STABLE LAWS
AND PRODUCTS OF POSITIVE RANDOM MATRICES
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Summary

Let S be the multiplicative semigroup of ¢ X ¢ matrices with positive entries such that every
row and every column contains a strictly positive element. Denote by (X,),>1 a sequence of
independent identically distributed random variables in S and by X M = X,- -+ X1, n > 1, the
associated left random walk on S. We assume that (X,,),>1 verifies the contraction property

P(Jx™es)>o,
n>1
where S° is the subset of all matrices which have strictly positive entries. We state conditions on
the distribution of the random matrix X; which ensure that the logarithms of the entries, of the
norm, and of the spectral radius of the products X(™, n > 1, are in the domain of attraction of a
stable law.
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I. STATEMENT OF THE RESULT

Let S be the multiplicative semigroup of ¢ X ¢ matrices with real non negative entries such that
every row and every column contains a strictly positive element. The subset of S composed of
matrices with strictly positive entries is a subsemigroup of S denoted by S°.

Let (€;)i=1,..q be the canonical basis of the linear space IR?. Then a g X ¢ matrix is identified with
an endomorphism of IR?. We denote by (-, -) the canonical scalar product on IR?, and we define
the cones C' and C by

C={r:2eRI,Vi=1,...,q, (z,6;) >0}, C={z:0€ RLVi=1,...,q, (z,e;) > 0}.
If g is a ¢ x ¢ matrix, g* will stand for its adjoint. We have g € S [resp. g € S°| if and only if
g(C) € C and g*(C) C C [resp. either g(C\{0}) C C or g*(C\{0}) C C].

The product of g and ¢’ in S is denoted by g¢’, and for € C, gx is the image of x under g. Finally
IR? is endowed with the norm || - || defined by

q
ze R, lall =) {w,e)l.
i=1

Let (X,)n>1 be a sequence of independent identically distributed (i.i.d) random variables (r.v) in
S defined on a probability space (€2, F, IP). We consider the left random walk

XM n>1, XW(w) =X1(w), X" (W) = Xpp1 (w) XM (w).
Our basic assumption is that (X,,),>1 verifies the contraction property
©) P(Jx™ e s) >o.
n>1
The subsemigroup S° is in fact an ideal of S, that is : if g € S° and ¢’ € S, then ¢'g and gg’ € S°.
Consequently S° is stochastically closed for the random walk (X ("))nzl. We set

T(w) =inf{n:n>1, XM (w) e S°}.

It is easily shown, Lemma IL.1, that : (C) < IP[T < 400l =1 & P(U,>[X™ € 5°)) =1.

Our aim is to present conditions on X; ensuring the distributional convergence to a stable law for
the sequences of real random variables

(1[T§n} 1n<y7 X(n)m.))nZl? T,y € 6\{0}

Denoting by 1 the vector in IR? whose all entries equal 1, we point out that the scalar products
(y, XMa), 2,y € C\{0}, include :

- the matrix entries : <ei,X(”)ej>, i,j=1,...,q,
- the norm of the image under X of any z € C\{0} : || XWz| = (1, X™z),
- the norm ||| X™||| = (1, X(™1) of X,
Closely related to these quantities is the spectral radius A, of the matrix X . Actually the

Perron-Frobenius Theorem yields A,, > 0, and we shall see that the above mentioned distributional
convergences also concern the sequence (InAy), .



To state our result, one needs the two following real r.v :
q q

N1 = H’X1H| = Z <6i,X16]’>, and V1 = i_IIllian<€i,X16j>.
4,j=1 Tt =1

N7 takes in account the size of the matrix X; while V] measures the smallness of its lines.

Theorem I. Assume that (C) holds and that there exist a real number a, 0 < o < 2, a slowly
varying function L which is unbounded in case o = 2, and finally some positive constants c4 and
c— with cyx +c_ > 0 such that

o e}

. . u Uu . U —U
(i) UETEOOWJP[N1>€]:C+, ukgloomfp[]\flée J=c-,
uOé
) i —— P[V; <e™™ .
(i1) fm sup 705 Vi <e ] <400

Then there exist a sequence (an)p>1 i IRY with lim, a, = +00 and a sequence (by)p>1 in IR such
that, for any sequences (Tn)n>1 and (Yn)n>1 of unit vectors of C, the random sequences

(;(1[T<n] n(yn, X™ ) — bn))n>1 and (;(m A, — bn))

n n>1

converge in distribution to a stable law of index «.

