the spectral radius ry of R on B, the following simple lemma is
the first key point to prove Theorem 9.1.

Lemma 9.2 Let us assume that P satisfies Condition (M, ;) with hyy =0 and pg(lx) < oo,
and that P € L(B) where (B, || - ||) is a Banach space satisfying Assumptions (B). Then
R € L(®B), and the following assertions hold:

1. For every z € C such that |z| > ry and for every g € B, the series g, := 12?) (D) Rk
absolutely converges in 8.

2. The radius of convergence of p(2) := Yt v(R" 1) 2™ is larger than 1/rs.

Proof. Recall that the operator-norm of any L € L(8) is denoted by ||L|| for simplicity.
From (M, ) and the P—invariance of mz we know that mz > mg(¢))r with 7z(¢) > 0 (see
Theorem 3.6). Thus

vge B, v(gl) < 7)) mr(lgl) < cmr(y) gl (159)

due to (156). From the definition of R and (159), we obtain that, for every g € 9B, the
function Rg (or its class modulo 75) belongs to B with

IRgll < 1 Pgll +v(ghlIwll < (I1P] + cmr()~ 11|l

where || P]| is the operator-norm of P. Note that ||| is well-defined since 1 is bounded,
so that 1 (or its class) belongs to 8. Thus R € L(B). Now prove Assertion 1. From the
definition of rg we know that

VY € (rs,+00), Jey >0, Vg € B, Vn > 1, [[R"g| < ;7" gl (160)
Let z € C be such that |z| > ry and let v € (rg, |z|). Then for every g € B we have
|27 RR || < 27 ey (v/12D)" Ngll,

from which we deduce that > ;2% |z|~(*+1||RFg| < co. This provides Assertion 1. since
(°B,]| - ||) is a Banach space. Now prove Assertion 2.. Let v > ry. From (159) and (160) we
obtain that

0 < v(R*) < emn(¥) IR Y| < emn(¥) ™ ey ™ 9]

so that the series 3" v(R" 14)) 2 converges for every z € C such that |z| < 1/v. Hence
the radius of convergence of the power series p(z) is larger than 1/, thus larger than 1/ry
since 7 is any real number in (7, 4+00). O

Recall that, in case B := By (C), the series involved in Lemma 9.2 are those used in
Section 6.2 to study the invertibility of the operator zI — P for z € C of modulus one, see
Lemmas 6.3-6.4. From these lemmas and the compactness of the spectrum, the geometric
ergodicity on By (C) was then easily deduced in Theorem 6.2, i.e. g < 1, but without control
of the rate of convergence because Lemmas 6.3-6.4 only focus on the complex numbers of
modulus one. Using Lemma 9.2 and repeating on the general space % the arguments of
Section 6.2, the proof of Theorem 9.1 as a whole is therefore a refinement, often even a

94



simple copy, of that of Theorem 6.2. Indeed it can be similarly shown that, for any z € C
such that |z| > 7y, the operator zI — P is invertible on B if, and only if, p(27!) # 1. Then
the alternative (a)-(b) of Theorem 9.1 is obtained noticing that gy is nothing else but the
spectral radius of the restriction Py of P to the subspace Bg := {g € B : mx(g) = 0} of B.
For the reader’s convenience, the proof of Theorem 9.1 is postponed to Appendix D, where
the following additional statements are also obtained in Case (b) of Theorem 9.1.

Proposition 9.3 Let P satisfy the assumptions of Theorem 9.1 with rg < 1. Then the
following properties hold in Case (b) of Theorem 9.1. For every r € (ry,1) the set

Si={z€C pz") =1, r<lel < 1)

is finite, and it is non-empty for r € (ru,1) sufficiently close to ry. Moreover every z € S,
is an eigenvalue of P on B with

EZ::{gGSB:Pg:zg}:(C-@ZZ

where ¥, € B is non-zero and is defined by ¥, := 1§20 2 (kL Ry,

9.2 Rate of convergence in V—geometric ergodicity

When P is V —geometrically ergodic for some Lyapunov function V' (see (72) in Theorem 6.2),
we define the following real number gy € (0, 1)

ov = ov(P) :=inf {p € (0,1) such that Property (72) holds}. (161)

In other words gy is nothing else but gy with B := By (C). To apply Theorem 9.1 in the
case B := By (C), we first prove the following statement, in which ry denotes for short the
spectral radius of the residual kernel R on By (C) (i.e. rv = rg, () with the notation of
Theorem 9.1).

Proposition 9.4 Let P satisfy (M, )-Gy(0,V). Then ry := lim, HR”H;" satisfies

¥n>1, ry < R = RV (162)

and
ry = lim |[R"V|//" < 1.
n

Proof. Under (M, ), the operator-norm || R" ||y equals to [|[R"V||y from the non-negativity
of R™, and

1 1
: k kn n
Va1, ry= lim (IR <Ry

from Gelfand’s formula and ||[R**||y < ||R™|\¥. Then (162) holds true. Now, using Con-
dition Dy, (Vp : Vo) with Vo := V and Vp, Vi given in (148) (case m = 2), it follows from
Proposition 8.1 that 2% (n + 1) RV, < Dy Vp, thus:

D, Dy

Vo =

>1 "V =R" <
1, R =R, < S A
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since Vo = V/(1—6)2. From |R"||yy = |R"V ||y, there exists ng > 1 such that |[R™|,, < 2/3
(for instance). Next, writing n = kng +r with r € {0,...,n0 — 1} and setting 6 := (2/3)/"0,
A :=max(1, ||R|v)™, we obtain that

9 k 9 (n—7r)/ng 3 A
7 = IRl < IR (5) <maxugmpoe (5) <o

thus ry < 0 < 1 using Gelfand’s formula. O

Under Conditions (M, ,)-Gy (9, V) we have hy = 0, pr(1x) < oo and mx(V') < oo (see the
beginning of Section 6). Moreover the Banach space (By (C), ||-||v) satisfies Assumptions (B)
since 1x <V and

Vg € By(C), mx(lgl) < m=(V)llgllv-

When P satisfies (M, ,)-Gy(0,V) and is aperiodic, we know from Theorem 6.2 that P is
V —geometrically ergodic, i.e. oy < 1. Corollary 9.5 below is thus a refinement of Theo-
rem 6.2 since it provides a bound (even the exact value in Case (b)) of the real number gy .
Corollary 9.5 is a direct consequence of Proposition 9.4 and Theorem 9.1.

Corollary 9.5 Assume that P satisfies (M, ,)-Gy(6,V) and is aperiodic. Then the radius
of convergence of the power series p(z) := :ﬁ v(R"14) 2" is larger than 1/ry. Moreover
the alternative (a) — (b) of Theorem 9.1 and the additional statements of Proposition 9.3 hold
with B := By (C), 0y := oy and ry :=1y.

9.3 Geometric ergodicity on L%(ry)

Let P satisfy Conditions (M, )Gy (9, V), so that 7 is the unique P—invariant probability
measure. The operator-norm on (L2(my), | - ||2) is also denoted by || - ||2. Recall that P €
L(L?(7R)), more precisely ||P||2 = 1. Indeed we have Plx = 1x and ||Pgl|2 < ||g||2 for every

g € L?(7y) since
2
WRdx_//]g )P (x, dy)my(dr) = /|g )|? wr(dx)

1Pgl = [ \/ Pla, dy)

from the Cauchy-Schwarz inequality w.r.t. the probability measure P(z,dy) and from the
P—invariance of 7. If P is geometrically ergodic on L2(7y), i.e. when (157) holds with
(B, - I) := (L2(7r),| - |l2), then the corresponding real number 01L2(p)(P) in (158) is
denoted for short by go. Recall that, if L € £(IL?(7z)), then its adjoint L* € L(L?(7g)) is
defined by:

V(f.9) € L*(mx) x L*(ms), /(Lf)( ) 9(x) wr(da) /f (L*g)(z) mr(dz).  (163)

The residual kernel R is also a bounded linear operator on (L?(7z), | - []2): in fact it is a
contraction on L?(7y), i.e. |[R|]2 < 1, since 0 < R < P. Let R* be the adjoint operator of R
on L2(rr), and define the following [0, +0o]—valued quantity

1/n
: (164)

Yy := lim sup
n — +o0o

RV
V

(e 9]
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where || - |looc = || - |loo,xp is defined in (9). Recall that the spectral radius ry of R on By (C)
satisfies 7y < 1 from Proposition 9.4. We simply denote by ro the spectral radius of R on
L2(7g) (ie. ro = TL2(ry) With the notation of Theorem 9.1). Note that ro <1 from Gelfand’s
formula since R is a contraction on L2(7y).

Theorem 9.6 Assume that P satisfies (M )Gy (8, V) with mx(V?) < 0o and is aperiodic.
If Oy < oo, then o < (rydy)Y2. Next, if 9y < 1/ry, then ro < 1 and P is geometrically
ergodic on L2(ng). More precisely the radius of convergence of the power series p(z) 1=
S u(RMY) 2™ is larger than 1/re. Moreover the alternative (a)-(b) of Theorem 9.1 and
the additional statements of Proposition 9.3 hold with B := L2(1y), 0s := 02 and ry = ro.

In the proof below we use the following well-known fact. Let L € L(*B) for some Banach
space (B, ] - ||) and assume that there exists a dense subset D in B and a positive constant
d such that: Yh € D, ||Lh|| < d||h||. Then the operator-norm ||L| of L on (B, || - ||) is less
than d. Indeed, let g € B and (hy,), € D" be such that lim, ||g — hy| = 0. Then

ILgll < 1L(g = ha)ll + | LAn|l < [ILIg = ol + d [ -

When n — +o0o this provides ||Lg|| < d||g|| since lim,, ||, || = ||g]-

Proof of Theorem 9.6. Assume that ¥y < oo, and let (9,7) € (Yy, +00) X (ry, +00). From
the definition of ¢ and ry we know that

dng > 1, Vn > ng, RV <I9"V mp—a.s. and Id >0, Vn>1, R"V <dr"V. (165)

Let g € B1,(C) (i.e. g : X— C is bounded and measurable). We have for every n > ny

iwgl? = [ ( / ﬁ(y) V(y >1/2R“<x,dy>)2m<dx>

([

< dr" /X(R"@)(a:) V(z) mr(dx)

>><an>< ) 7alda)

T 2
- dr"/ o ” (R™V)(z) 7ald)
< d(ro)" /|g 7rR (dx)

using successively the Cauchy-Schwarz inequality w.r.t. the non-negative measure R"(z,dy),
the second inequality in (165), the definition of the adjoint operator R*™ of R™ noticing that
|g|?/V and V belong to L?(7) since g € B1,(C), V > 1 and 74(V?) < oo, and finally using
the first inequality in (165). We have proved that

Vg € Bi,(C), [R"gll2 < d2(9)"? |g]2-

From the density of B1,(C) in L?(my) it follows that the operator-norm |[R"|2 of R™ on
L2 () satisfies | R"||2 < d'/2(r9)™2, from which we deduce that ry < (r9)'/2 from Gelfand’s

formula. This provides ro < (rvﬂv)l/ 2 since r and ¥ are arbitrarily close to ry and vy
respectively. Next, if ¥y < 1/ry, then r9 < 1 and the other assertions of Theorem 9.6 follows
from Theorem 9.1 applied with (B, || -||) := (IL?(7r), || - ||2), observing that this Banach space
obviously satisfies Assumptions (B). O

97



9.4 Geometric ergodicity on LL?(7;) in the reversible case

Again P is assumed to satisfy (M, )-Gy(0, V). Recall that P is said to be reversible with
respect to its (unique) invariant probability measure 75 if

mr(dz)P(z, dy) = mp(dy) P(y, dz).

This is equivalent to the condition P* = P where P* is the adjoint operator of P on L2(7y).
In other words P is reversible if, and only if, P is self-adjoint, that is:

V(f,g) € L3(ma) X L2(m), /X (P1)(z) 9(@) mald) = /X £(2) (Pg)(@) maldz).  (166)

Geometric ergodicity on L%(mz) (case B := L%(rz)) in the reversible case is particularly
interesting since not only can the value p := g2 = ogp2(5,)(P) € (0,1) be considered in
Property (157), but also the corresponding constant c,, is equal to one. Namely:

Lemma 9.7 Assume that P is reversible and is geometrically ergodic on L?(w) for some
P—invariant probability measure w. Then

Vg € L*(m), Vn 21, [|P"g —7(g)1xl2 < o3'lg]l2 (167)
where 02 = op2(x)(P) € (0,1) is given in (158).

Proof. To obtain Property (167) note that gy is the spectral radius of the operator P — II
where II := 1x ® m: This follows from the definition of g2 and Equality P" —II = (P — II)"
due to the P—invariance of w. Moreover, since P — II is self-adjoint from the reversibility of
P, we know that g2 equals to the operator-norm || P — II||2. Thus

Va1, |P" T = (P~ )2 < [|P - 1], = oo"

from which we deduce (167). O

Recall that ry denotes the spectral radius of the residual kernel R on By (C) and that oy
is defined in (161). Under the assumptions of the following theorem we know that ry < 1 and
ov < 1 from Proposition 9.4 and Corollary 9.5. Finally recall that ro denotes the spectral
radius of R on L2(7).

Theorem 9.8 Let P satisfy Conditions (M, )Gy (5,V) with 7x(V?) < co. If P is re-
versible and aperiodic, then

ry < (ry max(ry, ov))"* < 1 (168)

and P is geometrically ergodic on IL?(wy). More precisely the radius of convergence of the
power series p(z) = S v(R" 1) 2" is larger than 1/ra, and Property (167) holds with
02 satisfying the following alternative:

(a) If Equation p(x~') = 1 has no solution in the interval (—1,—r3), then g3 < 73.
(b) Otherwise, we have g = max {|z|: p(z™') =1, z € (=1, —ry)}.

02,

V1.

Moreover the additional statements of Proposition 9.3 hold with B = L2(ng), o
re i= 19, and with set S, for r € (ro, 1) given here by: S, := {x € (=1, —r3), p(z~*
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The proof of Theorem 9.8 is based on the following proposition.

Proposition 9.9 If P satisfies Conditions (M, 4)-Gy(8,V) with 7z(V?) < oo and is re-
versible, then we have 9y < max(oy,ry) where Oy is defined in (164).

To prove Proposition 9.9 we use the two following lemmas. Recall that, for any non-negative
measurable function f, we denote by f - 7z the non-negative measure defined on (X, X’) by

(f -mr)(14) := [x La(x) f(x)mR(dx) for every A € X.

Lemma 9.10 Let P satisfy Conditions (M, )-Gy(0,V). Then there exists ( € B’} such
that v = - . Moreover T := 1 ® v defines a bounded linear operator on L2(n), and its
adjoint operator T* on IL?(r) is defined by:

T* = (® (¢ ). (169)
Proof. From (M, ) and the P—invariance of 7z we have 7 > mz(1))v, so that v is absolutely

continuous w.r.t. mg, i.e.: there exists a non-negative wp—integrable function (y such that
v =_p-mr. Thus we have mp > m;(1))({o - 7r), so that

VAe X, / (1x — 7r(¥)Co) dmr > 0.
A
Therefore the set Ag = {x € X : (o(z) > mr(x) "'} is such that 7;(Ag) = 0. Then, defining

((x) =0for z € Ap and ((z) = (p(z) for z € X\ Ay, we obtain that v = - mz with ¢ bounded
by 7x(1)~ on X. This proves the first assertion. Next we have from T =1 ® (¢ - 7z)

V(f,9) € L?(mg)?, /(Tf)(lf)g(ﬂf)ﬁza(d@ = /(C ) (f)¥(2) g(x) 7r(da)
X
= [ #@)mldnis@)a@) ol
SR / ()9 () mald) C(v) ()
= [ 1) TR @) maldy)
from which we deduce that T* = ( ® (¢ - 7). O

Lemma 9.11 Assume that P satisfies (M, )Gy (0, V) and is reversible. Let ¢ € B’ be
given in Lemma 9.10. Then the following equalities of linear operators on IL%(mz) hold

Vn>1, P'=R"+Y PRy m). (170)
k=1

Note that Formula (170) is not the adjoint version of (17). However, starting from Equal-
ity P = R* +T* and using Formula (169), the proof by induction of (170) is identical to that
of (17), except that function equalities must be considered here in L?(7z). For completeness,
a proof of Lemma 9.11 is provided in Appendix E.
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Proof of Proposition 9.9. Recall that >/ RF=1¢) = v(1x) '1x from (35). Thus

n 400 +00
Vn>1, Y (Remp)(V) = Y (R me) (V) = D (RM - ma)(V)
k=1 k=1 k=n
+oo
= V(lx)ilﬂ'R(V) —&n with &, := Z(quvb ) (V)
k=n

from monotone convergence theorem. Applying (170) with g := V and using the previous
equality, we can write that for every n > 1

RV = PV =Y (RF'¢.m) (V)P ¢
k=1

n

= PV = SR ) (V) (PR~ w1 1x) — (1) (S (RE N ma)(V)) 1
k=1 k=1

= P"W —7p(V)lx — Z(Rk_lw mR) (V) (P"F¢ — v(1x)1x) + v(1x) enlx.  (171)
k=1

Let v > max(oy,ry). Note that the series 1;7 = Z;ﬁ v~ *RE=14) absolutely converges
in By from v > ry and the definition of ry,. Moreover there exists d, > 0 such that:
Vk > 1, R < d,||9|lvy*V. Set ay = d,||¢|lvTa(V?)/(1 — 7). Then

¥n>1, en<apny” and 0< Dy F(RNYmR) (V) < (U - mR)(V)
k=1

with ({p} -mr)(V) < oo since {/;7 € By and mx(V?) < oo by hypothesis. Finally, from the
definition of gy and v > gy, we know that there exists ¢, > 0 such that:

Vn>1, Vg e By(C), |P"g—mr(9)lx| <clgllvy"V.

