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Abstract

We analyse the éz(ﬂ)-convergence rate of irreducible and aperiodic Markov
chains with N-band transition probability matrix P and with invariant
distribution 7. This analysis is heavily based on: first the study of the
essential spectral radius ress(Pjg2(r)) of Ple2(,) derived from Hennion’s quasi-
compactness criteria; second the connection between the Spectral Gap property
(SG2) of P on £2(r) and the V-geometric ergodicity of P. Specifically, (SG2)
is shown to hold under the condition

N
o = Z limsup /P(,i +m) P*(i + m,3) < 1.

m——_N 1—+o00

Moreover 7'655(})‘(2(7‘.)) < ay. Effective bounds on the convergence rate can be
provided from a truncation procedure.
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1. Introduction

Let P := (P(i,)))i,jjen> be a Markov kernel on the countable state space N.
Throughout the paper we assume that P is irreducible and aperiodic, that P has
a unique invariant probability measure denoted by 7 := (7(4));en, and finally that

JipeN, ANEN*, Vi>ig : |i—j|>N = P(i,j)=0. (AS1)

We denote by (¢£2(r), || - ||2) the Hilbert space of sequences (f(i))iey € CN such that
[£ll2 := [X ;50 1f(@)27(i)]*/? < co. Then P defines a linear contraction on ¢3(r),
and its adjoint operator P* on %(r) is defined by P*(i,j) = =(j) P(j,i)/x(i). If
7(f) == ;>0 f(i) m(i), then the kernel P is said to have the spectral gap property on
(2(r) if there exists p € (0,1) and C € (0, +00) such that

V=19 € B(r), [P -Tifl2 < Cpm [l with TIfi=n(f)ly.  (SGa)
A standard issue is to compute the value (or to find an upper bound) of

02 :=1inf{p € (0,1) : (SG2) holds true}. (1)
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In this work the quasi-compactness criteria of [3] is used to study (SGz) and to estimate
02. In Section 2 it is proved that (SG3) holds when

N
ap = Z limsup \/P(i,i +m) P*(i + m,i) < 1. (AS2)

m——N i——+00

Moreover 7egs(P2(r)) < ap. We refer to [3] for the definition of the essential spectral
radius r.ss(T") and for quasi-compactness of a bounded linear operator T' on a Banach
space. Under the assumptions

¥Ym=—N,...,N, P(z‘,i+m)mame [0,1] (AS3)
D L eo,1) (AS4)
7T(’L) 1——+00
N
> ka <0, (NERI)
k=—N

Property (AS2) holds (hence (SG3)) and ag can be explicitly computed in function of
7 and the a,,’s. Moreover, using the inequality 7css(Pje2(r)) < oo, Property (SGo) is
proved to be connected to the V-geometric ergodicity of P for V := (m(n)~'/?),en. In
particular, denoting the minimal V-geometrical ergodic rate by gy, it is proved that,
either oo and oy are both less than ag, or oo = gy. As a result, an accurate bound
of p2 can be obtained for random walks (RW) with i.d. bounded increments using the
results of [5]. Actually, any estimation of gy, for instance that derived in Section 3
from the truncation procedure of [4], provides an estimation of g2. We point out that
all the previous results hold without any reversibility properties.

The spectral gap property for Markov processes has been widely investigated in the
discrete and continuous-time cases (e.g. see [10, 2]). There exist different definitions of
the spectral gap property according that we are concerned with discrete or continuous-
time case (e.g. see [14, 8]). The focus of our paper is on the discrete time case. In the
reversible case, the equivalence between the geometrical ergodicity and (SG2) is proved
in [9] and Inequality g2 < gy is obtained in [1, Th.6.1.]. This equivalence fails in the
non-reversible case (see [7]). The link between g2 and gy stated in our Proposition 1
is obtained with no reversibility condition. Formulae for go are provided in [11, 13] in
terms of isoperimetric constants which are related to P in reversible case and to P and
P* in non-reversible case. However, to the best of our knowledge, no explicit value (or
upper bounds) of go can be derived from these formulae for discrete Markov chains
with band transition matrices. Our explicit bound 7¢ss(Pe2(r)) < @ in Theorem 1 is
the preliminary key results in this work. Recall that 7css(Py2(r)) is a natural lower
bound of gy (apply [5, Prop. 2.1] with the Banach space £2(7)). The essential spectral
radius of Markov operators on a L2-type space is investigated for Markov chains with
general state space in [12], but no explicit bound for 7css(Py2(r)) can be derived a
priori from these theoretical results for Markov chains with band transition matrices,
except in the reversible case [12, Th. 5.5.].