Observe that Hypothesis (i) means that the real r.v. In N; belongs to the domain of attraction of a
stable law of index o, 0 < a < 2, the standard Gaussian case being here excluded since L is assumed
to be unbounded when o = 2. As it will be seen later on, the hypotheses of Theorem I imply that
the above considered sequences of random variables have the same distributional behaviour that a
sum of i.i.d random variables (See § IV). However it is worth noticing that this is not true when
a =2 and L is bounded. In fact, to complete the Gaussian case, recall it is proved in [10] that, if
Conditions (i) and (i) are replaced by the moment condition IE[| In N1|?]+ IE[| In V;]?] < 400, then
the random sequences of Theorem I converge to a normal law. The method used in [10] is based
on martingale techniques, and the central limit theorem proved there is also valid when (X,), is
supposed stationary and satisfies suitable mixing conditions. By the way, recall that, in some cases,
the unnormalized random products (X (™),>; converge in distribution, see [10] [15] [16].

Consider the case ¢ = 1. Then Theorem I corresponds to the well-known statement of convergence
to stable laws for i.i.d random variables : we have S = IR%, Condition (C) holds, and Condition
(i) states that In X7 is in the above described domain of attraction, (ii) is a consequence of (7). So
Theorem I gives the expected conclusion.

The proof of Theorem I is based on the spectral method that was introduced by Nagaev [17], [18]
and later developped by several authors, see [11]. Although this method has been essentially used
to prove Central Limit Theorems and their refinements, we mention that Nagaev himself [17] has
considered the convergence to stable laws, and that his method has been extended to the context
of dynamical systems, See e.g [8] [2] [3] [4] [9].

Section IT summarizes some statements of [10], based on Condition (C) and related to the pro-
jective action defined by g - = = ﬁ for g € S and unit vector z in C. In Section III, denoting
by Yi the adjoint matrix of Xy, and setting £(g,z) = In||gz||, we show that the distributional
convergences of Theorem I are valid if, for any unit vector v in C, the same holds for the random
variables &(Y, (Yi—1...Y1) - y). Since these r.v may be seen as a functional of the Markov chain



(Y, Yi—1...Y1) - y)k, Nagaev’s method applies. In fact, it shall be applied to the transition prob-
ability P of the simpler Markov chain (Y% ...Y7 -y)x, and we shall prove, by using the contractivity
properties stated in Section II, that P satisfies a strong ergodicity condition on a certain Lipschitz
function space, and finally, by applying the perturbation theory, that the Fourier kernels P; asso-
ciated to P and £ inherit near ¢t = 0 the spectral properties of P.

As usual in Nagaev’s method, the previous preparation will show that the desired distributional
convergence is based on the behaviour of the power of the dominating eigenvalue A(t) of P;. Actu-
ally, one of the main arguments is Proposition I1I.1 which links A\(¢) with the characteristic function
of the r.v £ under the stationary distribution of (Y%, (Yz—1...Y1) ¥)k. So everything shall turn out
as in the i.i.d case, provided that £ belongs to the already mentioned domain of attraction. We
shall see in Section IV that this requirement holds under Conditions (i) and ().

The above relation between the dominating perturbed eigenvalue of the Fourier kernels and the
characteristic function of the functional under invariant distribution has been already exploited in
[9] [4], and mentioned under a different form in [11] (Lem. IV.4’). It is worth noticing that such
a relation holds whenever the spectral method applies, and that it greatly makes easier the use of
Nagaev’s method when dealing with stable laws excluding the standard Gaussian case ; for instance
it yields a significant simplification of some proofs in [2] [3].

II. CONTRACTIVITY
II.1. Preliminaries. We set
B=Cn{z:ze Ry, |z| =1}, and B=Cn{x: x € R, |z| =1},
and we define the adjoint random walk (Y(™),51 of (X(™),>1 by
Y, = X7, YW = x™W* —y, .y, n>1.

Lemma II.1. (C) is equivalent to IP[T < 4+o0] = 1. Let w be such that T'(w) < +o00. Then
(i) forn>T(w), XM (w)e S°,
(ii) setting, for n > 1, Dy(w) = Sup{

have sup D, (w) < 400,
n>1

Lirn(@) Infy, XO@)o) [y @)yl | 5 2y € B}, ue

In Ay (w) —In [Y ™ (w)x|l|, we have sup D, (w) < +o0.

n>1

(iii) setting x = 11 and, forn > 1, Dy(w) =

1
q
Proof. Suppose (C) holds. Then there exists k € IN* such that p = IP[X*) € §°] > 0. The r.v.