Since V, ¢ belong to By (C) and v(1x) = 7mx({) from the definition of ¢ in Lemma 9.10, the
previous inequality can be applied to both V and ¢ in (171). We then deduce from the
triangular inequality in (171) and the above facts that

RV N N I a1
Uzl T < e VI e Iy Do THRE ) (V) 4 v(Lx)asy”
k=1
< ey + ¢ ¢l @y - ) (V) + v(1x)ay] 4"

using 1x < V. Thus we have Jy < +, and finally ¥y < max(gy,ry) since 7 is arbitrarily
close to max(oy,ry). O

Proof of Theorem 9.8. From Theorem 9.6 we know that ry < (ry9y)'/2, so that the bound
(168) is deduced from Proposition 9.9. The conclusions of Theorem 9.8 then follow from
Property (167) and Theorem 9.1 applied with B = L?(7z), 0s = 02, and ry = ro since the
following equality holds here:

{zeC:ry <|z] <1, p(zfl) =1}={zx e (-1,-r9): P(xil) =1}
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Indeed, let z € C be such that p(27!) = 1 and ro < |2| < 1. Then z is an eigenvalue of
P on L%(ry) from Proposition 9.3, i.e. 3h € L%(wy), h # 0, Ph = zh. From reversibility
we then obtain that z € R (apply (166) with f = g = h). Moreover Equation p(z~!) =

TR V(R ) 27" = 1 has no solution = € (r2,1) since p(1) = pr(¢)) = 1. The claimed
equality is proved. O

Remark 9.12 If P satisfies the assumptions of Theorem 9.8, then P is also V —geometrically
ergodic, and the alternative (a)-(b) of Theorem 9.1 holds with B = By (C), os := ov and
rg =1y (see Corollary 9.5). In fact, as in Theorem 9.8, it can be deduced from reversibility
and pg(Y) = 1 that Equation p(z~') = 1 can be only addressed on the interval (—1, —ry),
that is: Under the assumptions of Theorem 9.8 the following alternative holds

(a) If Equation p(x~') = 1 has no solution x € (—1,—ry), then oy < ry.
(b) Otherwise, we have gy = Inax{|x| cx € (—1,—ry), p(z7h) = 1}.

Indeed the alternative of Corollary 9.5 can be restricted to the interval (—1, —ry) proceeding
as in Theorem 9.8. More precisely, apply Proposition 9.3 with B := By (C) and observe that
By (C) C L%(mg) from mr(V?) < co: Then the arguments used at the end of the proof of
Theorem 9.8 can be repeated.

9.5 From V—geometric ergodicity to V*—geometric ergodicity

Recall that the modulated drift condition Dy (Vp : V2) derived from Gy (0, V) with V5 :=V
and Vp := V/(1—6)? plays a central role in Proposition 9.4 to obtain 7y < 1. Here we present
an alternative approach using Lyapunov function V¢ for suitable exponents « € (0, 1], in order
to obtain a simple upper bound of the spectral radius of R on By«(C). More specifically
we restrict this study to the case when P satisfies Conditions (M, 14)-G14(d, V) for some
S € X*, and we define the following set associated with the residual kernel R := P — 1g ® v:

A:={ae(0,1]: RV* <§*V*}. (172)
Note that RV* = PV* —v(V)1g.

Proposition 9.13 Let P satisfy Conditions (M, 14)-G14(0,V) for some S € X* such that
K :=sup,cq(PV)(z) < co. Then the set A is non-empty and reduces to

A={a€(0,1]:Vz €S, (RV*)(x) <6V (z)*}. (173)
Moreover we have A = (0, qp| with ay :=sup A, ap € (0,1], and
Vae A, rye <|[[R|ye <67 (174)

where |R||ye (resp. rye) denotes the operator norm (resp. the spectral radius) of R on
By (C). Finally, if S is an atom, then oy = 1.

Under Assumptions (M, 14)-G14(0, V) with V' bounded on S, we have K < co. That K is
finite is necessary to obtain (175) in the following proof.
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Proof. Let a € (0,1]. If z € X'\ S, then we have (PV*)(z) < §*V(x)® from G14(d,V) and
Jensen’s inequality w.r.t. P(x,dy). Hence the definitions (172) and (173) of the set A are
equivalent. Next, if z € S, then we have (PV®)(z) < K“ from Jensen’s inequality, thus

Va € (0,1], Vz € S, (PV¥(z) =6V (z)* —v(V*) < K*— 0% — v(1x)
using 1x < V. Moreover we have

Tim (K%~ 6" — (1)) =  v(15) (175)
with v(1x) > 0. Thus the left hand side of the above inequality is negative for every x € S
provided that « € (0, 1] is small enough. We have proved that, for o € (0, 1] small enough, we
have RV < 6 V. This shows that A # (). Now prove that oy := sup A € A. Let (o, )nen €
AN be such that lim,, * a,, = @p. Let 2 € X. We have lim,, V(z)** = V(z)®. Moreover we
deduce from Lebesgue’s theorem w.r.t. P(z,dy) and v(dy) that lim, (PV)(z) = (PV)(x)
and lim,, v(Vo") = p(V) (use Vo <V, (PV)(x) < oo and v(V) < 00). Since a,, € A for
any n, this easily implies that ag € A. If S is an atom (i.e. v(-) := P(aop, -) for some ag € 5),
then we have

Va e (0,1], Ve € S, PV®(z) -8 V(z) — v(VY) = —6* V() < 0,

so that Inequality RV* < §*V“ holds on the set S. Thus, in atomic case, we have A =
(0,1] from the definition (173) of A. Now assume that S is not an atom and prove that
(0,ap) C A. Let x € S. Note that o,(:) := P(z,-) —v(-) is a positive measure on (X, X) from
Condition (M, 14): In fact 0 := 0,(1x) = 1 — v(1x) does not depend on z and is positive
since S is not an atom. Thus the following probability measures are well-defined on (X, X):

VrES, Gy(dy) = %ax(dy) = L (P(a,dy) — vldy)). (176)

Let a € (0,ap). We deduce from Jensen’s inequality and from ag € A that for every x € S

(Pva)@:) o I/(Va) _ Uam((vao)a/&o) < O’(am (Vao))a/ao _ U1-a/ao(<PVao)(x) o V(Vao))a/ao
< 0_1704/&0 5 V(:Zl)a.

This gives: Vo € S, (RV®)(z) < o'~/ 52V (2)® < 6V (z)® since 0 < 1 and o < Q.
Hence a € A from (173). We have proved that (0,ap) C A. Thus A = (0, ap).

It remains to prove (174). Let a € A. Inequality RV® < §*V* implies that || Ry« < 6%
since || R||ye = [|[RV¥||ve from the non-negativity of R. This proves the second inequality in
(174). The first one is obvious from Gelfand’s formula. O

According to the notation (161), for every a € (0, 1] the real number gye = pyo(P) stands
for the lower bound of all the positive real number p such that |P" — 1x ® 7g||ye = O(p"),
where || - ||y« denotes here the operator norm on By« (C). Thus P is V®—geometrically
ergodic if, and only if, gy < 1.

Corollary 9.14 Let P satisfy Conditions (M, 1,)-G14(0,V) for some S € X* such that
K :=sup,cq(PV)(x) < co. If P is aperiodic, then the following assertions hold.

1. For every a € (0,1], P is V*—geometrically ergodic (i.e. gya < 1).

102



2. For every a € A the following alternative holds:

(a) If Equation p(z~') =1 has no solution z € C, 6% < |z| < 1, then gya < §%.
(b) Otherwise, we have oye = max{|z|:z € C, p(z7) =1, §* < |z| < 1}.

In Case 2.(b) Proposition 9.3 applies with B := By«(C) and any r € (0%, 1).

Proof. Let o € (0,1]. If x € X\ S, then we have (PV%)(z) < §*V(x)® from G14(,V)
and Jensen’s inequality. Moreover, for every x € S, we have (PV%)(z) < K% again from
Jensen’s inequality. Consequently P satisfies Conditions (M, 1) and G14(0%, V%), so that
P is V*—geometrically ergodic from Theorem 6.2 applied with the Lyapunov function V<.
Moreover, if a € A, then the real number gy« satisfies the claimed alternative applying
Corollary 9.5 with the Lyapunov function V% and using the upper bound § of ry« provided
by (174). O

Let us now specify the alternative of Corollary 9.14 for a« € A = (0,ap] according to
whether Case 2.(a) or 2.(b) holds for the specific value ap.

Corollary 9.15 Let P satisfy the assumptions of Corollary 9.14. Then the following asser-
tions hold.

(i) If Case 2.(a) of Corollary 9.14 is fulfilled for ap, then we have: Yo € (0, Qp], oye < 0.

(ii) If Case 2.(b) is fulfilled for Qg, then there exists a unique & € (0, ap) such that 6@ = Ovao
and
Va € (@,d0), ove = oyay, VYo € (0,a], ove < 6%

Proof. Case (i) means that there is no solution z € C of Equation p(z~!) = 1 such that
6% < |z] < 1, so that the same holds when 6% < |z| < 1 for a € (0, @], thus gy« < 6 from
Corollary 9.14. Case (ii) means that there exists a solution z9 € C of Equation p(z7!) = 1
such that 6% < |zo| = oya, < 1, and that this equation has no solution z € C such that
oya, < |z| < 1. The existence and uniqueness of & € (0, ) such that 6% = g5, hold since
a > 6% is bijective from (0, ) into (620, 1). From Corollary 9.14 we obtain that gy = oya,
for every a € (@, @] since z satisfies 0% < |z| < 1 from 6 < 6% = s, = |20]. On the
other hand, again from Corollary 9.14 we have gy« < §¢ for every a € (0, @] since there is
no solution z € C of Equation p(27!) = 1 such that 6% < |z| < 1 from gy, = 6% < §*. O

Figure 1 helps to get a picture of the status of the value §% w.r.t. the convergence rate
ove in the alternative of Corollary 9.15. Note that the upper bound of gy« degrades when
a — 0, which is consistent with lim, o V® = 1x and the fact that P is not 1x-geometrically
ergodic in general (i.e. P is not uniformly ergodic in general, see Example 3.7).

Recall that A = (0, ap] with ap € (0, 1] from Proposition 9.13, and that A = (0, 1] when S
is an atom. In the non-atomic case a positive lower bound of @y can be obtained using (175)
(i.e. consider av € (0,1] such that K% — §“ < v(1x)). The next statement provides a more
accurate estimate of ay.

Proposition 9.16 Let P satisfy Conditions (M, 14)-G14(0,V) for some S € X* which
is not an atom. Assume that K := sup,cq(PV)(x) < oo and define M := K — v(V),
o:=1-v(lx) € (0,1). Then there exists ag € (0,1] such that M¥ogl=% < §% and such
an o belongs to A, i.e. (0,9 C A.
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o 0

0 o 0

Case (i) of Corollary 9.15 Case (i7) of Corollary 9.15

Figure 1: Status of the value §* w.r.t. gy« for a € A = (0, ap] according to Cases (i) or (ii)
in Corollary 9.15: upper bound in dashed-line, exact value in full-line.

Proof. Recall that o € (0,1) since S is not an atom. For any x € S let 7, be the probability
measure defined in (176). It follows from Jensen’s inequality that

Va € (0,1], Vz € S, (PV*)(2)—v(V*) = 05,(V*) < 0(5,(V))" =o' *((PV)(z)-v(V))*,
from which we deduce that
Va € (0,1], Vz € S, (PV?)(z) — v(V) = 6V (2)* < ol 7 M*> — §“

since V > 1x. The claimed conclusion then follows from lim, _,go! ™ M® —§* =0 — 1 < 0.
Hence there exists ag € (0,1] such that Mg~ < §% and such an g belongs to A from
the definition (173) of A. O

9.6 Further results in the reversible and positive reversible cases

In the particular case when P is reversible and R is self-adjoint on L?(7z) too, the proof of
Theorem 9.8 is simpler using Inequality 72 < ry and Proposition 9.4. This is detailed in the
following proposition.

Proposition 9.17 Assume that P satisfies Conditions (M, ,)-G (3, V) with mx(V?) < oo,
and that P is reversible and aperiodic. Let ¢ € B’y be given in Lemma 9.10. Then the
residual kernel R is self-adjoint on L2(7y) if, and only if, ( = c1) for some positive constant
c. Moreover, in this case, P is geometrically ergodic on 1.2(7y) and the last assertion of

Theorem 9.8 holds with ro = ||R|j2 < ry < 1.

Proof. Since P is reversible, R is self-adjoint on IL?(7) if and only if T := 1 ®@v is self-adjoint
on L?(7y). Thus, the first assertion is obvious from Lemma 9.10. Next, assume that R is
self-adjoint on L2(mz). Then we know that ro = | R||z. Moreover recall that 5 < (rydy)/?
from Theorem 9.6. Thus we have ro < ry since ¢y < ry from R* = R and the definitions of
Yy and ry. That ry < 1 is proved in Proposition 9.4. Hence we have ro < 1, and the others
assertions of Proposition 9.17 follow from Theorem 9.1 applied with B := L2(75). O

Although the residual kernel R is not necessarily self-adjoint when P is reversible (see
Proposition 9.17), this scenario is not unrealistic, as illustrated in the following proposition.

Proposition 9.18 Let P satisfy Conditions (M,,145)-G14(3,V) for some (v,5) € M7, x
X* such that v(lge) = 0. If the function ¢ € BY in Lemma 9.10 is such that d :=
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infaes ((x) > 0, then P also satisfies Conditions (M, y, )-Gy, (0, V) with 11 := \/c( and
vy := \/ev where ¢ = (sup,eg(()) L. If moreover P is reversible, then the residual kernel
Ry := P — 1 @ vy is self-adjoint on L?(my).

Proof. We have v = ( - mx from Lemma 9.10, with here ( = 0 on S° since v(1gc) = 0. Thus
P>1g®v>c(®u.

Hence P > 41 ® vy with ¢1 := \/c( and v; := \/cv = ¢ - mz. Moreover we deduce from
Gls ((5, V) that
PV <6V 4+blg <6V +bd ¢ =086V +bd ey,

thus P satisfies Gy, (6,V). Finally, under Conditions (M, 4, )Gy, (6,V), Lemma 9.10
implies that Ty := 1 ® 11 = 1 ® (1 - 7r) is self-adjoint on L?(7y). Consequently
Ry := P — 91 ® vy is self-adjoint when P is reversible. O

If the spectral radius v of R on By (C) is easier to compute or to estimate than the spectral
radius ro of R on L?(7z) (using for instance (162)), then the alternative of Theorem 9.8 in
reversible case can be replaced with the following one.

Proposition 9.19 Assume that P satisfies Conditions (M, )-Gy(8, V) with mr(V?) < oo,
and that P is reversible and aperiodic. Let 1l := 1x ® my. Then the following alternative
holds.

(a) If Equation p(z~') = 1 has no real solution x € (—1,—ry), then we have g3 < 1y, thus :
Vn > 1, ||P" —TIg|l2 < ry.

(b) Otherwise, we have g2 = oy, thus: Yn > 1, ||[P" —Ilg|l2 < oy}.

The proof of Proposition 9.19 below is obtained by combining the results of both Theorem 9.8
and Corollary 9.5. Similarly, combining Theorem 9.8 and Corollary 9.14, it can be proved
that the alternative (a) — (b) of Proposition 9.19 holds true with Lyapunov function V¢ for
a € A (in place of V) and with the explicit upper bound 6% of ry« (in place of ry).

Proof. Under the assumptions of Proposition 9.19, Equation p(z~!) = 1 in the alternative
(a) — (b) of Theorem 9.8 only focusses on real numbers z € (—1, —rz). The same restriction
holds in V' —geometric ergodicity w.r.t. to the interval (—1, —ry) as observed in Remark 9.12.

Assume that Equation p(x~!) = 1 has no real solution x € (—1,—ry). Then we have
ov < ry from Remark 9.12. Thus o < (ry max(ry, Qv))1/2 < ry from Theorem 9.8. This
inequality 79 < ry combined with Theorem 9.8 provides the following alternative. If Equation
p(z71) = 1 has no solution = € (—1, —r2), then we have g3 < ro < ry. If Equation p(z~!) = 1
has solutions z € (—1,—r2), then these solutions necessarily belong to [—ry, —r2), so that
02 < ry from Theorem 9.8. Each case of the previous alternative provides go < ry, thus

Case (a) of Proposition 9.19 is proved.
Now prove Case (b). Assume that Equation p(z~!) = 1 has solutions in (-1, —ry/). Then

ov = max{m RS (_17_TV)7 p(xil) = 1}

from Remark 9.12, in particular we have gy > ry. It then follows from Theorem 9.8 that
ro < (ry max(ry, ov))"/? < oy and that

02 = max {|z| : 2 € (=1, —r2), plz™t) = 1} = ov.
This proves Case (b). O
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Finally recall that a reversible Markov kernel P is said to be positive if the following
condition holds

Vg € L2(m). [ (Po)(a) gla) malda) > 0. (177)

The relevant fact to apply Theorem 9.8 to the positive reversible case is that any eigenvalue
z € C of P (i.e. 3h € L?(mg), h # 0, Ph = zh) is in fact a non-negative real number. Indeed
we know that z € R from reversibility. Moreover Condition (177) applied to h implies that
27r(h?) = mr(Ph - h) > 0 with m4(h?) > 0 since h # 0 in L?(7z). Thus z > 0.

Proposition 9.3 and the previous fact then imply that Case (a) of Theorem 9.8 holds when
P is positive reversible,that is:

Corollary 9.20 Let P satisfy Conditions (M, )Gy (5, V) with 7z(V?) < oco. If P is
aperiodic and positive reversible, then P is geometrically ergodic on L%(my) with 02 < 79,
where ro € (0,1) is the spectral radius of the residual kernel R on L?(my).

If P is reversible, then P? is reversible too, and it is positive since

Vg € L*(mp), /X(PQQ)(«’U) - g(@)ma(dw) = /X(Pg)(x) - Pg(x)mr(dr) > 0.

Then the following statement can be deduced from Corollary 9.20.