Computable bounds of £2-spectral gap of DTMC 3

2. Property (SG2) and V-geometrical ergodicity
Theorem 1. If Condition (AS2) holds, then P satisfies (SGa). Moreover we have
Tess(lp\["(ﬂ)) < ap.
Proof. Let us introduce £1(m) := {(f())ien € CN: || f]}1 == >iso [f(@)] (i) < oo}

Lemma 2.1. For any o > «q, there exists a positive constant L = L(«) such that
VfeP(n), |IPfllz<alflla+Llflh-

Since the identity map is compact from ¢?(w) into ¢!(7) (from the Cantor diagonal
procedure), it follows from Lemma 2.1 and from [3] that P is quasi-compact on
() with ress(Pe2(r)) < a. Since o can be chosen arbitrarily close to ag, this
gives ress(Ple2(ry) < ag. Then (SGy) is deduced from aperiodicity and irreducibility
assumptions. The proof of Theorem 1 is complete.

Proof of Lemma 2.1. Under Assumption (AS1), define

Vi >ig, VYm = —N,...,N, Bm(i):=\/P(i,i +m) P*(i +m,i). (2)

Let o > «vg, with o given in (AS2). Fix £ = ¢(«) > ig such that ZZ:—N SUp; > Bm (i) <
a. For f € (?(7r) we have from Minkowski’s inequality and the band structure of P for
1>

) 1/2 N 2 1/2
Pl < [ SIen@f=0 ] + || X Peivms6em) <]
i<l i>l ' m=—N
N 2 1/2
< LY PO + | S| X Plitm fitm]| @) ©
i<t i>0 | m=—N
where L = L, > 0 comes from equivalence of norms on C!. Moreover we have

Yoice (PH@)| (@) < [[Pflli < [Iflli. To control the second term in (3), define
Fp = (Fu(i))ien € &(m) by Fin(i) = P(i,i +m) f(i + m)(1 = L{o,....e—1y(i)) for
—N <m < N. Then

N 2 1/2 N N
{Z > P(iyi+m) f(i+m) w(i)} = Y Fuly,< D0 IFal
>l ' m=—N m=—N m=—N
and  |[Fnll3 = ) Pii+m)*|f(i+m)fn(i)
>0
— m(i) P(i,i+m) .. 5
= P(iyi+m)—————[f(i+m)["n(i + m)
izze w(i +m)

IN

sup B (1)? || £1I3 (from the definition of P* and from (2)).
i>t

The statement in Lemma 2.1 can be deduced from the previous inequality and from (3).
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The core of our approach to estimate gg is the relationship between Property (SGo)
and the V —geometric ergodicity. Indeed, specify Theorem 1 in terms of the V —geometric
ergodicity with V = (m(n) " "/?)nen. Let (By, | - |lv) denote the space of sequences
(9(n))nen € CN such that ||g|ly := sup,ey V(n)"!|g(n)| < co. Recall that P is said
to be V-geometrically ergodic if P satisfies the spectral gap property on By, namely:
there exist C' € (0,+00) and p € (0, 1) such that

Vn > 1,VfeBy, [[P"f-If|v<Cp"[fllv. (SGvy)
When this property holds, we define
ov :=inf{p € (0,1) : (SGy ) holds true}. (4)

Remark 2.1. Under Assumptions (AS3) and (AS4), we have

N
T = Z am ™% if 7€ (0,1)
- m=—N

ag if 7 =0.