T =inf{n:n>1,X.%... Xn—1)k41 € S°}

has a geometric distribution with parameter p. Since S° is an ideal, we have T' < kT’, hence
IP[T < 4o00] = 1. The converse implication is obvious.

Now let any fixed w € Q be such that T'(w) < +oo. Assertion (i) follows from the fact S° is an
ideal. To prove (ii), it suffices to establish that sup D,(w) < +oc. In the following inequalities,

n>T(w)
one considers any fixed integer n such that n > T'(w). For convenience, w will be omitted in most of
the next computations. Let a,b be two strictly positive real numbers such that, for i,5 =1,...,q,



we have a < <ei,X(T)ej) < b, and let z and y be any elements of B. Using ||z| = |y|| = 1, we
obtain fori =1,...,¢q

a < {e;, XTDzg) <b.

(That is, al < XMz < b1 for the coordinatewise order relation on IR9.) Moreover, using the
formula (y, X ™z) = (Yyyq - Yoy, XDz, one gets successively

a (Y. Yoy, 1) < (y, XMa) <b (Y- Yoy, 1),

| ln(y,X(”)x> —In||Yr41 - Yoyl | < max{|Inal,|Inb|}.

In particular, with z = 1, this gives | In ||[Y ™ y| — In || Y711 --- Yoyl | < max{|Inal,|Inb|}. These
two inequalities imply sup D, (w) < +o0.

n>T(w)
To prove (iii), again consider w € € such that T'(w) < 400, and recall that, from the Perron-
Frobenius Theorem, there exists R,,(w) € B such that X ™ (w)R,,(w) = A (w)Ry(w). With z = R,

and y = x = éf, Assertion (ii) yields
1,5
l[Tﬁn] 1n5<17X(n)Rn> —In HY(n)X” < Dp.

From (I, XM R,) = Ap||Ry|| = Ay, it follows that
Dy (w) < D) + Lrsp)(@) |10 A(@)] + Ly (@) Ing.
This proves assertion (7). O

We deduce from the above lemma that, for any sequence (a,)n>1 in lR*Jr such that lim,, a,, = +o0,

1 1 ~
we have lim—D, =0 and lim —D, =0 a.s.

Consequently, the conclusion in Theorem I for (1jp<p) In(yn, XM V), and (InAy,), will hold if the
same is valid for (In||Y ™y, ||, for any sequence (yn)n>1 of vectors of B.

11.2. Projective action of positive matrices. It is well known that the projective action of
matrices plays a key part in the study of the asymptotic behaviour of random invertible matrix
products, cf. [6] for example. As shown in [10], this is also true in the case of positive matrices.
About this action, we now recall the facts that we shall use throughout, refering to [10] for more
details and for the proofs.

Consider the subset C of the g-dimensional projective space associated with the cone C. In other
words, C' is the set of lines through 0 and some point in C\{0}. These may be represented by
points of the closed polygon §.~ An element g € S maps a line in C onto a line in C, and this

defines its projective action on C. As C is represented by B, the projective action of g moves to

the action on B defined by
gz

gzl
(Recall that gz is the image of x under the linear action of g.) The projective action has the
following basic properties : if e stands for the identity matrix and g¢,¢’ € S, x € B, we have

g-x



e-x=2xz, (99) xz=g- (¢ x).

It is well known [5] that, when B is equipped with the Hilbert distance dp, the elements of S have
a contractive action on B, and that this contractive action is strict for elements of S°. However,
because the Hilbert distance is unbounded and only defined on B, it is more convenient for our
purposes to use a bounded distance d on B which have similar properties. This distance, already
used in [10], is defined as follows. For z = (z1,...,24) and y = (y1,...,y,) in B, we write

m(z,y) =sup{A: A€ R4, Vi=1,...,q, )\yigxi}:min{yi_la:i:izl,...,q, yi > 0}.

1-— _
Besides let ¢ be the one-to-one function on [0, 1] defined by ¢(s) = 174_8 Then, if z,y € B, one
s

has 7 2, =37 yi =1, thus 0 < m(z,y) <1, so one may define

d(z,y) = p(m(z,y)m(y, v)).

Proposition I1.1. (cf. [10], § 10) The map d defines a distance on B having the following properties
(i) sup{d(z,y) :x,y € B}y =1  (ii) if 2,y € B, [l — y|| < 2d(z,y)

(iii) the topology of (B, d) is the topology induced on B by the standart topology of IRY.