Corollary 9.21 Assume that P satisfies Condition (M, ;) with pr(1x) < oo, and is irre-
ducible, aperiodic and reversible. Moreover assume that P? satisfies Conditions (M, ., )-
Gy, (02, V) for some (v2,vh2) € M, x BY, 63 € (0,1) and Lyapunov function V' such that
7r(V?) < 0o. Then P is geometrically ergodic on L%(mz) and we have g2 < \/72(Rsa), where
ro(Rg) is the spectral radius of Ry := P? — gy @ vy on L2(my).

Proof of Corollary 9.21. Recall that mx is the unique P—invariant probability measure
under the assumptions on P (see Corollary 3.13). Next, we know from the assumptions on
P? that P? admits a unique invariant probability measure which is given by TR,. Since mg
is also P?—invariant, it follows that mr, = Tr. We deduce from Corollary 9.20 applied to
P? under Conditions (M, 4, )Gy, (62, V) that P? is geometrically ergodic on L?(7z) with
02(P?) < ro(Ry) with Ry := P? — 1), ® v5. Now, writing any integer n > 1 as n = 2k +r
with r € {0,1} and defining I1; := 1x ® 7, we obtain that

P" —Tl, = (P - )" = (P - I1)" ((P?)* — 11,)

from which we easily deduce that g2(P) < \/02(P2) < /r2(R2). O
Let us finally complete Corollary 9.21 proving the following statement.

Corollary 9.22 If P satisfies Conditions (M, y)-Gy(6,V) with (v,¢) € M7, x B, and
is strongly aperiodic (i.e. v(¢)) > 0), then P? satisfies Conditions (M, py)-Gpy(62,V).

Using the conditions (M, py) — Gpy(6%,V) for P2, the conclusions of Corollary 9.21 apply
to Ry = P? — PYp ® v = PR, where R := P — ¢ @ v is the residual kernel of P w.r.t the
minorization condition (M, ).

Proof. 1t follows from (M, ) and one iteration of Gy (d,V) that
P’>Pp@v and P?V < 6%V + by + bPy < 82V + (sbv(y) ™ + b) Py
using the non-negativity of P and Py > v ()¢ due to (M, ) for the last inequality. O
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9.7 Further comments and bibliographic discussion

A bibliographic discussion on the V —geometric rate of convergence is presented in Subsec-
tion 6.3. The general presentation in Theorem 9.1 based on the condition ry < 1 is new to
the best of our knowledge. Actually Theorem 9.1 is the extended version of [ ], which
focused solely on V —geometric ergodicity. Here the case B = By (C) is obtained in Sub-
section 9.2 under Conditions (M, ;)-Gy(0,V) as a by-product of Theorem 9.1. It should
be noted that the condition ryy < 1 is here obtained in a much more elementary way than
in | | thanks to Proposition 8.1, see Proposition 9.4. More generally, all the arguments
used in this section, including those in Appendix D, are based solely on the spectral theory
prerequisites (S1)-(S3) presented in Subsection 6.2 (page 57).

The rate of convergence in L?(7y,) is classically studied for reversible Markov kernels. Here
the first application of Theorem 9.1 to the case B := L?(ry;) is addressed in Theorem 9.6 for
general Markov kernels, introducing the quantity 9y linked to the adjoint operator of R on
L2(7y), see (164). To our knowledge this result is new. The computation used for bounding
|R"gl|,?> in the proof of Theorem 9.6 is inspired by | ]. The second application in
Theorem 9.8 concerns the reversible case. It is in fact a weak version of the classical result in
[ |, stating that an aperiodic and reversible Markov kernel satisfying Conditions (M, 1)~
G14(6,V) with mz(V?) < 0o is geometrically ergodic on L?() with g2 < oy, see also | ,

, , |. The proof in | ] is based on an argument involving spectral
measures. Explicit rates of convergence are obtained in | , | under minorization
and geometric drift conditions. In Theorem 9.8 the geometric ergodicity on IL%(7y) is proved,
but Inequality g2 < gy is only obtained when max(ry,rs2) < gy, in which case we actually
have g3 = gy according to the alternative stated in both Corollary 9.5 and Theorem 9.8.
Complements and examples for reversible Markov kernels, in particular in connection with
MCMC algorithms, can be found in | | and [ , Chap. 2 and 22]. The positive
reversible assumption addressed in Corollaries 9.20-9.21 is detailed in | , Def. 22.4.6
and examples therein]. Finally recall that the geometric ergodicity of P on () implies
the geometric ergodicity on ILP(7y) for every p € (1,+00) from the Riesz-Thorin interpolation
theorem, e.g. see | ) |. For a general study of positive operators on Lebesgue’s
space P with applications to Markov kernels, the reader can consult [ ) , )

.

The drift inequality RV® < §*V for some suitable exponents o € (0,1] was intro-
duced in | | to study Poisson’s equation and the V*—geometric ergodicity under Condi-
tions (M ,,14)-G14(5,V). Here the focus is only on the V*—geometric ergodicity. The fact
that such exponents form an interval A C [0,1) completes this study (see Proposition 9.13).
Recall that we have A = (0,1] in atomic case. In fact this equality A = (0,1] may also
occur for non-atomic small-set S, even in the case of a continuous state space X, see | ,
Ex. 5.1]. Using the function series g of Corollary 6.1, the inequality rye < §¢ proved in
Proposition 9.13 can be used to obtain a simple bound for the V*—weighted norm of solu-
tions to Poisson’s equation. This bound detailed in | ] involves the constant (1 — §%)~!,
which is large when the drift inequality RV < §*V? is only satisfied for a close to zero.
In such a case, the bounds (70) and (71) for the V —weighted norm of solutions to Poisson’s
equation are more relevant.

Finally, we emphasize the following point which is important in practice and not addressed
in our work: What is called rate of convergence in this section only concerns the real number
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0% in (158). The constant c, in (157) is not investigated here (see the references given in
Subsection 6.3 on this topic). We simply recall that the most favourable case is reversibility,
since in this case g2 can be considered in (157) (case B := L?(7,)) with associated constant
Coy = 1 (see (167)).

10 Examples

In this section, the M & D conditions are discussed for two classes of Markov kernels. The first
class is associated with the Markov kernel of the mean of the Dirichlet process. The second
one concerns the Metropolis-Hastings (MH) Markov kernels with a focus on two specific
instances: the so-called symetric random walk MH Markov kernel and the independent MH
Markov kernel. Such an analysis allows us to illustrate a large part of the material provided in
this document. Each example is accompanied by brief bibliographic comments to introduce
the framework involving such Markov models, but also to help the reader go further.

These two classes of Markov models lead to classical applications in statistics and applied
probability. These applications require a number of numerical controls for which the results
of the previous sections may be relevant. It is important to point out that there are a large
collection of Markov models in time series analysis, in system control, in stochastic operations
research, for which such material has been developed. It is beyond the scope of this section to
be exhaustive. We refer the reader to books such as [ ) , , , ]
for an overview of the applicability of the M & D conditions to the asymptotic control of
a Markov kernel. Note that checking M & D conditions are often somewhat easy. The
random walks on half line in Subsection 7.2.2 (considered with a single fixed theta) is a
typical instance of the calculations providing a drift inequality. However the two examples
discussed here show that this is far from always the case, in particular when the state space
X is multi-dimensional. Thus, some technical passages concerning the proof of these drift
conditions are simply summarized and a precise reference is provided allowing the reader to
easily find the needed technical complements.

10.1 Markov chain for the mean of the Dirichlet process

Let u € MZ , be any finite positive measure on (X := R, X') where X is the Borel o—algebra
on R. Let po := p/pu(1r) be the probability measure associated with p. Throughout this
subsection, the probability measure pg is assumed not to be a Dirac measure. Let us introduce
the following sequence of r.v. (X;)n>0

Xo=z€R, Vn>1, X,=f(Xn_1,(Un, Wp)) (178)

where f(z, (u,w)) :=uz + (1 — w)w, (Un, Wy)n>1 is a sequence of i.i.d. random vectors, such
that U, and W,, are independent, W,, ~ ug, and finally U,, has a Beta probability distribution
with parameters (u(1r), 1), that is with the probability density function with respect to the
Lebesgue measure on (R, X): = +— u(1g) x“(lR)*ll(OJ)(x). Then (X,,)n>0 is a homogeneous
Markov chain with state space X = R and transition kernel P given by

Ve € R,YAE X, P(z,A) =P, (X1 € A) = P(f(x, (U, W1)) € A). (179)

Such a homogeneous Markov chain has been introduced in | | to analyse the probability
distribution of the mean of a Dirichlet process. This is the basic tool for an MCMC method
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for sampling this probability distribution (see comments in Subsection 10.1.5).

In Subsection 10.1.1, the minorization condition (M, ) is shown to hold true for any
compact set S. Next various drift conditions are provided. Since any compact set is a
first-order small set, these conditions are essentially derived from the control of the difference

PVo(x) = Vo(x) = E.[Vo(X1)] = Vo(z) = E[Vo(2Us + (1 — Un)Wh)] — V() (180)

for z large enough for some Lyapunov function Vj. An appropriated moment condition on
the probability measure pg is required for the function PVj to be well-defined. We essentially
follow | , ].

10.1.1 Minorization condition
Let us somewhat explicit the transition kernel P in (179) according to | , p- 579, (15)]:

Vx € R, VA € B(R),
P(z,A) = PW, e AW, =2x)+PW; €A Ui(x—Wi)+W; €A
= po({x})o(A) + (1 — po({z}))P(W7 € A,Ur(x — W1)+ Wy € A| W # x)

> cPW1 e AUi(z—W)+ W1 € A| Wy #2) = c/ p(z,y)dy (181)
A

where ¢ := 1 — sup,cp, po({z}) with Do defined as the set of discontinuity points of the
distribution function of pg, and finally where p(x,-) denotes the density probability function
with respect to the Lebesgue measure on R associated with the conditional probability dis-
tribution of X given Xy = x, X1 # z. Note that ¢ > 0 since the probability measure pg is
assumed not to be a Dirac measure. Using a similar way to Proposition 3.1, the minorizing
measure v € MY , is obtained in assessing infzes p(z,y) with the compact set S = [+, K]
for some k > 0. Specifically, it is obtained in [ , (17)] that

Vr € R,VA € B(R), P(x,A) > 1g(x)v(14) where v(dy) := ¢ min(p(—&,y),p(k,y))dy
(182)

using that z +— p(z,y) is non-decreasing for x < y and non-increasing for y < z. If [a, b] with
—00 < a < b < 400 is the smallest interval containing the support of the probability measure

o, then the function y — min(p(—«,y), p(k,y)) is shown in | , p- 580] to be positive on
the interval [a, b]. In other words, the transition kernel P satisfies the minorization condition
(M) for any compact set S := [—k, k]. We refer to [ , (15)-(16)-(17)] for details.

Finally, assume that the compact set S is large enough so that S N [a,b] # 0. Then
v(ls) > v(lgn[ap) > 0. Hence the transition kernel is strongly aperiodic.

Note that if z € [a,b], then X7 := f(z,(U1,W1)) = Uiz + (1 — U)W € [a,b] from
Uy € [0,1], Wy € supp(uo) C [a,b]. Thus X,, € [a,b] for every n > 1 and the interval [a, 0]
is P—absorbing. Let us assume that supp(ug) is bounded. Then [a,b] is compact and if
Xo = z € [a,b] then [a,b] may be considered as the state space (X,)n>0. Since we know
from Subsection 10.1.1 that [a,b] is a first-order small set, it follows that the homogeneous
Markov chain (X, ),>0 is uniformly ergodic. More precisely, we know from Example 3.7 that

Vn>1, Vo€ ot |P"() — gullov < 21— v(1g)"

109



10.1.2 A basic modulated drift condition

Let us introduce the following moment condition on the probability measure p:

/Rln(l + |z|) po(dz) < oo. (183)

Consider the Lyapunov function z — Vp(x) := 1+ In(1 + |z|) on R. Note that the moment
condition (183) is equivalent to E[Vy(W7)] < co. Without lost of generality it can be assumed
that p(1x) < 2. Indeed, if u(lx) > 2, it suffices to replace Vp with the Lyapunov function
x — pu(1g)(1 4+ In(1 + |z|))/2 in the following computations. We get from (180) that

Ui+ (1 - U)W
vreR, (PVo)x)-Vo(x) = E [ln ot + O O] < Biz(o)
]_ _
with Z(z) = o HOLE AU gy
1+ |z|
We have
lim Z(z) <%0, (185)

|z| = +o0

and, for any z € R, Z(z) < In(1 + |Wi]) using 0 < U; < 1. Since the r.v. In(1 + |Wy|) is
integrable from (183), the dominated convergence theorem provides

1
lim E[Z(z)]=EhU)|=—-—7——<-1 186
limE(Z(2)] = Elnth] = (156)
since p(1r) < 2. It follows that there exists k > 0 such that
Vo € [_"{‘77 ’%]Ca (P%)(QJ) - ‘/()(.T) < -1

Since the function x — (PVy)(x) is bounded on the compact [—k, k], there exists by > 0 such
that
Vo eR, (PVo)(z) <Vo(x) —1r +bols

where S := [—k,k]. Thus, the transition kernel P satisfies the modulated drift condition
D, (Vb, 1r), Since it also satisfies Condition (M, 1) from Subsection 10.1.1, the following
assertions follow from Section 5:

(i) The P—harmonic functions are constant on R
(ii) P is irreducible and recurrent.

(iii) 7r := pr(lx) tur (see (26)) is the unique P—invariant probability measure on (R, &),
we have mp(1g) > 0, and P is Harris-recurrent.

Furthermore, it follows fom | , Th. 1] that 75 is the probability distribution of
the mean of a Dirichlet process with (measure) parameter p. Such a context is briefly
discussed in Subsection 10.1.5. Accordingly, the probability measure 75 is denoted by
qu in the sequel.

(iv) The following convergence in total variation of Theorem 4.7 holds

. - _
veeR,  lim 0:P" = qullrv = 0.
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(v) Let R:= P — 15 ® v be the residual kernel associated with P. For any g € B, we have
g:= Y12 RFg € By, and

- . bg — v(V,
\mmsu+%mmem%:man°’““)

v(1x)

where by is the positive constant given in D1, (Vj, 1g). For any g € B such that g,(g) =
0, the function g satisfies Poisson’s equation

(I=P)g=g.

10.1.3 Polynomial ergodicity

Let us introduce the following moment condition on the probability measure pq:
ds > 1, / In®(1 + |z]) po(dx) < oo. (187)
R

Consider the following Lyapunov function z — V(z) := 1+ In®(1 + |z|) on R. The moment
condition (187) reads as E[V(W))] < co. Next we get from (180)

Ve eR, (PV)(z)—V(z) <E[(In(1+ |z])+ Z(z))” — (In(1 + |]))’] (188)

with Z(z) defined in (184) and satisfying the convergences (185) and (186). The objective is
to show that there exists ¢ > 0 such that, for |x| large enough,

s—1

(PV)(z) = V(z) < —cV(x) s
From (188), it is sufficient to prove that there exists a > 0 such that

(In(1+ |2]) + Z(2))* = (In(1 + |:U|))S]

lim E

|z|—=+o00

§—

Since V(w)Tl ~ In*"1(1+ |z|)) as |z| — 400, it is equivalent to prove that there exists b > 0
such that

In(1 Z(z))” - (In(1 °
g | RORD _@ (n@+ D)), (189)
|| =400 In®" (1 + |z|)
Following the same way as in Subsection 10.1.2, it is proved below that
In(1 Z(z))® — (In(1 o,
(In(1 + o) + Z@))° = (WO + o) | o0

|| =400 In*~1(1 + |z|) |z| =400

We have from the mean value theorem that, for every x € R, there exists {(z) between
In(1+ |z|) and In(1 + |z|) + Z(z) such that

(In(1+ [z]) + Z(2))" = (In(1 + [2]))” = sZ(z) &(z)*".
Note that lim|y|_, 1o Z(7)/In(1+ |2|) = 0 from (185). Thus we have

g(x)*

|| —+o0 In*"1(1 + |z|)
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and the P—almost sure convergence (190) also follows from (185). Next, using again (185)
and InU; < 0, we get |£(z)*"'|/In*"1(1 + |z|) < 1 for z large enough. We know from
Subsection 10.1.2 that Z(z) < In(1+4|W;|) which is integrable from (187). Then it follows from
(190) and the dominated convergence theorem that (189) holds with b = E[sIn U] = s/u(1r).

Since the function x — (PV')(x) is bounded on any compact, we obtained that there exists
¢ > 0,b > 0 such that

Ve eR, (PV)(z)<V(z)—cV(x)5 +blg

where S := [—k, k] for some k£ > 0. We know from Subsection 10.1.1 that S is a first-
order small set, so that P satisfies Condition (M, ;). From Proposition 8.6 (see (144)),
P also satisfies the nested modulated drift conditions Dig(Vy : Vi) with m = [s] > 1,
Vi = 1x, Vo := agV for some ag > 0. Note that the set S in (M, 1,) and D14 (Vp : Vi) may
be chosen large enough in order to satisfies g,(1g) > 1/2, so that Condition (121) holds from
Proposition 8.5. If s > 2 then for any measurable and bounded function g : X — R and for
any = € X, Theorem 8.2 provides a bound for

“+o00

Yo+ HE(P ) () — qul9)]-

n=0

For instance the bounds (139) in case s € [2,3) or the bounds (141) in case s > 3 can be
used.

10.1.4 Geometric ergodicity

Assume that there exists s > 0 such that
/ |v|*po(dv) > oo. (191)
R

Introduce the Lyapunov function z — V(x) := 1+|z|® on R. Note that the moment condition
(191) is equivalent to E[V (W})] < co. Then, it follows from (180) that

VeeR, (PV)(x)—-V(z) < l|zff (E[Y(:E)S] -1)
where Y (z) := Uy + (1 — Uy)|Wy|/|z|. Since Y (x) < 1+ |Wi] for every |z| > 1 and the r.v.
Y (z) P—a.s. converges to Uy, it follows from the dominated convergence theorem that
1
i E[Y(2)] = B[] = m
Let any ¢ € (E[U;°],1). Then there exits £ > 0 such that
Viz| >k, (PV)(z)—V(z) < |2|*(E[U:°] — 1) < (6 — 1)V ().