(5)
Indeed, if (AS4) holds with 7 € (0,1), then the claimed formula follows from the
definition of P*. If 7 = 0 in (AS4), then a, = 0 for every m = 1,..., N from
>N _nP@E+m,i)n(i +m)/m(i) = 1. Thus a_,, =0 when m < 0. Hence ag = ao.

m=

Proposition 1. If P and 7 satisfy Assumptions (AS3), (AS4) and (NERI), then
P satisfies (AS2) (with ag < 1 given in (5)). Moreover P satisfies both (SGs2) and

(SGy) with V := (W(n)_1/2)neN, we have max(ress(Pg,, ), Tess(Pe2(r))) < o, and the
next assertions hold:

N
ag = Z ]ir_r;s_up V/P(i,i+m) P*(i +m,i
N 1 oo

m=—

1. if ov < o, then g2 < ap;

2. if oy > «p, then g2 = oy .

Proof. If 7 = 0 in (AS4), then ag = ap < 1 from (5) and (NERI). Now assume
that (AS4) holds with 7 € (0,1). Then ag = 2\ am 7 ™% = (/T), where:
YVt > 0, ¥(t) = E]kV:, ~ art™®. Moreover it easily follows from the invariance of 7
that ¢ (7) = 1. Inequality ag = ¢¥(1/7) < 1 is deduced from the following assertions:
vVt € (1,1), ¥(t) < 1 and Vt € (0,7) U (1,+00), ¥(t) > 1. To prove these properties,
note that 1(7) = (1) = 1 and that ¢ is convex on (0,400). Moreover we have
limy s 4 o0 9(t) = 400 since ag > 0 for some k£ < 0 (use (1) = (1) =1 and 7 € (0,1)).
Similarly, lim;_,q+ ¥(t) = 400 since aj > 0 for some k > 0. This gives the desired
properties on v since 1'(1) > 0 from (NERI).

(SG2) and 7ess(Py2(r)) < g follow from Theorem 1. Next (SGy) is deduced from
the well-known link between geometric ergodicity and the following drift inequality:

Vo€ (o, 1), 3IL=L, >0, PV <aV + Lly. (6)

This inequality holds from lim;(PV')(¢)/V (i) = ap.
Then (SGy ) is derived from (6) using aperiodicity and irreducibility. It also follows
from (6) that ress(Pg, ) < a (see [5, Prop. 3.1]). Thus 7ess(Pg, ) < ao.
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Now we prove the statements 1. and 2. using the spectral properties of [5, Prop. 2.1]
of both Py2(r) and Pg, (due to quasi-compactness, see [3]). We will also use the
following obvious inclusion: ¢?(7) C By. In particular every eigenvalue of Plez(ry is
also an eigenvalue for Pg,, . First assume that gy < ap. Then there is no eigenvalue
for Pjg, in the annulus T' := {A € C : ap < |A| < 1} since ress(Ps, ) < ap. From
0?(m) C By it follows that there is also no eigenvalue for Py2(r) in this annulus.
Hence g2 < ag since ress(Pez(r)) < ap. Second assume that gy > ap. Then Pg,
admits an eigenvalue A € C such that |A| = py. Let f € By, f # 0, such that
Pf = \f. We know from [5, Prop. 2.2] that there exists some 8 = 8\ € (0,1) such
that [f(n)| = O(V(n)?) = O(n(n)~?/?), so that |f(n)]?n(n) = O(x(n)* ), thus
f € ?(m) from (AS4). We have proved that g > gy . Finally the converse inequality
is true since every eigenvalue of Pjgz(r) is an eigenvalue for P, . Thus 02 = ov.

From Proposition 1, any estimation of gy provides an estimation of gs. This is
illustrated in Example 2.1 and Corollary 3.1. Markov chains in Example 2.1 have been
studied in details in [5, Section 3]. Also mention that further technical details are
reported in [6].