Moreover, for g € S, there exists c(g) such that

(iv) ifx,y € B, d(g-x,9-y) < c(g)d(z,y) < clg) (v) e(g) <1, and c(g) < 1 if and only if g € S°
(vi) if g €5, c(gg’) < clg)e(g’)  (vii) c(g”) = c(g).

For any x € B\B and any y € B, we have m(z,y) = 0, so that d(x,y) = 1. Thus
B\B=U, g ply:y€ B dz,y) <1/2}.

is an open subset of (B,d). It follows that the topology of (B,d) and the topology induced by
IR? on B do not coincide ; from (i) the former is finer than the latter. In the sequel, unless
otherwise stated, when we appeal to topological properties of B and B, we shall assume that these
sets are endowed with the topologies induced by IR? ; the distance d will be only used to express
contractivity.

I1.3. Stochastic contractivity. Denote by p the probability distribution of Y7 = X{ and by p(m
the distribution of Y™ =Y;...Y,, n > 1. For n > 1, we set

dlg-y.9-Y) =
(n)y — /7’(1 () ()« 0y af /
c = su 2,y € B, .
(™) = sup{ s dyy) @ ivy y#y'}
Since ¢(-) < 1, we have ¢(u(™) < 1. Furthermore, the sequence (c(u(")))n21 is clearly submulti-
plicative, so we can define

A(p) = lime(u(™) = inf o(u®)r.

Using Assertion (v) in Proposition II.1, it is easily shown that (C) is equivalent to x(u) < 1.

Theorem I1.1. Under Condition (C), there exists a r.v. Zy taking values in B such that (Y™ .z),
converges a.s to Z1, the convergence being uniform for x € B. The probability distribution v of



Zy verifies v(B) = 1. It is the unique p-invariant probability distribution on B, i.e. the unique
probability distribution on B such that, for any bounded continuous function f on B, we have

//fgwdu dz/ /f )dv(x

Proof. Using the contractivity properties of ¢(-), we see that the sequence of positive r.v. (c(Y ™)), -,
decreases and hence converges almost surely. Under (C), there exists an integer b € IN* such that
E[c(Y®)] < 1. The independence then yields limsupy, E[c(Y *)] < lim,(E[c«(Y®)* = 0. Tt
follows from these two facts that lim, ¢(Y (") = 0 a.s. Notice that, by means of the subadditive
ergodic theorem, we can get, more precisely, lirrln(c(Y(")))%: K a.s.

Set ) = {w : lim,, ¢(Y ™ (w)) = 0}. Let w € Q. For n > T(w), the polygons K,(w) = Y (w)-(B)

form a decreasing sequence of compact subsets of B, so that K(w) = Np>1 K, (w) # 0. Moreover,
for the distance d, the diameter A(w) of K (w) is equal to 0. Indeed we have for n > T'(w),

Aw) < Ap(w) = sup{d(Y (W) - 2, Y™ (w) - y) : 2,y € B} < (Y ™ (w)).
Define Z;(w) by setting K(w) = {Z1(w)}. Then Z; € K,(w) implies d(Y "™ (w) - z, Z1(w)) <

c(Y"™(w)), and (ii) in Proposition I1.1 yields the desired convergence.

Now denote by v the law of Z;. Set Zy = lim,(Y2...Y,) -z a.s. Clearly Z; has the distribution
v, and we have Y] - Zo = Z; a.s. This gives the p-invariance of v. Let v/ be any p-invariant
dlstrlbutlon on B. Then, for any continuous bounded function f on B and n > 1, we have

/ E[f 2)d (z) = /Bf(x)dz/(x). Thus E[f(%1)] = f f(z)d/(z). Hence v = v/. O
III. FOURIER KERNELS

II1.1. Definition and link with our distributional problem. Recall that our aim is to
study the distributional behaviour of the sequences (In||Y; -+ Y,yl),~1, ¥ € B (cf. the end of §
I1.1). However, since ((Y;,...Y19)),>; is a Markov chain and Y, ... Y1y has the same distribution
as Y7 -+ Yyy, it is more convenient to consider (In||Y,,...Yiyl),>;- So we introduce the new left
random walk on S, B

YW =vy,...vy, n>1, YO =¢

For 1o € B, consider the sequence of r.v. in B defined by (}7(") 'yo)nzo. It is easily checked that it
is a Markov chain on B starting at 3y and associated with the transition probability P defined by

v) = [ f(g-2)dula),

where x € B and f is a bounded measurable function on B. Theorem II.1 shows that v is the
unique P-invariant distribution. Finally, for g € S and x € B, define

§(9,x) = Inf|gz|.