Next, since PV is bounded on the compact S := [—k, k]|, there exists b > 0 such that
(PV)(z) < b for any z € S. Thus minorization condition (M, ) holds for this compact set
S. Moreover the above inequality shows that Condition D4 (V, V1) holds with V; := (1-9)V.
Equivalently, G14(d, V') holds true.

Since P satisfies Conditions (M, 14)-G14(6, V) and is strongly aperiodic, then the follow-
ing assertions hold from Sections 6 and 9:
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(i) P is V—geometrically ergodic, that is

dp €(0,1), 3¢, >0, Vg € By(C), Vn>1, |[[P"g—qu(9)lx|lv <cop"llgllv. (192)

(ii) Let g € By be such that ¢,(g) = 0. Then the function series g := Zg:é P g absolutely
converges in (By, || - [[v) and

lallv < cp(1 =) lgllv-

Note that g is g, —centred and satisfies Poisson’s equation (I — P)g = g. From Corol-
lary 6.1, we also have the following alternative bound:

(1 +do) (1 + qu(V))
1-6

lallv <

b—uv(V
llgllvy  with dp := max (0 v(V) )

" v(1x)(1—9)
(iii) The conclusions of Corollary 9.5 apply to

ov = inf {p € (0,1) such that Property (192) holds}

10.1.5 Further comments and bibliographic discussion

Let us briefly recall here the context of the present Subsection 10.1. Let u € M7 , be any
finite positive measure on (X := R, B(R)) where B(R) is the Borel o—algebra on R. A random
probability measure on the set of probability measures on (R, B(R)), is called a Dirichlet
process and is denoted by D,,, if for any k > 1 and any finite measurable partition F1, ..., Ej
of R, the random vector (Dy(1g,), Pu(lg,), - - ., Pu(lg,)) has a Dirichlet distribution with
parameters k and (u(1g,),...,u(1g,)) (see | ). A Dirichlet process is of fundamental
importance in Bayesian non-parametric statistics. For an overview, we refer to [ ,
Chap. 4] and to [ , | in a machine learning context. Specifically, we are interested
here in the so-called mean of a Dirichlet process, that is in the random variable

Mp, = / x D, (dx) (193)
R
with probability distribution
VA € B(R), qu(1a):=P{Mp, € A}.

Let us mention that the analysis of the probability distribution of the mean functional
Jg 9(z) Dy(dzx) for a measurable function g : X — R can be reduced to that of the mean
(193) since the random variables [y g(2) D, (dz) and [y 2 (D,,04-1)(dx) have the same prob-

ability distribution (e.g. see | , p 83]). We refer to the survey | ] on the mean
functional of the Dirichlet process and to | | for a recent contribution on the central limit
theorem. As mentioned in [ , D- 49], the mean functional of a Dirichlet process also has

interested in other topics in mathematics.

Let o := p/p(1gr) be the probability measure associated with u, which is assumed not to
be a Dirac measure. Then we know that ¢, has a p.d.f. with respect to the Lebesgue measure
on R. But this p.d.f. is of difficult use. We refer to | , Section 2.2] for a discussion on
the exact probability distribution of Mp,. A natural issue is to design an MCMC algorithm

113



to get (approximated) samples of this probability distribution. This is addressed in | ]
where the Markov chain defined in (178) and having invariant probability distribution g, is
introduced and analyzed. This work is continued in [ , |, where convergence rates
of the algorithm are provided. Below are a few more facts to complete the results presented
in the previous subsections.

e The random variable [p|z|D,(dz) is Dy—a.s. finite if, and only if, Condition (183)
holds (see | , Th. 4]).

e There exits p > 1 such that

n n . _
Ve eX, p"||P"(x,-) QMHTVmo

if, and only if, Condition (191) holds (see | , Th. 2.3]).

e Note that the two previous results are also obtained in a more general framework of
measure-valued Markov chains in | , Ths 4 and 5].

e Let us introducce the Lyapunov function 2 + Vs(z) := max(log®(1 4 |z|), 1). If Con-
dition (187) holds, then (see | , Th. 3.1])

vBel0,s—1], VzeR, n’|P"(z,")—qulv,, , —0.

n—-4o00

In particular, we have

s—1 n AN
V.I' & R, n HP (.’I,', ) q#HTV m 0

Some converse statements also hold (see [ , Th. 3.1] for details).

10.2 Metropolis-Hasting’s Markov chain

Let X be an open subset of RY, where R? is equipped with the Euclidean norm || - ||. The set
X is assumed to be connected w.r.t. the topology induced on X by the norm || - ||. Finally let
X be the Borel o—algebra on X. First, consider some probability measure 7 on (X, X') which
has a p.d.f., also denoted by 7, w.r.t. the Lebesgue measure on R, i.e. 7(dz) = m(z)dz. The
function = is assumed to be positive on X. Second let K be a transition kernel on (X, X') such
that each probability measure K (z,dy) has a p.d.f. y — k(x,y) w.r.t. the Lebesgue measure
on RY. Tt is assumed that K is such that {(z,y) € X%, 7(2)k(x,y) > 7(y)k(y, )} is of positive
Lebesgue measure. This implies that K is not reversible w.r.t. the probability measure 7 (see
Subsection 9.4). Let us introduce the Metropolis-Hasting (MH) Markov chain with state
space X and transition kernel P given by (see Subsection 10.2.4 for contextual comments):

VreX,VAE X, Pz, A)i= /A p(@,y)dy + ()5 (A) (194a)

where
Vo) € X pey) = —omin (e@key) 7ORE) (194
vreX, r@) = 1- /X p(@,y)dy. (194c)
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Note that r(x) is the probability for staying in z. From (194b), observe that

V(z,y) € X?, w(z)p(x,y) = min (7(x)k(z,y), T(y)k(y, z)) = 7(y)p(y, ©)
m(x)r(2)0:(y) = 7(y)r(y)dy(w)

so that 7(dx)P(x,dy) = w(dy)P(y,dz) and the Markov kernel P is m—reversible. It follows
that 7 is a P—invariant probability measure.

In order to simplify the presentation, the following positivity condition is assumed through-
out this subsection:

(P) The functions 7 and k(-,-) are assumed to be positive on X and X? respectively.

Under Condition (P), the function p(-,-) is positive on X2 so that we obtain from (194a)-
(194b) that, for any set A € X with positive Lebesgue measure,

VeeX, P(z,A)> / p(z,y)dy > 0. (195)
A

Note that this implies that r(x) < 1 for every z € X.

In Subsection 10.2.1, under Condition (P) and assuming that functions 7= and k(-,-) are
continuous, a minorization Condition (M, 1) for some positive measure vg is shown to hold
for any compact set S C X of positive Lebesgue measure. Next convergence conditions are
provided in the two following specific cases:

1. The Independent Metropolis-Hastings (IMH) Markov chain defined by the following
condition: V(x,y) € X2 k(x,y) = q(y) for some positive measurable function ¢(-) on
X such that [ q(y)dy = 1, that is the function (x,y) — k(x,y) only depends on the
second variable.

2. The symmetric Random Walk Metropolis-Hastings (RWMH) Markov chain defined by:
Y(z,y) € X2, k(z,y) = q(||x —y||) for some positive measurable function ¢(-) on [0, +o0)
such that [y q(||lul|)du = 1, that is the function (x,y) — k(x,y) only depends on the
distance between x and y.

We essentially follow | , , , ] for the geometric ergodic case and |
| for the polynomial ergodic one.

10.2.1 Minorization condition

Recall that
Ve e X, P(x,dy) > p(z,y)dy

with p(z,y) given in (194b). Let S be any compact set of X with positive Lebesgue measure.
Asin | , Lem. 2.1], in addition to Condition (P), let us consider the following continuity
conditions on the functions 7 and k(-,-):

(C) The functions 7 and k(-,-) are continuous on X and X? respectively.
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Then 7g := maxzes (x) € (0, +00) and kg := min(, ,yeg2 k(x,y) > 0. It follows from (194b)
that

Vre S,\VyeX, p(r,y) = min(k(z,y), k(y,x)zgg;;)
> min (k(x,y),k(y,x)zg?)ls(y)
> ksw Ls(y)
TS

since 1 > 7(y)/mg for any y € S. Thus, under Conditions (P)-(C), S is a first-order small
set for P with minorizing measure vg(dy) := (ks/ms)ls(y)m(dy) € MY ;. Next consider
the associated residual kernel R := P — 1g ® vg. Since P satisfies (M,4,14) and m(dz) is a
P—invariant probability measure such that 7(1g) > 0, it follows from Theorem 3.6 that

+00
TR 1= MR(lx)il e with pg:= Zust € M:b
k=0
is P—invariant with pg(lg) = 1. We have P(x,S) > 0 for every z € X from (195), so that
P is irreducible (see (29)). It follows from Theorem 3.14 that = is the unique P—invariant
probability measure, thus m = mg. Finally note that vg(lg) = (ks/ms)m(lg) > 0, thus P is
(strongly) aperiodic.

Now, let us check that Ay := lim, | R"1x = 0 (see (20)). The function A% is bounded
and satisfies Rh$y = h3?. Since pgr(lg) = 1, we have w(hy) = 0 and v(h$) = 0 from (25).
Thus, we have hy(xz) = 0 for m—almost = € X and Phyy = Rhy +v(hy)lg = by, ie. h%
is a bounded P—harmonic function. Note that {h$ > 0} is also negligible for Lebesgue’s
measure on X since m(dy) = 7(y)dy with positive p.d.f 7 on X by hypothesis. Then it follows
from (194a) that

VeeX, (Ph¥)z) = /X P, )h2 () dy + ()b (2) = r(x)hs ().

Using Ph$; = h3y, we get that (1 — r(x))hs (z) = 0 for every € X. Since r(x) < 1 for any
z € X, we obtain that hy = 0.

Thus, under Conditions (P)-(C), the transition kernel P of the Metropolis-Hastings chain
defined by (194a)—(194b)—(194c) has the following properties from the results of Section 4:

(i) P is irreducible and aperiodic.

(ii) The probability measure 7 is the unique P—invariant probability measure. Moreover,
we have 7 = 75 1= ur(lx) g (see (26)) with the residual kernel R := P — 1g ® vg
where S C X is any compact of positive Lebesgue measure.

(iii) P is Harris-recurrent.
(iv) The P—harmonic functions are constant on X.
(v) The following convergence in total variation holds

Vo € X, lim ||(5an — 7T||TV =0.
n — +oo
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If the state space X is bounded with 7 and k(-, -) assumed to be continuous on the respective
closure X and X of X and X2, then it is clear that P satisfies the minorization condition
(Myy 1) with vy, := (kx/mx)m where mx := max x 7(x), kx := min(%y)exz k(x,y). Then we
know from Example 3.7 that

Vn > ]—’ Vr € X’ ||Pn($’ ) - 7THTV < 2(1 - kX/ﬂ'X)n-

When X is unbounded, the uniform ergodicity does not hold in general for MH kernels. For
instance, the RWMH Markov chain is never uniformly ergodic, see [ , Th. 3.1]. However,
the following condition is introduced in | , Cor. 4], , Th. 2.1] for the IMH Markov
chain associated with function ¢(-) to be uniformly ergodic: there exits a constant M > 1
such that

Ve eX, n(z)<Mq(z). (196)
Indeed, under Condition (196) for the IMH Markov chain, we have from (194b)
. 1
Y(z,y) € X p(w,y) = min (¢(y), 7(y)q(@)/m(x)) > 37 7(y)-

Thus the whole state space X is a first-order small set with minorizing measure v := w/M.
Since v(1x) = 1/M, we have from Example 3.7 that

Vn>1, Ve eX, |[|[P"(x,)—7|rv <2(1—1/M)"
In fact, it follows from [ , Th. 2] that the previous rate of convergence is exact, that is

Vn>1, sup|P"(z,)—7|rv =2(1—-1/M)".
zeX

10.2.2 Geometric ergodicity of an RWMH Markov kernel

The functions p(-,-),r(-) in (194b)-(194c) are as follows for the RWMH Markov kernel

V(z,y) € X%, p(z,y) = a(z,y) k(z,y) with a(z,y) = 77(135)min (m(z),7(y)) € [0,1] (197a)
Ve e X, r(z):= /X(l —a(z,y)) k(z,y)dy = /A c(l —a(z,y)) k(z,y)dy (197b)

where A, := {(z,y) € X2 :a(z,y) = 1} = {(z,y) € X2 : 7(y) > n(z)}. The basic assumptions
(P)-(C) on 7 and k(-,-) read as:

e The p.d.f. 7 is positive and continuous on X.
e For any (z,y) € X2, k(z,y) = q(||z — y||) with ¢ positive and continuous on [0, +-00).

Here, the specific case of super-exponential p.d.f. 7 is considered, that is 7 satisfies the
following additional assumption:

(SE) The p.d.f. 7 has continuous first derivatives on X such that

L Vinn(z)) = —oo (198)

lim
||z|H+oo<HwH’

where V is the gradient operator and (-,-) is the scalar product associated with the
Euclidean norm || - ||.
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Under Conditions (P)-(C)-(SE), the following additional assumption on the Markov ker-
nel K

l|[| =00 [ ]| =00

liminf K(z,A;)= liminf / k(x,y)dy > 0 (199)
Az

is used below to prove that P defined by (194a)-(194b)—(194c) satisfies Conditions (M, 1)
G14(6,V) for some compact set S of positive Lebesgue measure and some Lyapunov func-
tion V.

Let us introduce the following function on X : V(x) := cw(w)_lﬂ. Since 7 satisfies (P)-(C)
and vanishes in tails from (198), ¢ may be chosen in order to have V' > 1x, so that V is a
Lyapunov function. Next, we have from (194a) and (197a)-(197b) and the definition of the
set A, that

vreX, (PV)() = /X a(z,y) k(z, )V ()dy + V() / (1 - a(z, y))k(z, y)dy

A
V(y)

C (1 — a(z,y) + alz, y)) Kz, y)dy.

- [ MoV v | V()

Ax

Then, it follows from the definitions of the set A, and of the Lyapunov function V that

wex CHEO_ [ (N e | (125004 (20 i

(200)
Thus, since 0 < 7(y) < m(x) on A, we have

(PV)(x)

Vo € X, Vi)

9. (201a)
Next, under Conditions (P)-(C)-(SE), it can be shown that

P
lim sup FV)(z) = limsup / k(z,y)dy = limsup K(z,A,°) =1— liminf K(z,A;) <1
|z]=+o0  V(2) 2| =400 J A 2] —+o00 [l —+o00

from (199). In fact, this property follows from geometric considerations involving suitable
subsets of X, depending on x and constructed from Condition (199). Details of this geometric
study and the proof of the above property are given in | , P 350-352]. Therefore, for R > 0
large enough, there exists ¢ € (0, 1) such that

EV)e) 5 (201b)

for any = € X such that ||z| > R, Vie) =

Finally, P satisfies Conditions (M, 1) since the compact ball S := {z € X : ||z|| < R} is a
small-set with respect to some minorizing measure vg from Subsection 10.2.1. Moreover, the
inequalities (201a)-(201b) show that P satisfies the drift condition G14(d, V) with positive
constant b given by:

b:= sup [(PV)(z)- 6V (z)].
=<k

Consequently, P is reversible, satisfies Conditions (M4 14)-G14(d,V) and is strongly
aperiodic. Then the following assertions hold true from Sections 6 and 9 (see Theorem 6.2,
Corollary 9.5, and Remark 9.12):
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(i) P is V—geometrically ergodic, that is

3p €(0,1), 3¢, >0, Vg € By(C), Vn>1, [[P"g—7(g)lxllv < cpp"llgllv

(ii) For any g € By such that m(g) = 0, the m7—centred function series g := > ;25 Pkg
absolutely converges in (By, || - ||y) with

lallv < cp(1=p) Hlgllv.

Note that g is m—centred and satisfies Poisson’s equation (I — P)g = g. From Corol-
lary 6.1, we also have the following bound:

(1+ do) (1 + (V) ith do b—v{V)
lgllv < T 3 lgllv with do := max (0, V(1X)(1_5)>

(iii) The conclusions of Remark 9.12 apply to

ov = inf {p € (0,1) such that Property (192) holds}

Likewise, all material of Sections 9.4 and 9.6 on the geometric ergodicity in IL?() of reversible
Markov kernels is relevant for P.