Example 2.1. (RWs with i.d. bounded increments.) Let P be defined as follows.
There exist some positive integers ¢, g,d € N* such that

Vie{0,...,g—1}, Y P(i,j) =1
§=0
i, ifi—g<ji<i+d
VizgVjeN, Plij)={% 1 1TISIS0T
0 otherwise.
d
(a_g,---raq) €[0,1]97 va_y >0, ag >0, Z ap = 1.
k=—g

Assume that P is aperiodic and irreducible, and satisfies (NERI). Then P has a
unique invariant distribution 7. It can be derived from standard results of linear
difference equation that m(n) ~ ¢7™ when n — +oo, with 7 € (0,1) defined by
P(1) =1, where 9 (t) := Zivsz apt=F. Thus, if v := 772 then By = {(g(n))nen €
CN, sup,env " |9(n)| < co}. Then we know from [5, Prop. 3.2] that ress(Pg, ) = ao
with «g given in (5), and that gy can be computed from an algebraic polynomial
elimination. From this computation, Proposition 1 provides an accurate estimation
of gs. Property (SG2) was proved in [13, Th. 2] under an extra weak reversibility
assumption (with no explicit bound on gy). However, except in case g = d = 1 where
reversibility is automatic, an RW with i.d. bounded increments is not reversible or even
weak reversible in general. No reversibility condition is required here.

3. Bound for g- via truncation

Let P be any Markov kernel on N, and let us consider the k-th truncated (and
augmented on the last column) matrix Py, associated with P as in [4]. If 0(P) denotes
the set of eigenvalues of Py, define pj, := max {|A|, A\ € o(P%), |A| < 1}. The weak
perturbation method in [4] provides the following general result where Condition (AS1)
is not required and V' is any unbounded increasing sequence.
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Proposition 2. Let P be an irreducible and aperiodic Markov kernel on N satisfying
the following drift inequality for some unbounded increasing sequence (V(n))nen:

3 €0,1], AL >0, PV <8V + L1y, (8)

Let oy be defined in (4). Then, either oy < ¢ and limsupy pr, < 0, or oy > 6 and
ov = limg py.

Proof. Condition (8) ensures that the assumptions of [4, Lem. 6.1] are satisfied,
so that r.ss(Pg, ) < . Then, using standard duality arguments, the spectral rank-
stability property [4, Lem. 7.2] applies to Pz, and Py. If oy < 0, then, for each r such
that 0 < r < 1, A = 1 is the unique eigenvalue of Pz, in C,:={A € C:r < |\ <1}
(see [3]). From [4, Lem. 7.2] this property holds for P, when k is large enough, so that
lim supy, px < r. Thus lim sup,, p, < J since r is arbitrarily close to §. Now assume that
ov > 6, and let 7 be such that § < r < gy. Then P, has a finite number of eigenvalues
in C, say Ag, A1,..., AN, with A\g = 1, |A1| = ov and |\g| < oy for k =2,..., N (see
[3]). For a € C and € > 0 we define D(a,¢) :={z € C: |z —a| < e}. Now consider any
g > 0 such that the disks D(A\g,e) for K = 0,..., N are disjoint and are contained in
C, pour k > 1. From [4, Lem. 7.2], for k large enough, 1 is the only eigenvalue of Pj in
D(1,¢), the others eigenvalues of Py in C,. are contained in UY_, D(Ag,€), and finally
each D(\g, ) contains at least one eigenvalue of Py. Thus each eigenvalue A # 1 of Py
in C, has modulus less than gy + ¢, so that pi, < gy + &. Moreover the disk D(Aq,¢€)
contains at least an eigenvalue A of Py, so that pp > |A| > oy — e. Thus, for k large
enough, we have oy —e < pp < oy + €.

Under the assumptions of Proposition 1 we deduce the following result from Propo-
sition 2.

Corollary 3.1. If P satisfies the assumptions of Proposition 1, then the following
properties hold true with o given in (5):

1. 02 <y <= ov < ap, and in this case we have limsupy, pr < ap;
2. 02 > g < oy > qq, and in this case we have g3 = gy = limy, py.

As usual the reversible case is simpler. In particular we can take C' =1 and p = g2 in
(SG2). Details and numerical illustrations for Metropolis-Hastings kernels are reported
in [6].
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