The function ¢ is connected with the projective action of S on B by the additive cocycle property

£(gg,x) =¢&(g9,9 - x)+ (g ,x) (9,9 €8S,z e€B).



This property shows that, for any y € B and n > 1, we have
~ n ~
() In][Y™y| = Z (i, YD g,
With the function £ and the transition probability P, we associate the Fourier kernels P;, t € IR,
v€B, Pif(@)= [ €00 f(g-2)du(o).
S
with f as above. The Markov property implies that for n > 1, y € B and t € IR (see e.g [11])

(%) ]E[ei“nHY(n)y”] = P"1(y), where 1= 15.

This basic relation shows that limit theorems for the sequence (£(Y(™, z)), ., may be deduced from
the asymptotic behaviour of the iterates of the operators P, acting on a suitable Banach space.
This is the main idea of the spectral method. In Sections III.2-4 below, we shall prove that P
satisfies a strong ergodicity property on the usual space of Lipschitz functions on B, and we shall
apply the standard operator perturbation theorem to the Fourier kernels.

II1.2. A strong ergodicity property for P. We denote by L the space of all complex-valued
functions f on B such that

|f(x) — ()]

m(f) = Sup{ (o)

:x,x'e?,x;«ém'}<+oo.

Since the distance d is bounded, the elements of £ are bounded, so we can equip £ with the norm

fel, lfle=Ifllu+m(f), with |fll. =sup{|f(z)|:x € B}.

Then (£,]-||,) is a Banach space. Notice that the functions in £ may be discontinuous on B w.r.t
the induced topology of IR?, see the remark following Proposition II.1. We still denote by | - ||,
the operator norm on £, and II stands for the rank one projection on £ defined by : IIf = v(f)1.

Theorem IIL.1. Under Condition (C), for any ko €]k(n), 1], there exists C > 0 such that, for all
n > 1, we have ||P" — 11|, < Ckg.

Proof. We follow [11]. For z,2' € M,z # x’, we have

|P"f(x) — P f(= /!f flg-2")d(g-z.g- az)dﬂ(n)

m(f) e(u™
d(z,z") d(g - xg ') d(z, 7)) (9) < m(f)c(p™),

so P*f € £ and m(P"f) < m(f) c(u™). Since |Pf|lu < ||f]lu, P acts continuously on L.
Now set H = Ker(v) N L. Since v is P-invariant and defines a continuous linear functional on
L, H is a closed P-invariant subspace in £. Moreover, when restricted to H, the semi-norm m is

equivalent to the norm || - ||, : more precisely, if h € H, we have

m(h) < [|hll, < (2sup{d(y,y) : v,/ € B} + 1)m(h) < 3m(h),



the second inequality being deduced from the fact that, if v(f) = 0, there exist x1,79 € B such
that Re f(x1) =Im f(x2) =0. Let f € L. Since f —TI(f) € H, we have P"(f —TI(f)) € H for all
n > 1. Hence

IP(f =TI, < 3m(P™(f —11(f))) < 3e(u™)ym(f —TI(f)) = 3e(u™)m(f) < 3c(u™)]f]..

Finally, under (C), we have lim,, c(,u,(”))% = k(p) (§ I1.3). This gives the desired statement. O

1I1.3. The Fourier kernels near 0. To apply the perturbation theory near ¢t = 0 to the Fourier
kernels P;, we have to show that P; is a bounded operator of £, and to study [P, — P||, when
t — 0. For that, we shall need the following notations. For g € S, define

lgll = sup{l[lgz| : 2 € B}, v(g) =inf{[lgz] : 2 € B}, and {(g) = |[In]lg |+ [Inv(g)|-
(Notice that v(g) > 0.) Finally set e(t) = [¢ min{[t|¢(g), 2}dp(g), and observe that lim_.ge(t) = 0.

Theorem IIL.2. Fort € IR, P; defines a bounded operator of L, and ||P; — P||, = O(e(t) + |t]).
Proof. Recall P, is associated to P and £(g,x) = In||gx|| (g € S, x € B).