10.2.3 Polynomial ergodicity of an RWMH Markov kernel

As shown in | ], exponential or lighter tails of 7 is necessary and essentially sufficient
for geometric ergodicity of the RWMH Markov kernel. Here polynomial tails for probability
measure w are considered, in which case polynomial ergodicity of the MH Markov kernel is
the best convergence rate we can expect. In contrast to geometric case, it turns out that
the choice of the p.d.f. ¢(|| - ||) has a direct impact on the polynomial convergence rates
(see [ , Section 3]). As in [ ], the discussion is restricted to the case when 7 is
spherically symmetric and the probability measure with p.d.f. ¢(|| - ||) is heavy-tailed. The
assumptions on the set X C R are those presented at the beginning of Subsection 10.2.
Recall that a positive function f(:) on (0,40c0) is said to be a normalized slowly varying
function if f(u) = cexp ( [(e(v)/v)dv) for u > a with some positive constants a,c and
limy—, 100 £(v) = 0 (see [ , p- 15)]).

e Let m be a continuous strictly positive and spherically symmetric density function on
X which has the following representation for x| large enough

_ Sl

™) = e

where r > 0 and f is a normalized slowly varying function such that lim g 4o f([|2]]) €
(0, +00).

e The function ¢(-) is positive on [0,400) and there exists 7 € (0,2) such that, for ||z||
large enough,
_ o=l

Q(”xn) - H.’L’Hd+7] ’

where f, is a normalized slowly varying function such that lim, 10 fo([l7]]) € (0, +00).
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Then, for any s € (n,r + 1), the following Jarner-Roberts’s drift condition
PV <V —cV+ +blg (202)

holds with V(z) := max(||z||®, 1), some positive constants ¢, b and a centred compact ball S
(see [ , Prop. 6 and p. 811-812] for the details). Thus, from Proposition 8.6 (see (144)),
P also satisfies the nested modulated drift conditions D14 (Vp : Vjp,) where m := |s/n| > 1,
Vo = aV for some a > 1 and V,,, := 1x. We know from Subsection 10.2.1 that S is a
first-order small set so that the RWMH Markov kernel P satisfies (M,14)-D1s(Vo : Vin).
Note that the set S may be chosen large enough in order to satisfy 7(1g) > 1/2, so that
Condition (121) holds from Proposition 8.5. If s > 25, then for any measurable and bounded
function ¢ : X — R and for any x € X, Theorem 8.2 provides a bound for

+00

Y+ )2 |(Prg) (@) — 7 (g)].

n=0

To be more explicit, consider for instance the case s € [21,3n) (i.e. m = 2). Then we have
the following bound in total-variation norm from Corollary 8.3 and the material p. 84:

4(coVo (=) + e1ll1x|lve)
n

Ve € X, Vn >0, HP”(&?, )= 7THTV <

with
v(Vo) (1 + do)

co:= (14 do)(l + o(lg) — 1 v(Vo) (1 + do) + 1>

> c1:=v(Vo)(1 +do)(1 + 1) <V27r(1s) —1

: bi — V(Vi)>
Vie{0,1}, d;:=max [0, 220
o (055
with constants b; given in D14 (Vp : Vjy,). In this case, the bounds (139) also hold. Similarly,
in case s > 37, the bounds (141) can be used.

10.2.4 Further comments and bibliographic discussion

The MH Markov kernel defined by (194a)-(194b)-(194c) is associated with the Markov chain
generated by the so-called Metropolis-Hastings algorithm. Such a kind of homogeneous
Markov chain is in force in Markov Chain Monte Carlo (MCMC) algorithms for sampling
the probability distribution 7, called the target distribution. A major fact, in particular in
Bayesian framework, is that 7 has only to be known up to a multiplicative constant for P
to be well-defined. Here, the rationale underlying the Markov dynamics is: use an easy sam-
pled auxiliary Markov chain {Y},},>0 with transition kernel K, called the proposal kernel,
to generate a path of the MH Markov chain {X,, },>0 with Markov kernel P which has 7 as
P—invariant probability measure and converges in distribution to 7. Given that the current
state is X,, = x,, get a candidate state y, from the proposal probability distribution distri-
bution K(zy,-): Then either accept this candidate as the value of X, 11 (i.e. Xpt1 := yn)
with probability a(zy,yn), or stay at z, (i.e. Xp41 := x,,) with probability 1 — a(zy,yy) -
This Markov dynamics corresponds to the definition (194a)-(194b)-(194c) of P, where (194b)
can be reformulated in the usual form:

V(z,y) € X2, p(z,y) = a(z,y)k(z,y) with a(x,y) := min <1, m> € [0,1].
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In the case of an IMH Markov chain, the candidate state is selected according to the proba-
bility distribution g(-) irrespective the state z,. In the case of the RWMH Markov chain, the
candidate state is selected according to the probability distribution ¢(||- —z,||). Using x,, as a
realization of the random variable X, with (approximate) probability distribution 7 requires
that (X,)n>0 converges in distribution to 7 and that n is large enough. Thus, since a long
time ago, such algorithms have been a central support for much research on convergence and
convergence rates of Markov chains. There is a plethora of literature on MCMC. We refer
for instance to | , , | for an overview of the topic.

Note that the basic conditions (P)-(C) can be weakened. We refer for instance to [ ]
However note that, without conditions (P)-(C), a compact set of positive Lebesgue measure
may not be a first-order small-set even if it is always a /—order small-set for some ¢ > 1. Thus,
an analysis may have to consider multiple-step transitions which is highly problematical for
MCMC due to the untractability of P¢ for £ > 2.

When P is an IMH Markov kernel, Condition (196) was introduced to obtain uniform er-
godicity. It follows from the definitions in Example 3.7 and Theorem 6.2 that 1x—geometric
ergodicity is equivalent to uniform ergodicity, which turns to be equivalent to assume Con-
dition (196) from | , Th. 2.1] (see also | , Th. 1]). Under this condition, the
convergence rate is explicit. Note that checking Condition (196) is not easy in the standard
multidimensional settings of MCMC. Moreover such a condition makes it possible to use a
direct independent sampling of 7, the accept-reject method using the instrumental p.d.f. ¢(-)
(see [ , Section 2.3]). Polynomial rates of convergence of the IMH Markov kernel are ob-
tained in | ] when the condition (196) is violated. The result [ , Prop. 9] illustrates
how the polynomial rate depends on the relative heaviness of 7 and g(-).

Recall that, if the RWMH Markov kernel P satisfies Conditions (M, 14)-G14(5,V), then
7 is such that 7(V) < oo (see the beginning of Section 6). Under these conditions, it is
well-known from | , Th. 2.2] that the Lyapunov function V' is such V(z) > cexp(s||z]|)
for some positive constants ¢,s > 0 and ||z|| is large enough, so that [y exp(s||z||)m(z)dz <
oo. Thus, the probability measure m must have exponential or lighter tails for P to be
geometrically ergodic, irrespective of the proposal p.d.f. ¢(|| - ||). Note that the family
of super-exponential p.d.f. 7 includes all the examples provided in the standard references
[ , , | on geometric ergodicity of RWMH Markov kernels. In the MCMC
context, Condition (199) means that the acceptance probability is uniformly bounded away
from zero. For super-exponential p.d.f. =, Condition (199) is also necessary for P to be

geometrically ergodic from | , Th. 4.1]. The following sufficient condition for (199) is
introduced in | , Th. 4.3]
. x  Vr(x)
limsup (—, 7=——7) < 0. (203)
lzl=+o0 12| IV ()]l
This condition is shown in | , Th. 4.4.] to be stable under translation, addition and
multiplication. It is used to show that a very large class of probability measures 7w satisfies
Condition (203) (see | , Th. 4.6 and (46)]), including those with tails at least as light as

multivariate Gaussian considered in | ].

In contrast to the geometric ergodicity, the order of polynomial ergodicity depends on
the tails of both 7 and ¢(|| - ||). We refer to | , and references therein| for such dis-
cussions in one-dimensional and multi-dimensional state spaces. Note that the Lyapunov
function V' (z) = max(||x||®,1) is used here in the polynomial case instead of the standard
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Lyapunov function V(x) = m(z)~® which leads to suboptimal convergence rates for spheri-

cally asymmetric target distributions 7 (see [ , Subsection 3.3]). In the case discussed in
Subsection 10.2.3, we know from | ] that the drift inequality (202) provides the rate

. 510 pn

Jim ni 7 [Pre ) <l =0
As recalled in Subsection 10.2.3, explicit polynomial rate of convergence can be deduced
from Section 8, but here we only focus on the optimality of the exponent in the polyno-
mial rate. More specifically, when s T r + 7, we obtain from the above convergence that
supg(limy, n‘gHP”(a:, ) - 7THTV = 0) > r/n. In fact, we have an equality from [ , Prop.
4.2]. We refer to | , Subsection 3.3] for results supporting the idea that, for polyno-
mial target density 7, using heavy-tailed proposal p.d.f. ¢(|| - ||) can improve the polynomial
convergence rate.

Below are a few more references on various issues connected to RWMH and IMH Markov
kernel:

o | , | for Harris-recurrence.

o | for a recent overview of various methods for obtaining geometric convergence
rates, | | for a recent contribution on this topic, and finally [ , Section 3.2
and references therein] for conditions to get subgeometric rates of convergence.

o | , ] on the mixing time and convergence time.

e When P is m—reversible, the V' —geometric ergodicity is shown to be equivalent to the
L2()—geometric ergodicity in [ ] (see Subsection 9.7). This result was motivated
by an analysis of a specific MCMC simulation algorithm. We refer to | ] for a
recent overview on convergence of MCMC and especially for .2 —convergence. Finally,
functional inequalities techniques are used in | , and references therein| for
analysing the IL?(7)—spectral gap and the L2(7)—mixing times of MH Markov kernels.

11 Poisson’s equation: Beyond first-order small-functions

Recall that the modulated drift condition D, (Vp, V1) for some E € X* and Lyapunov
functions Vy and V; is:
dbg>0: PV <WW—Vi+blg.

To derive such a condition for P, we need to search for a set F and Lyapunov functions Vy
and Vj such that I' := PVy — Vp + V4 < 0 outside the set E. If such elements exist, then all
that remains is to check that I' is bounded from above on E. In general, this last requirement
poses no problem (e.g. see Section 10). In order to apply the results of Sections 3-9, the set E
in the modulated drift condition Dy, (Vp, V1) must be a first-order small-set. Unfortunately,
this condition is not automatically satisfied, mainly due to the size of the set E. Actually,
whatever the method used, the fact that the set E in Dy, (Vp, V1) is not necessarily a first-
order small-set makes the study more complex. This is why higher-order small-sets or petite
sets were introduced in the regenerative method, see Subsection 3.5.

If the set E in Condition D;,(Vp, V1) is not a first-order small-set, it turns out that
E can generally be written as a finite union of first-order small-sets. Moreover, in this
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case, F is a {—order small-set for some ¢ > 2 (see Subsection 11.3). Thus, based on these
two observations and focussing on the bound of solutions to Poisson’s equation under the
modulated drift condition, Theorem 5.4 is extended:

e In Subsection 11.1, under the drift Condition Dy (Vp, Vi) with ¢ = >~7 | bjty;, where
the 1;’s are assumed to be first-order small-functions.

e In Subsection 11.2, under the drift Condition D (Vp, V1) with ¢ € B’ assumed to be
a small-function of order ¢ > 2.

11.1 M & D conditions with several first-order small-functions

In this subsection the assumptions on P are the following ones: There exists an integer s > 2
such that

H(i i)} € My, xBY), Vi=1,...,s: P>¢;®u, (M.,)
iy, €[0,400)°: PV <Vo—Vi+ ) bity (D1:5(Vo, V1))
i=1
for some Lyapunov functions Vj and Vi. In other words, P satisfies for every ¢ = 1,...,s the

first-order minorization condition (M, y,) with some (v;,1;) € M7}, x B, as well as the
Vi—modulated drift condition with some linear combination of the first-order small-functions
1; in the last term. In Subsection 11.1.1, some of the results of Section 3 are extended under
the minorization conditions (M7.s). Next, in Subsection 11.1.2, the results of Section 5 on
Poisson’s equation are generalized under Conditions (M .5)-D1.5(Vp, V1).

11.1.1 Invariant probability measure

Under Condition (M.s) for some s > 2, let us define the associated residual kernel

R:=P-) 1;®v (204)
=1

as well as the following positive measures
+oo
Vi=1,...,8: pi=>» 1R (205)
k=0

Note that pu; is positive since u; > v;. It is worth noticing that p; is not the positive measure
Hr, = ,28 l/in associated with the residual kernel R; := P —; ® v; defined from the sole
Condition (M, 4, )-

Proposition 11.1 Let P satisfy Condition (M .5). Then we have

S n
Yn>1, 0<R'<P" and P"=R"+» > P y@uR" (206)
i=1 k=1
Moreover, for ¢ = 1,...,s, the function series Zz:“é REqp; point-wise converges and are
bounded on X, and we have
s +o0
0< ) wilx)Y Rfpy=1x —hy < 1x  where by :=1lim\, R"1x. (207)
i=1 k=0 "
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This proposition is an easy extension of Lemmas 3.2-3.3. The proof is only sketched below.
Proof. The first property in (206) follows from 0 < R < P. For the second one, we prove by
induction that .
Vn>1, T,:=P"—R"= Z ZP”—% ® v RF L. (208)
i=1 k=1
Equality (208) is clear for n = 1 from the definition (204) of R. Next we have for any n > 2

R"=R"'R=(P"' -1, \)(P-T))=P" - P"'Ty - T,,_|R,

so that T,, = P"~'T1 +T,,_1 R. Hence, if Formula (208) holds for T}, 1 with some n > 2, then

s

S n
Vg€ B, Tug=P" g+ TuaRg =) ul(@)P" it 3 D vi(R* )P
i=1 i=1 k=2

which is the desired formula for T,,. Properties in (206) are proved. Now observe that we
have >7 , vi(1x)¥; = (I — R)1x from Plx = 1x and the definition (204) of R. Thus

s

V>0, > vi(lx)) RF= (ZRk> (I — R)1x = 1x — R"1x.
k=0

i=1 k=0

Since 0 < Rlx < 1x and R is a non-negative kernel, we have 0 < R"11x < R"1x for any
n > 0, so that the sequence (R"1x)p>0 is non-increasing and converges point-wise. This
provides Property (207). O

In Theorem 11.3 below we prove that a suitable linear combination Y ;_; ajp; with g
defined in (205) is a finite positive P—invariant measure provided that each y; is finite. This
result cannot be derived from Theorem 3.6 under each condition (M, ,). In other words,
the positive measures pu; in (205) are not P—invariant a priori. Indeed, as already observed,
p; is not the positive measure pp,, and anyway the condition p;(1x) < oo does not imply
that g, (1x) < co. To find the specific linear combination .7 a;u; providing a positive
P—invariant measure, we need to prove Lemma 11.2 below. Let us introduce the following
non-negative s x s—matrix M and column vector u, € (0,400)® defined by:

M := (Mj(wi))(i,j)g{l 5)2 and u, = (Vl(lx),---,l/s(lx))T (209)

-----

where ()T denotes the transpose operator.

Lemma 11.2 Let P satisfy Conditions (M .s). Then the positive measures p; in (205)
satisfy

Vi e {17"'73}7 M(%) € [07 1]‘

Moreover, if each positive measure p; is finite (i.e. > ;| pi(lx) < o), then MMy, =u,,

and there exists a column vector a := (ay,...,as)" € [0, +00)® with > 5—1a; >0 such that
S
Ma = a, that is: Vi € {1,...,s}, Z,uj(lbz) a; = a;. (210)
j=1
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Proof. Since R < R; := P — ; ® v; we have

+o00o +o0o

Vi=1,...,5 0< () = ZW(R%') < Z%‘(Rik%) = pg, (i) <1

k=0 k=0
from Proposition 3.4 applied under Condition (M, ;). The first assertion is proved. Now
assume that > 7 pi(1x) < oo. Recall that hy is defined in (207). We have v;(hy) =
lim, v;(R"1x) for j = 1,...,s from Lebesgue’s theorem, so that v;(h3) = 0 since p;j(lx) =

720 vj(RF1x) < oo by hypothesis. Next, integrating (207) w.r.t. v; for j € {1,...,s}

provides

S
Vj € {1, ce ,8}, ZM](IDZ) l/i(lx) = Vj(lx), i.e. MTuV = Uy,
i=1

from the definition (205) of p; and v;(h3y) = 0. Note that u, # 0, more precisely m :=
min{y;(1x) : i = 1,...,s} is positive. Thus M " is a non-negative matrix with 1 as eigenvalue.
Moreover we have 1 < m~'u, with 1 = (1,...,1)" where we use here the canonical order
relation on R?.

Let || - [|oo denote the supremum norm on R®. Setting A := M " we have for every n > 1
and every x € R?

147200 < |A™ ooz ]loe < mTH A [lsoll2 o0 < M7 [y lloo |20 (211)

since A is non-negative and A™u, = u,. Thus, we have ||A"||oc < m ™ 1|Ju,||oc Where [|A" ||
denotes the matrix-norm of A™ associated with || - ||c, and 1 is an eigenvalue of A. This
proves that the spectral radius of A := M " is one. Accordingly M is a non-negative matrix
with spectral radius one. Then (210) follows from the Perron-Frobenius theorem applied to
the matrix M (e.g. see | , p- 28]) and | , Th. 2.1.1, p. 26]). O

Theorem 11.3 Assume that P satisfies Condition (M1.s) and that every positive measure
pi in (205) is finite, i.e. 327 pi(1x) < oo. Let {a;}3_; € [0,+00)° with >2%_; a; > 0 given
in Lemma 11.2. Then .
Hr = Z Qi [hg
i=1

is a finite positive P—invariant measure. Consequently wr := R(lx)_l Wr s a P—invariant
probability measure.

Proof. Note that pp is positive since so are the p;’s and E;Zl a; > 0. From the definitions
(204) and (205) of R and u; we obtain that

VAE X, pup(Pla) = pa(R1a)+ Y pa(ti)vi(la)
i=1

= Z aipi(R14) + Z (Z aij(¢z‘)> vi(1a)

=1 =

= Z aipi(la) — Z a;vi(la) + Z <Z ajﬂj(%‘)) vi(1a)
i=1 i=1

i=1 \j=1

— pal(la) +Zw<u><—m +Zawj<wi>)-
i=1 Jj=1
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It follows from (210) that pup is P—invariant. O

11.1.2 Poisson’s equation

Under Conditions (M.5)-D1.5(Vo, V1) we first study the kernel series > ;25 RF where R is
the residual kernel defined in (204).

Theorem 11.4 Let P satisfy Conditions (M1.s)-D1.s(Vo, V1) and define

di.s *= max max (0, bz_VZ(VD))

i=1,...,s I/Z‘(lx)
Then
+o0o +o0
Y RMx <Y RV < Vo+didx < (1+di)Vo (212a)
k=0 k=0
+oo +oo
Vie{l,...,s}, Y wi(Rlx) < > vi(RMA) < (14 dus)vi(Vp) <oo.  (212b)
k=0 k=0
Proof. To simplify the presentation, set d := dy.s, and let Vg 4 := Vy + dlx. Then
RVoq = PVoa— Y viVoa)ti = PVo+dix — > (vi(Vo) + dui(1x)) i
i=1 i=1
< Vo=Vit ) bt +dlx— Y (vi(Vo) + dwi(lx))¢i from Dio(Vo, V1)
i=1 i=1

_ ~ (bi = vi(Vo) . ,
=Vo.a—W1 +; <V1(1X) - d) vi(1x) 9

< Wa—MV1
from the definition of d. Equivalently we have V1 < Vg 4 — RVj 4, thus

n n n+1
Vn>1, > RV <Y RMoa— ) RV < Voa— R Voa < Vaa
k=0 k=0 k=1

since we have R"HVo,d > 0. This provides (212a) using V; > 1x and Vy > 1x. Note that
vi(Vo) < oo from (My.5)-D1.s(Vo, V1). Then Inequalities (212b) are deduced from (212a)
and the monotone convergence theorem w.r.t. each positive measure v;. O

Recall that 1 is an eigenvalue of the matrix M = (u;(1;))i j=1,.,s with associated non-
zero and non-negative eigenvector a = (aq,...,as)", see (210). Consequently, 1 is a simple
eigenvalue of M if, and only if, {x e R* : Mz =z} =R -a.

Corollary 11.5 Assume that P satisfies Conditions (M1.s)-D1.s(Vo,V1). Then we have

% (Vi) < oo, so that the P—invariant probability measure wp := pip(1x) ™" pir of Theo-
rem 11.3 is well-defined and such that mz(V1) < oco. Moreover we have

T = ZTFR(%‘)M (213a)
=1
Mp = p with p:=(ma(1),. .., 7a(s) (213b)
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Finally, if the eigenvalue 1 of M is simple, then wgy is the unique P—invariant probability
Measure.

Proof. 'We have Y7, pi(Vi) < oo from (212b) and the definition (205) of y;. Then we
deduce from Theorem 11.3 that the P—invariant probability measure w5 := pR(lx)_l IR 1S
well-defined and satisfies 7z(V1) < co. Now let ) be any finite positive P—invariant measure.
Then it follows from (206) that

n

Vn>1, VA€ X, n(la)=n(P"1a) =n(R"1a)+ > ) Y vj(RF14).
j=1 k=1

Note that 0 < n(R"14) < n(R"1x) and that lim, R"1x = 0 (point-wise) from (212a). Thus
lim,, n(R"14) = 0 from Lebesgue’s theorem since 7 is finite by hypothesis (i.e. n(1x) < o0).
When n — 400 in the above equality we then obtain that

n=> )
j=1

from the definition (205) of u;. It follows from this equality applied to the small-functions
; for i = 1,...,s that Mb = b with b := (9(¢1),...,n(¢s))". Note that the previous facts

applied with 7 := 7w provides (213a)-(213b). Finally assume that 1 is a simple eigenvalue of
M. Then there exists ¢ > 0 such that b = ca, so that n = 025:1 ajpj. This provides the
uniqueness of the P—invariant probability measure. O

To solve Poisson’s equation under Conditions (M .5)-D1.5(Vp, V1) we need to prove the
following lemma. We denote by I the identity s x s—matrix.

Lemma 11.6 Let P satisfy Condition (M1.s) with Y ;_; ni(1x) < oo. Fori e {1,...,s}, let
@i = ; — mr(Yi)1x, and define the following s X s—matriz

My = (M](¢l))(z7j)€{17’s}2
If the eigenvalue 1 of M = (115(¥:)) i j)eq1,....s}2 8 simple, then the matriz Is— My is invertible.
Proof. Using (i) = pj(v:) — mr(ti)p;(1x) it follows that

MO =M — p 'mT with p= (ﬂ-R(wl)v s 77TR(¢8))T and m:= (:u'l(]-X)? tee 7:“’8(1X))

Thus we have I, — My = I, — M +p-m'. Next, let 2 € R® be such that (I, — Mp) -z = 0,
that is

T

(IS—M)iL'——mel‘——(ZMZ(lx)l'l)p (214)
=1

Recall that Mp = p (see (213b)). Hence we have (I; — M)?-x = 0. Moreover denote by || - ||so
the matrix-norm associated with the supremum norm on R*. Then we have sup,,~; || M"|loo <
oo from (211) using the fact that a matrix and its transpose have the same norm. It follows
that Ker(Is — M)? = Ker(I; — M), so that the previous equality (I — M)?-x = 0 implies that
(Is — M) -z = 0. Finally, since 1 is assumed to be a simple eigenvalue of M by hypothesis,
we obtain that Ker(I; — M) =R -p, thus z = ¢p for some ¢ € R. From (214) we deduce that

> pi(lx) ma(ti) = 0.

=1
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Thus we have ¢ = 0 (i.e. z = 0) since Y i, i(1x) 7r(¢i) = mr(1x) = 1 from (213a). We
have proved that Ker(Is — My) = {0}, so that Iy — My is invertible. O

Now we study Poisson’s equation under Conditions (M.s)-D1.5(Vo, V7).

Theorem 11.7 Let P satisfy Conditions (M1.s)-D1.5(Vo, V1) and let R be defined in (204).
Then the following assertions hold.

1. For any g € By,, the function series g := ,j:og REg absolutely converges on X (point-wise
convergence). Moreover we have g € By, and

19llve < (14 du:s)lgllva (215)

with dq.s given in Theorem 11.4.

2. Assume moreover that the eigenvalue 1 of the matriz M := (11j(¥:)) i jyeqi,...sy2 15 simple,
and set (Is — My) ™t = (@ij)(ij)ef1,..s}2 where the matriz My is defined in Lemma 11.6.
Finally let ¢; := ; — mr(¥i)lx for i € {1,...,s}. Then, for any g € By, such that
mr(g) = 0, the following function

s +oo “+o0o
gr =g+ Z a;jpi(g)e; with g:= Zng, ¢i = ZRk(;SZ (216)
i,5=1 k=0 k=0
satisfies Poisson’s equation (I — P)gp = g with the following bounds
19pllve < (1 +dus)llgllva (1 + (14 dis) Y vi(Vo) e H¢j||v1>- (217)
i,j=1

Proof. Let g € By,. Using |g| < ||gllv, Vi and |RFg| < R¥|g| < |lgllv, R¥VA, Assertion 1. follows
from (212a). Now, let us prove Assertion 2. Since the eigenvalue 1 of M is assumed to be
simple, we know from Corollary 11.5 that 75 is the unique P—invariant probability measure
and that 7(|g|) < oo since 7x(V1) < co. Now for every n > 1 define g, := > j_, R*g. Then,
using P = R+ Y7, ¥; ® v; we have

S

ﬁn - Pgn = ﬁn - R:qvn - Z Vz@n)% =g - Rn+1g - Z Vz(jdn)d% (218)
i=1 =1

Repeating the same arguments as in the proof of Assertion 2. of Theorem 5.4 and taking the
limit when n goes to infinity in (218) we obtain that

(I-P)g=g->_ (g (219)
i=1
Now assume that mz(g) = 0. Using ¢; := ¢; — mx(¢5)1x and 0 = wx(g) = >0 pi(9)mr(v:)

from (213a) we obtain that

(I-Pg=g-> w9 (220)
=1
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Recall that My := (uj(d)i))(l. el sy Applying Equality (220) to g := ¢; for i € {1,...,s},

provides the following function system:
T = (I, — M)® with ®:=(¢1,...,¢5)" and T:=((I—P)dy,..., (I — P)ds) .

Since the eigenvalue 1 of M is assumed to be simple, we know from Lemma 11.6 that the
matrix Iy — My is invertible. Hence, we have ® = (I, — My)~'T, that is

Vie{l,...,s} ¢,-—(I—P)<iai,j$j),

Jj=1

where the «; ;’s denote the coefficients of the matrix (Iy — Mp)~!. From these equalities
and (220) it follows that, for every g € By, such that mz(g) = 0, the function g, defined in
(216) satisfies Poisson’s equation (I — P)gr = g. Finally note that for ¢ = 1,...,s we have
li(9)] < (1+di.s)vi(Vo)|lgllv, from (212b). The bound (217) for ||gs||v; is then deduced from
(215) applied to g and ¢;. O

The following lemma provides sufficient conditions for the matrix M in Theorem 11.7 to

have A\ := 1 as simple eigenvalue. Recall that any non-negative s x s—matrix A is said to be
irreducible (e.g. see | , Def. 1.6]) if

Y(i,7) € {1,...,s}% In=n(i,j)>1, A"(i,j)>0 (221)

Lemma 11.8 Let P satisfy Condition (M1.5) and M be the s x s—matriz defined in (209).
Under any of the two following conditions, the eigenvalue A =1 of M is simple and the vector
a i Lemma 11.2 is positive:

1. M satisfies Condition (221).

2. The non-negative s x s—matriz N := (v; (wl))( 52 satisfies Condition (221).

Note that the measures p; are unknown in general, so are M"™ cannot be computed. In this
case the sufficient condition on the computable s x s—matrix IV is relevant.

Proof. That Condition (221) for M is sufficient for A = 1 to be a simple eigenvalue of M is
standard from the Perron-Frobenius theorem (see | , Th. 1.5]). Under Condition (221),
it still follows from Perron-Frobenius’s theorem that the vector a is positive as an eigenvector
associated with the the eigenvalue A\ = 1. Finally, since M > N from u; > v;, we have
M™ > N™ for every n > 1. Hence, if N is irreducible, so is M. O

11.1.3 The specific case of two first-order small-functions

In case s := 2, we know from Lemma 11.8 that the irreducibility condition (221) for the
matrix N = (v;(¢i)) (i, j)e{1,2)2, s a sufficient condition for the eigenvalue 1 of matrix M
to be simple. Condition (221) for N is equivalent to: v4(12) > 0 and (1) > 0. Below,
this is weakened to vi(¢2) > 0 or v2(¢)1) > 0, and the solution to Poisson’s equation and its
|| - [[v, —norm are specified. The definitions of g, ¢; and i (for i = 1,2 here) used below are
those of Theorem 11.7.
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Proposition 11.9 Let P satisfy Conditions (M.2) — D1.2(Vo, V1) and

v1(¥2) + va(¥1) > 0. (222)
Then the following assertions hold.
1. The eigenvalue X =1 of the 2 x 2—matriz M in (209) is simple.

2. The matriz My := (p;(¢3)) of Lemma 11.6 is such that

ij=1,2
A :=det(ly — My) =2 — p1 (Y1) — pa(th2) > 0

3. For any g € By, such that wz(g) = 0, the following function

) — —
- . G = (1= pa(d2))d1 + pa(d1) o2
gr=g+A7"> pig)G  with { — ~ (223)

; G = m(p2)or + (1 — pi(1))g2
satisfies Poisson’s equation (I — P)gp = g with the following bounds
2
el < @+ dralall, (14 1+ A 3wl ) (224)
i=1
with My o= 1= y2|([¥nllvi +7r(@1) + izl (12l + 7a(y2))
My = |yl (I[nllve + mr(e01)) + 11 = yaal([[¢2llvi + 7r(e2))

where ~ij == pj (i) — mr(i)pi(1x) for (4,5) € {1,2}>.

Proof. Assume that the eigenvalue 1 of M is not simple. Then the trace of M is 2, so that
we have i1 (¢1) + p2(2) = 2. Thus (1) = p2(2) = 1 since () € [0,1] for i = 1,2
from Lemma 11.2. Recall that M "u, = u, with u, := (v1(1x),2(1x))" from Lemma 11.2
so that 1 (12) = pa(v1) = 0. Since p; > v;, we have vy (1) = v2(101) = 0: This contradict
(222). Assertion 1. is proved.

To prove Assertion 2., let us generically denote by C'1 and Cs the first and second column
vectors of a 2 x 2—determinant. From (213a) we know that Y7, wx(t;) > 0. Assume that
mr(¥1) > 0. Then, replacing C with 7(11)C1 + mx(102)Cs2 in A, we obtain that

(Y1) —p2(o1) ‘
Tr(2) 1 — p2(d2)

using Formula (213a) and 7z(¢1) = mr(¢p2) = 0. Next, using ¢; = ¥; — wz(¥;)1x and
replacing Co with Co — ua(1x)C1 in the last determinant provides

mr(P1)  —p2(1) + pe(lx)ma(Y1) (1) —p2(y)
mr(2) 1 — pa(e) + po(lx)ma(v2) Tr(2) 1 — pa(te)

Finally, from Equality mg(¢2)p2(11) = mr(¢1) —mr(¢1)p1 (1) which follows from (213a), the
desired formula for A is easily deduced. If mx(1)1) = 0, then 7x(1)2) > 0 and the computation
od A is similar. The argument for proving Assertion 1. shows that we have p; (1) +pu2(12) < 2
under Condition (222). The proof of Assertion 2. is complete.

A :WR(q/H)_l

A = ma(t)] lzwam>1

Finally Assertion 3. follows from Theorem 11.7 and the direct computation of the 2 x
2—matrix (I; — Mg) L. O
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Condition (222) is quite generic. This is because the support of at least one of the minoriz-
ing measures, say vo, is a closed set strictly larger than S;. We therefore have v2(1g,) > 0
when 57 intersects the support of vo. This is illustrated in the following simple example.

Example 11.10 Let X := N and assume that P = (P(i, j)); jjen2 satisfies D1, (Vo, V1) for
some Lyapunov functions Vo, Vi and E :={0,1,2}. This means that

+o00
Vi>3: Y P(i,)Vo(j) < Vo) = Vi(i)
§=0

and that by in D1, (Vo, V1) can be defined as

—+00

bo = max { »  P(i,j)Vo(s) = Vo(i) + Vi(i) } < oo.
o 0

‘]:
Assume that
ap = min(P(0,0), P(1,0)) >0, P(0,2)=0, P(1,1)=0, P(2,0)=0, P(2,1)>0.

Then it can be easily seen that E is not a first-order small-set. Now write E = 571 U Sy
with Sy :={0,1} et Sy := {2}. Then S1 is a first-order small-set with associated minorizing
measure vy = agdg where dy is the Dirac distribution at 0. Next Ss is also a first-order
small-set, even an atom, with associated minorizing measure v := P(2,-). Finally, since
P(2,1) > 0, we have v2(1g,) > 0, so that Condition (222) holds.

11.2 Poisson’s equation under higher-order minorization condition

Recall that Theorem 5.4 provides a bound for the Vy—weighted norm of solutions to Poisson’s
equation under the V;—modulated drift Condition D (Vp, Vi), that is

by = bo(Vo, Vi,¢) >0:  PVy < Vo — Vi +boy,

where ¢ € B, satisfies the first-order minorization condition (M, ) with some v € M7 ;.
Here Theorem 5.4 is extended to Markov kernel P still satisfying D, (Vp, V1) but assuming
now that v is a f—order small-function for some integer ¢ > 2, namely

A >2, dyy € Mi,b . P'> Y Q. (Ml{zﬂll)

Iterating D, (Vo, V1) we obtain that

k—1 k—1
Vk=1,....6, PVy<V—> PVi+b Y Pl (225)
j=0 =0

It follows from the previous inequality for k := £ that

/—1
PV < Vo—Vit+bet+bo Y Pl (226)
j=1
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Note that Theorem 5.4 does not apply directly to the Markov kernel P’ under Condi-
tions Dy, (Vp, Vi) and (M,{Np). Indeed (M ﬁNp) is a first-order minorization condition for
P’ with minorizing measure v, and small-function 1, but Inequality (226) is not (and
does not provide) Condition Dy (Vp, V1) for P! because of the term by Z?;i PJq). In fact,
Lemma 11.13 below shows that the proof of Theorem 5.4 can be adapted, provided that
bo Ef;} Piq) < apP%) for some ay € (0, 4+00).

Thus, let us introduce the following condition:
Vi=1,....,0 -1, 3a; € (0,4+00), Pl < ;P (227)

which ensures that by Zg;i Piy < apP%) with ag := bg E?;} a;. A sufficient condition for
(227) is
Ja >0, Py <aP?*)

which is satisfied if ¥ < aP% from the non-negativity of P. Indeed, it can be easily seen that
Condition Py < aP?i provides (227) with a; = a*~7 (smaller constants a; in (227) can be
found when P74 for j = 1,..., ¢ are computable). In particular, under Condition (M, ) with
v(¢) > 0, we have 1) < v() "1 Py, so that Condition (227) holds. However Condition (227)
is of course much weaker than (M, ).

The following lemma collects the direct consequences of Inequality (225) recalling that 1) is

a non-negative bounded function on X, and of Inequality (226) assuming that Condition (227)
holds true.

Lemma 11.11 Let P satisfy Condition Dy (Vy, Vi) for some Lyapunov functions Vo, Vi,
and for some 1 € B satisfying (Mfiw) and assume that Condition (227) holds. Then the
following assertions hold:

the function T'p:= . fnax 1PkVO — Vo is bounded from above on X, (228a)
and Iag,ay) € [0,400)%,  PVy < Vo — Vi + agtp + agPYp. (228b)

From the above, under the assumptions of Lemma 11.11, Inequality (228b) holds with ag := by
and ayg := by Zﬁ;} a; where by and the «;’s are given in Dy (Vp, V1) and in Conditions (227)
respectively. However, in practice it is of course relevant to search for the smallest possible
constants.

Under the /—order minorization Condition (M ,{Nl}), we denote by Iy the submarkov kernel
defined on (X, X') by
Ri:=P' — ¢y @ u.

Theorem 11.12 Let P satisfy Condition Dy (Vy, V1) for some Lyapunov functions Vo, Vi,
and for some 1 € B satisfying (Mfil’d)). Assume that Condition (227) holds. Then the
following assertions hold:

1. There exists a unique P—invariant probability measure m on (X, X), and w(V1) < oo.

2. For every g € By, such that 7(g) = 0, the function

~

-1 +o00
g:=>Y P with Go=> Ry (229)
0 k=0

£
Il
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belongs to By, satisfies Poisson’s equation (I — P)g = g, and the following bound holds
true:

max (0, a0 — v¢(Vo)) + ar(1 + ve(¥))

91 < llglhvs [EVo + Te + erlx) = ace] - with g i= i

(230)
where T'y is the upper bounded function given in (228a), ag,ay are any positive constants
such that (228b) holds, and finally 1y := i;%) Pk,

In Case £ = 1 we have I'y = 0 and a; = 0, so that the bound (230) corresponds to (59a) in
Theorem 5.4.
The proof of Theorem 11.12 is a direct consequence of the next Lemmas 11.13, 11.14, ob-

serving moreover that the non-negative function Wy := Zij) P*Vj introduced in Lemma 11.14
satisfies Wy < £(Vp +1T';) using (228a).