Lemma II1.1. For g € S and z,z,y € B such that d(z,y) < 1, we have

1
</ — <2In———.
£(6.2)| < o). [elo.2) ~ o)) < 20 s
Proof. The first inequality is obvious. The second one is Assertion (i) of Lemma 5.3 in [10],
for completeness we reproduce the proof here. Let z = (z1,...,24), ¥ = (y1,...,y4) € B and

i=1j=1 i=1j=1
the number m(z,y) and m(y,z) are in ]0,1]. Consequently, the symmetry in = and y yields

oy < o7l o1

< < , and
lgyll = m(y,x)

€(g,2) — &(9,y)| < max{—Inm(y,z), —Inm(z,y)} < —Inm(y,z)—Inm(z,y)

) ) L l+d(z,y)
= —lnp l(d(ffay))_lnﬁ(az,y)'

1 141 1
For t € [0,1], 2In-— —1n1J_rt =lIn——— >0, thus (ii) follows, 0

Set Ay = P, — P. For f € £ and = € B, we have A, f(z) = /(eitg(g””) —1)f(g-x)du(g).

Before we proceed, notice the inequality : Vu,v € R, |e"™ — e"”| < min{|u — v|,2}. Thus
[Atf(z)] < /min{ltlf(g)v 2}[f(g - 2)ldu(g) < (@]l

Avf(x) = Arf(y)

So ||Atf|le < ()| fllu. Now for z,y € B, write
18l < ) 1] o)

= A(z,y) + B(,y), with

flg-z)— flg-y)
d(z,y)

eite(g9,m) _ ité(g,y) it£(0.)
Ay = [ flg-)dnlg) and Blo,y) = [ (€00 ~1) dulg).

d(z,y)



If d(x,y) > 1/2, we have
|"e9:) — M0V < min{[t||€(g, ) — &(9,y)], 2} (2d(x,y)) < 4min{|t| (g), 1} d(z, y),

while, for d(x,y) < 1/2, the inequality of Lemma III.1 gives

) , 1
|eite(9:2) _ (i1E(09)| < 21¢|In — < 2C|tld(z,y),

d(z,y)

with C = sup{1In 1 : 0 < u < 1/2} < 4o0. From that, we obtain |A(z,y)| < (4e(t)+2Ct]) || f||u-
Otherwise, since ¢(g) < 1,

f(gm)—f(g-y)‘ d(g-,9-y)
(g -z, g-y) d(z,y)
So m(A¢f) < (4e(t) + 2C|¢t)) || flu + () m(f), therefore ||A¢||, < 4e(t) + 2C|t]. 0

|B(z,y)| < /Ieitf(g’x) =1 dp(g) < m(f)e(t).

I11.4. Spectral properties of P; near ¢t = 0. The following perturbation theorem extends the
spectral conclusion of Theorem III.1 to P; for ¢ near 0. Let kg be chosen as in Theorem III.1.

Theorem IIL.3. We assume that Condition (C) holds. Let k €|ko,1[. There exists an open
interval I centered at t = 0 such that, for t € I, P, admits a dominating eigenvalue A\(t) € C, with
a corresponding rank-one eigenprojection 11(t), satisfying the following properties :

HmAE) =1, [II@) — I, = O(|7 = P;) and sup [P =A@ @), = O(x").

Proof. We only sketch the proof, refering to [7] for the details and using standard notations. It
follows from Theorem III.1 that the spectrum o(P) of P is contained in {1} U D(0, ko). Since
t — P, is continuous (Th. IIL.2), there exists ¢y > 0 such that, for |t| < tp, we have o(P;) C
D(1,455)uD(0, k), and o(P,) N D(1,35%) = {A(t)}, where A() is a simple eigenvalue of P, with a
corresponding rank-one eigenprojectioon II(¢) depending continuously on ¢. Let I' be the oriented
circle C(0, ). Since (z,t) — (z — P;)~! is continuous on the compact set I' x [—t, to], the formula
PP — A(t)"I(t) = 5= [p 2"(z — P:)~'dz leads to the last estimate of Theorem. O
The next proposition states a simple expansion for the perturbed eigenvalue A(t).

Proposition IIL1. Fort € I, we have \(t) = p® v(e"®) + O(| P, — P|)2).