Lemma 11.13 Let P satisfy Conditions (Mﬁeﬂl)) and (228b) for some ¢ > 2 and non-
negative measurable functions Vo and Vi on X. Then

+00
0,a0 — ve(Vt 1
OSZR;“W <WVo+ecldx —apy with ¢ = max (0, ag WE/ (()i);_ae( +W(¢)). (231)
X
k=0

Proof. From (228b) we obtain that
RyVo = PV — vp(Vo)y < Vo — Vi + (ao — ve(Vo))3 + ag Pap,

equivalently: V3 < Vo — R,Vy + (ao — 1/4(V0))¢ + ag P'4.

Moreover observe that >/ 20 RF < vy(1x) !1x from Inequality (24) applied to the Markov
kernel P¢ under the mimorization condition (M fup). Thus we have

n n n+1 n n
Vn>1, > RV < > RiVo— Y RfVo+ (a0 — (Vo)) > Rfv+ar y RFPY
k=0 k=0 k=1 k=0 k=0

max (0, ag — V(W "

< i mex(Oa—n), > "R (R + ve(y))
Vg(lx) k=0
max (0, ag — vp(WV A "
—V+ (0,20 — (V%)) Ix +ae > R +arv(y) > Rf
ve(lx) k=1 k=0

max (0, ap — v¢(Vp)) a ag V(1))
< + Ix + Ix —ar +
= % S B 7 (P R A Py

0 2% 1
< Voo max (0, a0 — v¢(Vp)) + ae(1 + W(W)lx ~ agp.
ve(1x)
This proves (231). 0

Lemma 11.14 Let P satisfy Conditions (Mfe’w) and (228b) for some £ > 2 and measurable
functions Vo > 0 and Vi > 1x on X. Then there exists a unique P—invariant probability
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measure m on (X, X), and we have w(Vy) < oo. Moreover, for every g € By, such that
m(g) =0, the function

{—1 400
g:= Pkgg with gy = Zngg
k=0 k=0
satisfies the following bound
-1 -1
1 < llgllvi (Wo + Leelx — agthy)  with Wo:=Y_ P*Vo and o= Py (232)
k=0 k=0

where the positive constants ay and ¢y are given in (228b) and (231) respectively. Moreover
g satisfies Poisson’s equation (I — P)g = g.

Proof. From 1x < V; and (231) we know that lim, RF1x = 0 (point-wise convergence) and
that 3320 ve(RF1x) < ve(Vo) + cove(1x) < oo from the monotone convergence theorem (use
(M}, ) and (228b) to get v4(Vp) < 00). Thus

+00

L k

KR, = Z R,
k=0

is a finite positive measure on (X, X’). Then it follows from Assertion 3. of Theorem 4.1
applied to the Markov kernel P! with residual kernel R, that TR, = ,uRe(lx)_l,uR[ is the
unique P’—invariant probability measure. Moreover we have pr,(V1) < oo from (231) and
the monotone convergence theorem. Next the following probability measure

is P—invariant using that 7p, Pl = Tg,- In fact we have m = 7, since 7 is also P!—invariant
and 7, is the unique P’—invariant probability measure. The first assertion of Lemma 11.14
is proved.

Now let g € By, be such that w(g) = 0. Let us prove that the function g, = ZZ:?) R/*g
satisfies the following bound

19e] < llgllva (Vo + celx — aryp) (233)
and that (I — PY)g, = g. We have |g| < ||g/lv; V1, and for k > 1
[REgl < RElgl < llgllvi REVA-

Then we obtain (233) using (231). Next define: Vn > 1, g, = Y 1, Ré“g. Using Equality
P! = Ry + 1 @ 1y, we obtain that

G — P'Gon = Gon — ReGon — ve(Gen) = g — R} g — ve(Gon )b

from which we deduce that (I —P%)g, = g — tr,(9)Y when n — +oo (repeating the arguments
of the proof of Theorem 5.4). Hence we have (I — P%)gy = g since iz, (9) = pr,(1x)7r,(9) =

pir,(1x)m(g) = 0.
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We can now conclude. From (233) it follows that § := Zi;% PG, satisfies the following
bound:

/-1 l—1
9] < Z P¥ge| < |lgllva ZPk (Vo + celx — agt)) = [lgllvi (Wo + £eelx — agtp)
k=0 k=0
with Wy = 2;%) PRV and 1y = i;% PFq). Moreover we have
(-1
(I-P)g=(I—-P)> Pg=(1I-P)g=g
k=0
The proof of Lemma 11.14 is complete. O

Now let us present an alternative statement to Theorem 11.12. Assume that P satisfies
Conditions Dy, (Vp, V1) and (227). Using the following inequality (see (225) with &k := /)

/—1 —
PV <Vo—Wi+by» Plyp with Wy=>» PV,
=0 '
we obtain that
J(ag, ag) € [0,+00)%,  PVy < Vo — W1 + agh + agPlyp. (234)

Next, under Conditions (234) and (M iw), the conclusion of Lemma 11.13 obviously extends
with Wi in place of V4. Next, for ¢ = 0, 1, define

~

PV,

=
i
|
I
(e}

J

and observe that XA/Z = W;/¢. Then, Lemma 11.14 can be straightforwardly adapted to obtain
the following statement.

Proposition 11.15 Let P satisfy the assumptions of Theorem 11.12. Then the following
assertions hold:

1. There exists a unique P—invariant probability measure m on (X, X), and 7r(‘71) < 00

2. For every g € By, such that m(g) = 0, the function g given in (229) belongs to By, - satisfies
Poisson’s equation (I — P)g = g, and

91 < llgll, (Vo + o 1x — ae tr) (235)

where cy is defined as in Theorem 11.12 using here any positive constants ag, ay such that

(234) holds, and where Uy = (1/¢) i;% Pk,

The interest of the alternative bound (235) is that the order ¢ is no longer a multiplicative
factor Its disadvantage is that this bound uses the modified Lyapunov functlons Vo and
Vi. On this subject recall that Vo < Vo + Iy (see (228a)), and note that V; in (235) can
be replaced with any measurable function U; such that 1x < U; < ‘71 since By, C 8‘71 and
l9llg, < llgllv, for every g € By, .
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Let us conclude with some comments on Theorem 11.12. First note that the bounds (230)
and (235) may be of interest even if ¢ is also a first-order small-function: Indeed, when the
mass v(1x) of the first-order minorizing measure v in (M) is too small, then the constant
dp in the bounds (59a)-(59b) of Theorem 5.4 may be too large to be relevant. Of course
the mass vy(1x) involved in the bound (230) is expected to be greater. Explicit bounds for
the constants ap and ay in Inequality (228b) are proposed after Lemma 11.11. However, in
practice, when the functions PV and P%) are computable, it is more relevant to estimate
constants ag and ay in (228b) directly. The same holds for Condition (234). If ¢ is also a
first-order small-function (i.e. Condition (M, ) holds) and if 7(Vp) < oo , then the bound

911 (7(Vo) + do)

m(¥)
provided by Lemma 5.9 can be used in (230). Likewise, under the geometric drift con-
dition G (9, V') which provides the V;—modulated drift Condition D (Vp, Vi) with Vp =
V/(1—6), V1 :=V and by := b/(1 — §) (see Example 5.2), the bound T'y < b|[1)]|15(1 — 6) 2
can be used in (230). Indeed an easy iteration of G (0, V') provides

r, <

V>0, PV <V bl (l-05) "1x.

However, even in the previous specific cases, it is preferable to search for an upper bound of
'y simply by using the functions P*Vj for k = 1,...,¢ — 1, provided that these functions are
computable.

11.3 Further comments and bibliographic discussion

That the first-order minorization condition may be restrictive for the set E involved in drift
conditions (e.g. in PVy < Vp— Vi +blg) is addressed in this section. Actually, when E is not
a first-order small-set, it can generally be written as a finite union of first-order small-sets.
Thus, a first way to overcome this issue is based on this decomposition of . The material
is proposed in Subsection 11.1 and is new to the best of our knowledge. As an extension
of the first-order minorization condition, the results of Subsection 11.1 are interesting, but
mainly from a theoretical point of view because the matrix involved in Theorem 11.7 is not
computable in general.

The notions of higher-order small-functions (or small-sets) and petite sets have been al-
ready presented in Subsection 3.5. When the set E in the modulated drift condition can only
be written as a finite union of first-order small-sets, then E is a {—order small-set for some
£ > 2, that is Pl>1p® vy with some minorizing measure vy. This follows from the following
classical results (e.g. see | , Prop. 5.5.5, Th. 5.5.7]: First every small-set is obviously pe-
tite; Second a finite union of petite sets is petite under irreducibility condition; Third, every
petite set is a small-set under the additional aperiodicity condition. Partly motivated by this
observation in Subsection 11.2, Theorem 11.12 and Proposition 11.15 provide an extension of
Theorem 5.4 on the bound for solutions to Poisson’s equation to the case when the function
1 in the modulated drift condition is any higher-order small-function.

It is well-documented in the literature on Markov chains that the standard way to go
beyond the first-order minorization condition is to search for a drift condition for P involving
an explicit higher order small-set E. In particular, this means finding an explicit positive
integer £ and a computable minorizing measure vy. Note that such ¢ might be too large
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to search for the explicit minorizing measure vy, due to the difficult (or even impossible)
computation of the iterate P’. In many of the papers cited in Subsections 5.5, 6.3 and 8.5
in link with Poisson’s equation or convergence rates, the general statements are presented in
the context of general small-sets or even petite sets. However, truly explicit bounds for the
two above themes are usually only addressed with a first-order small-set (i.e. £ =1). Indeed,
finding such explicit bounds under higher-order minorization conditions (i.e. £ > 2) remains
a difficult issue. Perhaps the most successful work in this regard is the recent paper | 1,
where the authors provide a nice and explicit bound for solutions to Poisson’s equation
under modulated drift conditions involving a f—order small-set E. The bound obtained in
[ | via a randomized stopping time is close to (59b) in case ¢ = 1, and it remains very
simple when ¢ > 2. Such a bound is proposed in Theorem 11.12 and Proposition 11.15,
but the additional condition (227) is required and, above all, the bounds (230) and (235)
are far from being as simple as that in [ J'. The main interest of Subsection 11.2
is that the proof of Theorem 11.12 is close to that of Theorem 5.4 (first-order case) and
quite elementary compared to the more sophisticated one in [ ]. Finally recall that the
interest of considering a higher-order small set has been also addressed in Subsection 8.4 to
extend polynomial convergence rates under weaker conditions than (121).

'"We thank the authors of [ | for sharing their work with us. It has motivated the results of Subsec-
tion 11.2 on bound for the solutions to Poisson’s equation under a higher-order minorization condition.
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A Probabilistic complements

The split chain (e.g. see | , D-

Let (X,)n>0 be a Markov chain on the space (X, X) with kernel transition P satisfying
condition (M, y) with v € M7 ;.4 € BY, that is

R=P—9y®v>0.

Let us introduce the bivariate Markov chain ((X,,Y,))n>0 with the state space X x {0,1}
and the following transition kernel P: for every bounded measurable function f on X x {0,1}

ELf (Xnt1, Ynt1) | 0(Xi, Vi, b < n)] = E[f (Xng1, Yoy1) | 0(Xn)] = (Pf)(Xn)
with
VAe X, P(z,Ax{0})=R(z,A) Pz, Ax{1})=1(x)v(ls).

((Xn, Yy))n>o is called the split chain associated with (X,,),>0. Note that, for any A € X,
P(z,A x {0,1}) = P(x,A x {0}) + P(z, A x {1}) = P(z, A) so that the marginal process
(Xn)n>0 is indeed the original Markov with transition kernel P. Next, for any f € B and
r€X, E[f(Xns1) | Xon = 2,Yni1 = 1] = v(1x) " tv(f) for every n > 1. It follows that the
set X x {1} is an atom for the split chain. Let oy := inf{n > 1,¥,, = 1} be the return
time to the atom X x {1} of the split chain or the return time of (Y,,)n>0 to state 1. It is a
regeneration times of the split chain. Such a material leads to using the so-called regeneration

method to analyze the split chain and to deduce, when possible, the properties of the original
Markov chain.

Probabilistic counterparts in terms of the split chain of various quantities in the
present document.

Let us introduce the probability measure 7 = v(1x) '~ on X. The probability P when Xg
has probability distribution 7, is denoted by IP;, and E, is the expectation under IP;,.

VA € X and Vx € X:

o (R"14)(w) = R"(z,A) =P{X,, € A, 001} > n};
(R"1x)(z) = R"(2,X) = ]Poc{a{l} >n};
T2 (RMx)(z) = Eufoqy);

n=0

o 13 (z) = lim,(R"1x)(z) = P,{oqy = +oo};

o (R*)(x) = Po{opy = n}/v(lx), Xy (R* ) (2) = Po{ogy < n}/v(lx);
WS (RP)(x) = Po{oqy < oo} /v(lx);
o un(la) = v(1x) Y420 Po{ Xy € A,0q1y > 0}, pr(1x) = v(1x)Eploqy]
,U,R(l/J) = Pg{a{l} < OO}

e Formula (17). For any n > 1, let L, := min{k = 0,...,n — 1 : Y,,_x = 1}, be the
time elapsed since the last visit of (Y,,)n>0 to 1 before time n. Then {ogy < n} =
I_IZ;(l){Ln = k} and Formula (17) has the following probabilistic meaning

Po{X, € A} = Po{X,€Aop >nt+ i Pu{X, €A L, =k} .
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Properties of the functions g% and g4.
Below Properties c)-d) of Subsection 2.2 are proved. Let P be a Markov kernel on (X, X),
and let (X,)n>0 be the canonical Markov chain on (XN, ¥®N) associated with P, e.g. see
[ , Sec. 3.1]. Denote by 6 : XN — XN the shift operator defined by:
Vo = (Tn)nen € X", 0(x) == (Tn+1)nen.

Recall that Markov’s property states that, for any r.v. Y on (XN, X ®N ) taking its values in
[0, +00], we have (e.g. see | , Th. 3.3.3])

Vn>1,VzeX, Ex,[Y]=E;[Yo0"|o(Xo,...,Xn)] Pr—as.

For any A € X, let Ng =3/ 11x,ca}- Recall that: Vo € X, g% (z) := P,{N4 = +oo}.

For every z € X we have

(Pg%)(z) = Eelg3 (X1)] = Eu[Ex, [1{n,=to0}]] (from the definition of ¢g%)
= Eu[Ee[{1{n,—to0} ©0|0(X0,X1)]] (from Markov’s property)
= Eo[l{n,—toc} © 0] = Po{Na = 400} = g% (2)

where we have used the classical property E[E[Z | F]| = E[Z] of conditional expectation and

the fact that the events {N4 06 = +oo} and {N4 = +oo} are obviously equal. Thus g is
P—harmonic.

Recall that T4 := inf{n > 0 : X,, € A} and that g4 is defined by: Vax € X, ga(z) =
Po{T4 < oo}. Let Sq :=inf{n > 1: X,, € A} = 1+ T4 06. Note that {Sy < oo} =
{Tao06 < oo}. For every x € X we have
(Pga)(z) =Eilga(X1)] = E. [E_Xl[l{TA<OO}]] (from the definition of g4)

= Eu|Ee[l{r,<o0} © 0] 0(Xo, X1)]] (from Markov’s property)

= Eu[l{r,<cc} 00
= Eu[l{s,<o0}]

< Eull{ry<oc}] = 9a(z) (since {S4 < 00} C{T4 < 0}).
Thus g4 is superharmonic. Since the kernel P is non-negative, the sequence of non-negative
functions (P"ga)n>0 is non-increasing so it converges point-wise. Next, for every z € X, it
follows from (P"g4)(x) = E;[ga(X,)] and from the same arguments as above that

(P"ga)(z) = E,[Ex, [1{TA<OO}]] =E,[E, [1{TA<OO} 00" |o(Xo,...,Xn)] =K, [I{TA@O} 06"

and that (P"ga)(z) = Py(Ey) with E, := Up>,{X; € A}. We have {X}, € A io0.} =
Mn>0En = {NA = —}—oo}, where i.0. stands in short for “infinitely often”. Since (E))p>0 is
non-increasing for the inclusion, we obtain that

liTILn N (P"ga)(z) = hﬁn N P(E,) =P {X € Aio} =P, {Ng=+o0} = g5 ().

B Proof of Theorem 4.12

From the definition of d in (43), there exists an integer ¢y > 1 such that the power series
p(z) == S v(R 1) 2™ writes as
+oo
Vze D, p(z):= Z v(RF=1y) 2k (236)
k={o
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The proof of Theorem 4.12 is based on the two following lemmas.

Lemma B.1 Let P satisfy Condition (M, ;) with pg(1x) < co. Then

lim P = ¢y : 723’% with mg := Zkude L) < (237)

n — +0o0o
k=¢o

Proof. Using the definition of the integer d, the arguments here are close to those used in the
proof of the direct implication in Lemma 4.9. Note that Z;ﬁg R4} is a bounded function
on X from Proposition 3.4, and that mg < oo from Remark 4.10. Now define

—+00

VzeD, Pyl Zz”Pd% Ra(z Zz”Rdnw, pa(z) =) v(RM 1) 2

k={o

with D = {2z € C : |z| < 1}. Note that the power series p in (236) satisfies p(z) = pg(z%).
Thus pg(z) is not a power series in 24 for any integer ¢ > 2: Indeed, otherwise we would have

pd(z) == zro; v(R¥4=19) 29¢ for some integers £ > 1 and ¢ > 2, thus
+o0
plz) = Y v(RI“1y) 2,
=0,

which contradicts the definition (43) of d. Moreover observe that |p4(2)| < 1 for every z € D
since pp(v) = 0% 0%V v(RFI=14)) = 1 from Theorem 3.6. Now using (17) applied to ¢ and
the definition of d (see (236)) it follows that P9 = R4 for every n € {0,...,¢y — 1} and
that

Vn > by, P™p=RMp+ Y v(R* ) PRy,
k=Lo

Considering the associated power series and interchanging sums for the last term, we easily
obtain that

1
Vze D, Pyz) =Ra(z)Us(z) with Uy(z):= ——+—. (238)
1 — pa(z)
Next, we deduce from the Erdos-Feller-Pollard renewal theorem | | that the coefficients
ug of the power series Uy(z) = ZOB ug k2" in (238) satisfy: limguggr = 1/mg. Then,

identifying the coefficients in Equation (238) (Cauchy product), we obtain that P9 =
S o Udn_kR™1p for every n > 0. Since /%0 R%y < oo from Proposition 3.4, Prop-
erty (237) follows from Lebesgue theorem w.r.t. discrete measure. g

Lemma B.2 Let P satisfy Condition (M, ) with pz(1x) < oo and hyy = 0. Then there
exists a sequence (en)n € BY such that lim, e, = 0 (point-wise convergence) and

VheB, ||hlly <1, 3¢, € B, |P"h—¢&,| <e,.

Proof. Here, using the definition of the integer d, the arguments are close to those used
in the proof of Lemma 4.11. For r = 0,...,d — 1 set (. := P"(y with (y given in (237).
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Note that (., € B, and that lim,, pintry)y = Gy (point-wise convergence) from Lebesgue’s
theorem w.r.t. P"(z,dy) for each z € X. Now for every h € B define &, € B by

d—1 +o0 '
&= (Z u(RdJ"“*m) G- (239)
j=1

r=0
Then using again (17) and observing that every integer k = 1, ..., dn writes as k = dj — r for
r=0,...,d—1and j=1,...,n, we obtain that for every n > 1
d—1 n . . d—1 400 '
piny, _ &, = Rinp, + Z Z V(Rdj—r—lh) (Pd(n—J)—l-'r‘u} _ (7‘,1&) _ Z < Z V(Rdj—'r—lh)> an‘
r=0 j=1 r=0 “j=n+l
Thus, if ||hll1, <1 (i.e. |h| < 1x), then we have |P9"h — &,| < e, with &, € B defined by
d—1 n 400 '
en = Ry + 3 w(RYT ) [P — G|+ Z Irullie D v(RT7 ).
r=0 j=1 j=n+1

We have lim,, £, = 0 (point-wise convergence). Indeed, the last term converges to zero when
n— 400 since Y ;20 ¥(R¥1x) = pr(lx) < oo; The second sum above converges to zero when
n — 400 from Lebesgue’s theorem w.r.t. discrete measure recalling that lim,, P% 17y = Craps
Finally lim,, R™1x = 0 from hy = 0.

O
Proof of Theorem 4.12. Let g € B be such that |g| < 1x. Note that for r =0,...,d — 1 we
have |P"g| < P"|g| < P"1x = 1x. Thus for r = 0,...,d — 1 we can consider &, 4 := {prg,
where {pry is the function of Lemma B.2 associated to h = P"g. Let v, = é Zf;é &r,g- Then

1 d—1 1 d—1
_gZPncH-rg < gZ‘{r,g—Pnd(Prg)} <en (240)
r=0 r=0

from Lemma B.2. Thus we have v, = lim,, vl Zd L prdtrg (point-wise convergence). From

Lebesgue’s theorem w.r.t. P(x,dy) for each z € X, we then obtain that

d
1
Py, = lim p Z PTG =, (241)
r=1

the last equality being obviously deduced from lim,, _, 1o P g = lim,, _, ;o0 P"g. Thus

V¢ is a P—harmonic function, so that v, = c41x for some constant ¢, from Theorem 4.1.
Moreover, using the second equality of (241) and applying Lebesgue’s theorem w.r.t. the
P—invariant probability measure 7, we obtain that mz(g) = 7r(v), s0 79 = 7r(9)1x.
Finally, applying the function inequality (240) to any fixed x € X and taking the supremum
on all the functions g € B such that |g| < 1x, we obtain the desired total variation convergence
of Theorem 4.12 since lim, £,(z) = 0 from Lemma B.2. O

C Proof of Lemmas 7.4, 7.8 and 7.9

Proof of Lemma 7.4. We deduce from the definitions of ﬁk and 7 that

Yy € B, Y Pil,y) Fr({z}) = 0 =R({u}),
€N
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Using successively the above equality, the definitions of 7y, and ﬁk, the P,—invariance of my,
and again the definition of 7, we obtain

Ve B, 3 Beyme)) = 3 Pula,y)wl{z})

zeN x€By

= Y Be ) me}) = myh) = 7y},

€ By,

Thus 7 is a ﬁk—invariant probability measure. To prove the uniqueness, consider any
P,—invariant probability measure 7 = (7({z}))zen. Then

vy e B, i{y}) = Prlz,y)i({z}) =0

zeN

from the definition of ﬁk Thus

Vy € B, n({y}) = ZPk z,y)n{z}) = Z Pi(z,y) 7({z}) = Z Py(z,y)n({z})

€N rEBy rEBy

from the definition of Pj,. Thus 7 := (7({x}))e B, is a Py—invariant probability measure on
By.. This proves that n = 7. O

Proof of Lemma 7.8. Recall that by, := 1x,  and F}, is the finite-dimensional space with basis
Cp = {1Xi,k7 1€ Ik} U {br}. The Nj x Np—matrix By is defined as the matrix of P, with
respect to Cp with Ny, := dim Fj, = Card (I;) + 1. Note that

PLb, = ﬁkbk = @kbk + bk(xo)wk =0. (242)

Since g € Fj writes in the basis Cx as g = > _.cp 9(xix) + 9(Tk )by where ;5 € X; ) and
T) € X\ X}, we can write for every j € I}

Plej,k
= ﬁklxj’k = Z(ﬁklxj,k)(xi,k) 1Xi,k + (ﬁklxj’k)(fk) b (since Pklxjyk € fk)
i€y,
= ) [(Qelx,, ) (@in) + 1x,, (@0) Yr(ig)] 1x,, + [(Qrlx, ) @x) + Lx,, (z0) ¥r(Te)] b
i€y,
= ) [(Qelx, ) (@in) + 1x,, (20) (i) 1x, , + Lx,, (%0) bi-
i€y,

The previous equalities show that By is a non-negative matrix. Moreover Equality Prlx = 1x
reads as matrix equality By - 1p = 1 where 1, is the coordinate vector of 1x in the basis Cg.
Thus B} is a stochastic matrix. O

Proof of Lemma 7.9. Recall that by, is defined by by, = 1X—Zielk Ix, - From ¢y := lx—éklx
it follows that ¢y, = by + ;s 1x,, — Qrlx. Define

mik(f) = ; fly) inf p(t,y)du(y)

teX; k
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and observe that Qjf = > ier, Mik(f) 1x, - Then we deduce from (101) and (102) that

Pof = (Quf) + f@o)r = > mip(f) Ix,, + Fl@o) (be+ Y 1x,, — Qulx)

icly icly
= Z [mik(f) + f(x0) — fzo) min(lx)] 1x, , + f(z0)bk,
icly

so that (104) and >, i = 1 give

() = Y mik mak(f) + f(xo) — f (o) mip(1x)]

1€l
= Y mamiel) + 1o (1= 3 maminiz)). (213
icly i€ly

This proves Formula (105a). Now we prove that 7 defines a ﬁk—invariant probability measure
n (X, X). Note that

Vie Iy, mip(lx) < /p(wi,k,y) du(y) = (Plx)(zix) = 1,
X

thus

/pk’ d,LL Zﬂzkmzk 1X 1.

i€y,

It follows from this remark and from (243) that 7 T is a probability measure on X. Finally
By, - Fk is the coordinate vector of Pk, f in Cy, since Pk f € Fp and Fy, is the coordinate vector
of P,f in C;. Consequently we deduce from (104) and (103) that

7u(Prf) = 7 By, Fy = m Fy, = 7 (f)-

Thus 7, is Pj-invariant.

D Proof of Theorem 9.1 and Proposition 9.3

Here we assume that P satisfy Condition (M, ) with hyy = 0 and pz(1x) < oo, and that
P € L(®B) where (B, || - ||) is a Banach space satisfying Assumptions (B). The properties of
Lemma 9.2 are repeatedly used below, that is: R € L£(8), the radius of convergence of the
power series p(z) := > v(R"14) 2" is larger than 1/ry where 75 denotes the spectral
radius of R on B, and finally the series g, := Z;:;’B z~ (D RE g absolutely converges in B for
every z € C such that |z| > ry and for every g € B.

Lemma D.1 Ifry < 1, then the following assertions hold for every z € C such that |z| > ryg.
The opemtor zI — P is invertible on B if, and only if, we have p(z~') # 1. Moreover, if
p(z~ 1Y =1, then z is an eigenvalue of P on B, and E, := {g €B:Pg=z29}=C- T/Jz with
), = Z+°O ~(k+D) REy being non zero in B and satisfying v(v.) = 1.
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Proof. Let z € C be such that |z| > rs. Assume that zI — P is not one-to-one on ‘B, that
is: 3g € B,g9 # 0, Pg = zg. Note that lim, 2| 7"||R"g|| = 0 using the definition of ry and
|z| > rg (use (160) with v € (rs,|2])). Since R € L(*B), Equality (46) of Lemma 4.16 can be
proved similarly, that is we have:

n
Vn >0, I/(g) Zz—(kﬁ-l)Rkw =g z_(n+1)Rn+lg.
k=0
Then the following equality holds in %5

—+00

g=v(g) > = *TURky

k=0

and v(g) # 0 since g is assumed to be non-zero. Note that g — v(g) is a continuous linear
map from B to C due to (159). Thus, integrating the previous equality w.r.t. v, we obtain
that v(g) = v(g9)p(z~1), thus p(27!) = 1. We have proved by contrapositive that |z| > 7g
and p(z~!) # 1 imply that 2] — P is one-to-one. Now prove that |z| > 74 and p(z71) # 1
imply that zI — P is surjective on B. Let z € C be such that |z| > ry, let g € B and define

n
vn 2 17 E’I’L,Z = sz(k‘Fl)ng
k=0

Using P = R+ ¢ ® v we obtain that
2Gnz = Pgn: = 2Gnz = Rinz = v(Gn)0 = 9= 27 "R g — 0(ga ). (244)
Next the following convergences hold, in B for the first two, in C for the last one

+o0
JHm gn s = gs 1= I;)z(kﬂ)ng, lim Pgne = PG, lim v(gn:) =v(g:)  (245)

from Lemma 9.2 (use P € L(B) for the second one). Then, passing to the limit when n — +o0
in (244) provides the following equality in B:

(21 = P)g: = g — v(g:)- (246)

In particular, with g = 1), we obtain that
~ ~ oo
(2 = P)g. = (1—p(z™ )¢ with ¢, :=> 2z FTDRRy,
k=0

since v(1,) = p(z~1). Consequently, if p(z~1) # 1, then

=P (5 20—

from which we deduce that zI — P is surjective since g, and JZ belong to B.

We have proved that, if z € C is such that |z| > re, then p(27!) # 1 implies that 2I — P
is invertible on B. Conversely let z € C be such that |z| > ry and p(271) = 1. Let us prove
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that zI — P is not invertible on B. Recall that the series 1/1Z = ZJ“X’ 7~ (k+1) Rky) absolutely

converges in B and that y(¢z) = p(z71) = 1 from Lemma 9.2. Moreover we have wz %0 in
%B. This is obvious from v(1),) # 0 if 9B is a space composed of functions. This is also true if
B is a space composed of classes of functions modulo 75 : Indeed 1, = 0 in B would imply
that ¢, = 0 mz—a.s., which is impossible since v(),) # 0 and v is absolutely continuous
w.r.t. Tz from the inequality v < 74 (1))~ !7x derived from the minorization condition (M, )
and the P—invariance of 7y with mx(1)) > 0. Next the equalities in (47) can be applied to
prove Equality P@ZJZ = Z@ZJZ in 8. Thus zI — P is not one-to-one on ‘B, thus is not invertible

on ‘B. Finally, the fact that £, = C - wz follows from the first part of the proof. O
Now let By := {g € B : mx(g9) = 0}. Note that By is a closed subspace of B since the
linear form g — 7z(g) is continuous from B to C from Condition (156). Thus (Bo, || - ||) is

a Banach space. Moreover By is P—stable (i.e. P(Bg) C By) from the P—invariance of mp.
Let Py denote the restriction of P to By.

Lemma D.2 Ifry <1, then I — Py is invertible on (Bo, || - ||)-

Proof. From (246) applied to z = 1, we obtain that
+oo
VgeB, (I-P)ji=g—palx)me(g)t with §i:=)» Rfg B

since v(g1) = pr(9) = pr(lx)mr(g) from (26). Hence, if mz(g) = 0, then g; is solution to
Poisson equation (I — P)g; = g. Moreover we know from Lemma D.1 that F; := {g € B :
Pg = g} has dimension one, i.e. £} = C- 1x. Hence two solutions to Poisson’s equation in 5
differ from an additive constant. Consequently g1 := g1 —7z(g1)1x is the unique 7z —centered
solution in B to Poisson’s equation (I — P)g = g. This proves the claimed statement. O

Proof of Theorem 9.1. Let z € C be such that |z| > ry, 2 # 1, and p(2~!) # 1. Then zI — P
is invertible on 9B from Lemma D.1. Thus zI — Py is also one-to-one on By. Now, let g € By.
From Lemma D.1 there exists h € B such that (2 — P)h = g, thus (z — 1)wg(h) = 7r(g) =0
from the P—invariance of mz. Hence mz(h) = 0 (i.e. h € By) since z # 1, and consequently
zI — Py is surjective on By. We have proved that, for any z € C such that |z| > rg, z # 1,
and p(z~1) # 1, the operator zI — P, is invertible on B,. Moreover we know that I — Py is
invertible on Bg from Lemma D.2.

Now recall that p(z~1) # 1 for every z € C such that |z| = 1, z # 1, from the aperiodicity
condition (39) (i.e. z = 1 is the only complex number of modulus one solution to p(z~1) = 1).
Moreover, if z € C is such that |z| > 1, then p(z~!) # 1 since

+00 =
p(zH] < Y w(BTH) [ < D w(RY ) = () = 1.
n=1 n=1

Let 09 denote the spectral radius of Py on By, and recall that the prerequisites in spectral
theory are given by (51)-(S3) in Subsection 6.2. From the above we then obtain that gy < 1
and that the following alternative holds:

(a’) If Equation p(z~1) = 1 has no solution z € C such that ro < |2| < 1, then zI — Py is
invertible on By for every z € C such that |z| > ry. Thus gg < ry.

(b”) Otherwise, we have g9 = max {|z]: 2 € C, p(z71) =1, ry < |2| < 1}.
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Moreover recall that gy = limy, (|| P}lo)"/" from Gelfand’s formula, where || - ||o denotes the
operator norm on By. Let p € (gg,1). Then there exists a positive constant ¢, such that:
| P5llo < cpp™. Thus

Vn>1,Vge®B, [P'g—mr(g)lxl]l = [P"(9—7mr(9)lx)]l (from P"1x = Ix)

1P (9 — mr(9)1x)[|  (since g — mr(g)1x € Bo)
cop"llg — mr(g9)1xll  (from [|F5 o < cpp™)
co(L+cllixl)p™llgll  (from (156)).

IN A

Using the definition (158) of oy, we then obtain that gy < go since p is any real number
n (0o,1). Hence Case (a) of Theorem 9.1 which corresponds to Case (a’) is proved. To
prove Case (b) of Theorem 9.1 which corresponds to the above case (b'), consider z € C such
that ry < |2| < 1, p(27') = 1 and |z| = go. Then z is an eigenvalue of P from Lemma D.1,
ie.dg € B, g # 0, Pg = zg. Moreover, from the P—invariance of 7, we have 7(g) = 2mx(g),
thus 7x(g) = 0 since z # 1. Hence we have: Vn > 1, |[P"g — mr(g)1x|| = ||[P"g|| = ofllg||. It
then follows from the definition of gy that os > 0. Thus pn = gp in Case (b). Theorem 9.1
is proved. O
Proof of Proposition 9.3. In case (b) we know that, for r € (ryg, 1) sufficiently close to ry,
the set S, := {z € C, p(z71) =1, r < |z| < 1} is non-empty. Moreover S, is finite from
the analyticity of the power series p(-). The last assertion of Proposition 9.3 is proved in
Lemma D.1. g

E Proof of Lemma 9.11

Using P = R+ T it follows from Lemma 9.10 that P = P* = Ry + U; with Ry = R* and
Uy = T* defined by: Vg € L%(7z), Urg = mr(g)¢. Now for n > 2 set U, := P" — R*. Note
that Property (170) is equivalent to

Vn > 1, Vg € L?(mz), Ung=> malg- RFy)P A, (247)
k=1
Property (247) is obvious for n = 1 from the definition of U; and R;. Next we have
Vn>2 P'"-U,=R!'=R"'R =P ' ~U,1)(P-T),

so that
Vn>2, U,=P" Uy +U,1R = P" U, +U,_1R". (248)

Now, if for some n > 2 we have

Vg € L(nr), Un_19= ZWR - RE-lyypri-ke,
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then we deduce from (248) that

Vg €L (7r), Ung = ma(thg)P" "¢+ Zﬂ'R(R*g - RFLyyprithe

n—1
= WR(wg)P"_lc + Z’/’I’R(g . Rk?b)Pn_l_kC
k=1

= ZWR CRF )Pk,

Property (247) is proved by induction.
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