Proof. Since v defines a continuous linear functional on £ and ||P; — P|, —0 when ¢t —0, the
rank-one eigenprojection II(¢), defined in Theorem III1.3, is such that v(II(¢)1) — v(II1) = 1. So
one may assume that v(II(¢)1) # 0 for any ¢ € I, with I possibly reduced. For t € I, set
v(t) = (v(II(t)1)) "L TI(¢)1. Then we have A(t)v(t) = P (t) and v(v(t)) = 1, therefore

A(t) = v(Pw(t) = v(P1) + v(Pi(v(t) = 1)) = p @ v(e™) + v((P — P)(v(t) — 1)),

the last equality following from v(P(v(t)—1)) = v(v(t) —1) = 0 since v is P-invariant. We conclude
by observing that [[v(t) — 1|, = [[o(t) = v(0)[|, = O(|[TL(#) = T]|.) = O(|[P: = Pl[,)- =

IV. PROOF OF THEOREM I
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Let us point out how the results of the previous sections will be used to establish Theorem I. We
have to study the distributional behaviour of

I |V Py | = 3 €V, YD - y)
k=1

for any sequence (yn)n>1 of vectors of B. Let y € B, from Theorem II.1 and the independence of
Y}, and Y* =D the sequence (£(Vi, Y*~1 . ), converges in distribution to £(Y1, Z3), where Z is
independent of Y7 and has distribution v. From this we may guess that (In ||}7(”)yn||)n>O has the
same asymptotical behaviour that a sequence of sums of stationary random variables distributed
as (Y1, Z). This is confirmed by a look at the characteristic functions. In fact, the characteristic
function of In ||Y ™y, | is P(t)"1(y,) whose asymptotic behaviour is, as shown by the spectral
decomposition of Theorem II1.3, essentially ruled by A(¢)"™ which doesn’t depend on y,, or on any
initial distribution. Notice that this can be used as will be done in the sequel to deduce a limit
theorem from the expansion of A(t) at 0, but also conversely to get an expansion of A(¢) at 0 from
a known limit theorem, see [12] [13]. Now observe that the characteristic function of {(Y1, Zs) is
1 @ v(et), which is precisely the first term in the expansion of A(t) in Proposition II1.1. So we see
that if, for a sequence (a, ), of positive real numbers, we have

1
(ex%) P — P|3 = o),

then (4 ® V(eiﬁé))” is the principal part of the expansion of (A(ﬁ))", so that (é In ||}7(”)yn||)n>0
will behave as (i > h—1Zk),>1, Where (E),~, is a sequence of independent random variables
distributed as (Y1, Z2).

Actually we shall show that, under the hypotheses of Theorem I, the law of (Y7, Z2) is in the
domain of attraction of a stable law and that (% % %) is verified with the corresponding scaling
sequence (an)n, these two facts lead to the claimed result. Finally observe that Condition (% * )
is not fulfilled with a, = y/n in the standard gaussian case since it is known that in this case the

variance of the limit law is not o?(£(Y1, Z2)) [11].

Proposition IV.1. Suppose that Conditions (C) and (i)-(ii) hold. Let F be the distribution
function of £&(Y1,Z3) :
Fu) =povi(gz):&(g,2) <u} (ue R).

Then there exist positive functions py and p_ defined on IR’ such that, for u > 0,

prwI) ()

u™ ’ ue

1—F(u) = , with hl}} p+(u) =cy and lim p_(u) =c_.

U——+00

Proof. Since {(g,z) = In||gz|| and p is the law of Y7, we have F'(u) = /7P[HY1:1€H < e'ldv(x).
B

q
For x € B, we set N{ = ||[Yiz| = Z < e, X1e; > z;. As v(B) =1, one gets for u > 0
ij=1

1—F(u) = /BJP[Nf > e'|dv(z) and F(—u) = /BP[N{C < e Ydv(z).

To proceed, we have to compare the tails of N, for z € B, with that of N;. Let ug be such that,
for u > ug, we have L(u) > 0. For u > uyg, and for € B, we set

11



a

u u
ct(u) = IP[Ny > €], c_(u) = PNy < e,
L(Ozf) L(u .
U _
e (zyu) = m]P[Nf >e'], c_(r,u)= L(u)]P[le <e™.
Setting m(x) = min x;, we have the following obvious inequalities m(z)N; < N{¥ < Ny, and
i=1,...,q 1

PPim(z)Ny > "] < IP[NY > e"] < IP[Ny > €"]

P[N; < e | < IP[Ny <e “] < Plm(x)Ny < e .

Now let €, 0 < € < 1. Suppose that v > 0 is such that e~ < m(z), we get

c—(u) <c_(z,u) <

((1))2 <cy(z,u) < ey (u),
Lo
Tape- (0= e

Since by hypothesis, c4(v) — ¢4 and ¢_(v) — c— when v — +o00, it follows that

C+ .. .
———— <liminfcy (z,u) <limsupecy(z,u) < cq,
c_
c_ < ldginfc (x,u) < ligilolg)c_(:v,u) < A=
Thus ull)r}rloo cy(x,u) = cy and ull)r}rloo c_(x,u) =c_.
Lastly N¥ < Nj yields IP[NT > e*] < IP[N; > e"], while N{ = ||Yiz| = > 7_, ||Yiej|lz; > Vi gives

PN} < e < IP[Vi < e "]. Therefore, for any z € B and u > 0, we have
«

ez, u) <cyp(u) and c(z,u) < L(u)

PV <),
and by (i)-(ii), the functions of the variable u in each right term of these inequalities are bounded
on IR;. Now one may conclude. We have

uOL

L(u)

L(u)

and Lebesgue’s Theorem implies that these integrals converge to ¢+ and c_ respectively as u — +o00. O

(1—F(u)):/Bc+(:U,u)dy(x) and F(—u) :/Bc_(x,u)dl/(:c),

Proposition IV.1 means that £(Y7,Z2) belongs to the domain of attraction of a stable law with
order a, 0 < a < 2, the standard Gaussian case being excluded since, for a = 2, L is supposed to
be unbounded.

Let (Z)r be an independent sequence of real r.v distributed as (Y1, Z3). From Proposition IV.I,
there exist sequences (an), in IR} and (by,), in IR such that (w) converges in distribu-
tion to a stable law of order «, see [14]. It is known that lim,, a,, = 400 and that (a,),>1 may be

chosen such that %L(an) = 1.
a

n

Proposition IV.2. Suppose that Conditions (C) and (i)-(ii) hold. For any fized real t, we have
HP L —P|2 = o(%) when n— 4o0.

12



Proof. The notations ||g||, v(g) and ¢(g) below have been introduced for Theorem III.2. We have
Vi = v(Y1) : indeed, by definition, Vi = min;—1__,||Y1e;], so e; € B implies v(Y7) < Vi, and if

r € B, one has |Yiz|| = i1 IYiejllz; > Vi, thus v(Y1) > V1. Besides [[|g]|| = (1,¢1) is a norm
for ¢ x g-matrices, while, for g € S, the quantity ||g|| corresponds to the matrix norm associated to
the norm ||- || on IR?. Since the two previous norms are equivalent, and N1 = ||| X1]|], || X1]| = [|[Y1]],

there exists a constant C' > 1 such that C~' Ny < [|Y1]| < ONy.

Now let 0 < 8 < a. Hypotheses (i)-(ii) show that E[(InT N1)?] < 400 and E[(In~ 17)”] < +oo.
From the previous remarks, we deduce that [4¢(g)’du(g) < +oo (recall p is the law of Y7).
Denote by mg the previous integral. If 8 < 1, then we have min{|t|¢(g),2} < 2|t|°¢(g)?, so

1
that e(t) < 2[t|mg. If B > 1, then e(t) < 2|t| [ £(g)du(g) < 2|t|mg. Thus Theorem II1.2 gives
|P,— P|, =0(t]°)if 0 < a« < 1, and || P, — P||, = O(t) if 1 < a < 2. Finally, using %L(an) =1
a

and the fact that L is unbounded in the case a = 2, this easily yields the desired statement. O

Proof of Theorem I. Let (y,),>1 be any sequences of vectors in B, and let ¢, [resp. 1,] be

the characteristic function of Wiw [resp. of W] Let ¢(t) = pu ® v(e™) be
the characteristic function of £(Y1,Z2). Let ¢t € IR and n € IN* be such that ain € I, and set
lo(t) = H(é)l(yn) (cf. Th. 111.3). By Theorems I11.2-3, one gets lim,, ,,(t) = 1. Furthermore we

have

bn(l) = e Eleia MVl ot P 1(y) (by (%) in § TIL1)
_ it A(ai)"en(t) +O(x™) (by Th. TIL3)
 bn 1
= it [qs(ai) 0" a() + O(") (Prop. TIL1, IV.2).

n
Finally, since ¢, (t) = e itan qb(é)", one gets ¢n(t) = Yn(t) [1 4 o(2)]" £, (t) + O(k™), therefore
limy, ¢, () = limy, ¥, (). Since (W)n converges in distribution to a stable law of order «,

(W)n 5

n

the same holds for
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